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degenerate family. We now claim that
YePeW+0) g =[0)x20, (Ds)

that is, only the true (sector zero) vacuum contributes.
For example, consider

k=o(0] Ki(p)e®e ™ [0) g (1>>0)
= 420(0| [Ku(p),e ™ *]| 0) o3

then using the fact that Q#(1) satisfies the “stability

(D6)
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I:KZ—KO;QIJ(I)]=O) (D7)
this reduces to
#=0{0| [Ko(p),e?@M¥]]0) p=0=0. (D8)
Similarly, one shows that
12=0(0] (K1) e ¥]0) ,_,=0, (D9)
etc. Q.E.D.
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We use analyticity arguments to obtain the constraints imposed by factorization and broken O(4) sym-
metry on Regge daughter sequences coupled to spinless external particles. Our results hold for arbitrary

external masses.

I. INTRODUCTION

N Papers I and II of this series, we derived the
consequences of broken O(4) symmetry for Regge-
daughter sequences corresonding to Toller poles with
M =0, and integer M > 1.2 Our results were not based
on O(4) symmetry directly, but rather on the require-
ment that scattering amplitudes be analytic at zero
total energy (¢=0 in our notation). Thus, our work is
partially a derivation of new results, and partially a
demonstration that the requirement of analyticity is
interchangeable with the study of O(4) symmetry.

In Papers I and II we emphasized the trajectory
functions «(k,t), k=0, 1, 2, ..., which make up a
daughter sequence. Here we wish to study the reduced
residues vy (k,f), and the many new complications which
arise in a discussion of them. In the present paper we
bypass the complications connected with spinning
external particles. Among these are conspiracy relations
and the requirement of factorization in the helicity
indices. We do this by studying reactions involving
spinless particles, as in Paper I. Accordingly, we can
study only sequences with M =0, as coupled to spinless
channels. However, even for this restricted case much
remains to be shown beyond the results derived in
Paper I. First, we want results which are valid for
arbitrary external masses, and which show how the odd
daughters decouple when either the initial or the final

* This work is supported in part through funds provided by the
U. S. Atomic Energy Commission under Contract No. AT (30-1)-
2098.

1 J. B. Bronzan, Phys. Rev. 180, 1423 (1969). This paper, and
the equations contained in it, are referred to as Paper I.

2 J. B. Bronzan, Phys. Rev. 181, 2111 (1969), Paper I1.

particle pair have equal masses. Second, we must
impose the requirement of factorization, and verify that
the daughter sequence constitutes a Toller pole when
coupled to equal-mass initial and final particle pairs.
Third, we want to find out if factorization is necessary
to get a Toller pole, starting from analyticity require-
ments. It has been known for some time that analyticity
and factorization are sufficient to get a Toller pole
in equal-mass scattering,®~® but a Toller pole might
also result from analyticity and continuity in the
masses. We verify that factorization is necessary.

A modification of the procedures of Paper I must be
made so that our results will be valid for arbitrary
masses. We must recognize that a pseudothreshold
(a point where the c.m. three-momentum vanishes)
moves to =0 when channel masses become equal. We
must therefore deal only with functions which are
analytic at pseudothresholds, as well as =0, if we want
our results to be valid in a neighborhood of =0 for
all mass configurations. For example, the function
R(k,t) defined in Eq. (110), which differs from v (%,?)
by a kinematic factor, has a square-root singularity
at pseudothresholds for odd % because of the kinematic

factor. Such kinematic singularities must be avoided.

Our procedure for doing this is to use the expansion of
Q—a(—1(—2¢) in terms of powers of z,72 instead of the
expansion in powers of (142,)~* used in Paper I. The
new choice entails one more summation, but is useful
for all mass configurations.

3 J. C. Taylor, Nucl. Phys. B3, 504 (1967).
4J. B. Bronzan and C. E. Jones, Phys. Rev. Letters 21, 564

(1968).
5 P. Di Vecchia and F. Drago, Phys. Letters 27B, 387 (1968).



3 EXACT CONSEQUENCES OF BROKEN 0(4) SYMMETRY.

The main results we derive can be summarized in a
few equations. First, we rederive the expression for
a(k,t) originally given in Paper I:

® 1 a”
Ef)=ap—k+ Y ———— ——L Qb ],
alkf) =ao +n=0 (n—i—l)!aao”[ (bheo)] )

0 ) i iA kT (2ap—k+2)
Qlktag)=3 123 A .
YT E ST (=) T Cae—k—it2)

The A ;2 are arbitrary constants. We show in Appendix C
that they may be taken to be independent of ap without
loss of generality. From Eq. (1) one can derive the
relations among the derivatives of a(%,) discussed in
Paper 1. Second, there are new results for the factorized
residue functions:

R(kit) =F(k’t,0" §)F(k’t’a-”5') )

w 1 9"
F(k,t,a,é) = Z - {ﬁ(k,t,ao,a,é)
n=07! aa()"
@ (k,t00) M2
X[l_ "'——"jl [@,(k,t,ao)]"} ) (2)
6a0

F(kytyt0,0,8) =[(— 1)*M " kolce0) 2712

® q biq(a;a)
X2 19 3 ———N"Yi(aon/A).
=1 =0 (¢§)?
Here
g=mi+me, O=mi—ms,

VA= (a2—1) (8*—1) /22,

and m, and m, are the masses of the initial pair of
particles in the ¢ channel. R(%,t) differs from the stand-
ard reduced residue by kinematic factors given in
Eq. (7),and M—*and N~ are matrices given in Egs. (20)
and (15), respectively. The coupling parameters 4;%(a,8)
are arbitrary analytic functions in the masses of the
external particles, and according to Appendix C may
be taken to be independent of ap. In Appendix E we
show that Eq. (2) is equivalent to the results of Durand
et al.,’ which were presented without proof. Equations
(1) and (2), taken together, are necessary and sufficient
for the contribution of the factorizing daughter sequence
to be analytic at ¢=0.

3)

© 0 0 ® x"‘"‘"(lnx)’/aéa'&'
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II. ANALYTICITY CONDITIONS
A. StepI

The constraints imposed by analyticity, summarized
by Egs. (22) and (23), are derived in three steps
paralleling the development in Paper I. Here we stress
only the modifications which arise because the masses
are arbitrary, and refer the reader to Paper I for
many of the details.

We consider the spinless scattering process i+,
— m3+m4 in the ¢ channel. The cosine of the {-channel
scattering angle is

2,= (080’'8'+ 2xt) /4qq't , 4)
where
r=u+3—33,
o=mit+ms, o' =mstma,

d=mi—ms, & =mz—ma, (5)
Z=m+mP+mi+mi=3(c*+84-0"?4-5")
¢=(@=)@F-0/4, ¢*=("—1)(5"~1)/4t.

Here ¢ and ¢’ are the initial and final c.m. three-
momenta. We use x rather than s or # as the Mandel-
stam variable to go with £ The contribution of a
Regge pole at a(f) to the full amplitude has the form
7(t)Q-acv-1(—2;). As explained in the Introduction,
we expand Q in powers of 2,7 to avoid spurious square-
root singularities at pseudothresholds, where ¢=0 or
¢’=0. These pseudothresholds move to =0 when either
8=0 or §'=0, that is, when the initial or final channel is
an equal-mass channel. Using the specified expansion,
we eliminate pseudothreshold singularities and derive
constraints from analyticity which are valid for all
mass configurations. A glance at Eq. (4) shows that a
further binomial expansion is required to convert the
expansion in powers of z,72 into a series in powers of
#~L. This complication introduces the index # in Eq. (6),
below, and'is the price one must pay to generalize
Paper I to general mass scattering.

A daughter trajectory sequence, a(k,), k=0, 1, 2,
..., is required to make the full amplitude analytic
at t=0. To restore analyticity, we require «(%,0)
=ay—k, and the reduced residue of the kth daughter
must behave like £~* at =0. We sum the contributions
of these daughters, expanding Q and z; as outlined
above. We also make use of Eq. (I8), and obtain the
full amplitude in the form

La(k,t) —aotEk]°R (k1) A

9=y L XL — —(—,
where

, (6
) {I‘(—a(k,t)-{—n—l-%)l’(r—k-——2%-{-1)I‘(a(k,t)—r+k+1)n!22”} ©

—w3l2kgira O 2a(k,t) + 1Ty (k,f)

k=0 n=0 =0 r==0
R(k,t) =

sinwee(k,t) cosma(k,t)(oda’8’)*
(=) (=)=~

Q)

H

0.2520./25/2
6 L. Durand, P. M. Fishbane, S. A. Klein, and L. M. Simmons, Phys. Rev. Letters 23, 201 (1969).



2508 J. B. BRONZAN AND U. P. SUKHATME 3

and v (k,t) is the conventional reduced residue multiplied by ¢*.” The full amplitude must be analytic at {=0 for

all x, so the analyticity conditions implied by Eq. (6) are

» 07 { [a(k,t) —Olo"i‘k]sR(k,l)A”
T(—akt)+n+)T(r—k—2n+1)T(a(k,t) —r+k+1)n122") 1,

=0 (0<¢<r;0<s). (8)

Ms

k=0 n=0 _6;
Equation (8) is analogous to Eq. (I11).
We can easily cast Eq. (8) into a form similar to Eq. (I114):
w o w o o glgn )R (k, ai—k)f(k, o0, q—1, pFs) 977
Eo 2 w=0 n=01=0 (p—w)wlnlll(g—10)T'(r—k—2n-+1)2" dae?~*
X[T(ao—r+ DT (—aotk+n+3) =0 (0<9<r;0<5). (9)

Here
(n,0) ? I R™(k k) - (k,au(k,0)) |
n, = —A" —0, w ,Q—R)= R & ,t ao—k y
§ o " ’ da(kyt)® "

o (10)

3

gt

f(k> Qo, q—l, P+S)E [a(k7t) _a0+k]p+8| t=0-

gt

The only modification involved in deriving Eq. (9) is an extra application of Leibniz’s theorem because of the
explicit ¢ dependence of A. This gives rise to the sum over /. Continuing the manipulations of Paper I, we obtain

an analog of Eq. (I18):

—1)ug(n,l o7
(—=1)“g(n,0) — [T (@o—r+ 1) (—aot+k+n+3) T

=0 u=0 plwlnlu!(g—10) T (r—k—2n+1)22" dao?

Ms
Ms
Ms
Ms
M3
Ms

)
I
o
=
I
o
g
I
)
3
I
>

X LRl =)o, gL whackp)] =0 <9 <730<9). (D)
o
We find, by the argument presented in Paper I, that the sum over p is redundant in Eq. (11). We therefore set
. At this point we evaluate the sum over #, and find the analyticity conditions in the form

»=0
S habahs (=1)"(8"/d){F (bk—3r, sh—3r+3, —aoth+3, Ao 0"
k=0 w=0 1=0 u=0 wlllul(g—0)!1(r—k) T (—ao+k+3) dare®
LRk ao— ) f(ly a0, =1, wrbuts) =B, o), (12)
0 0<g<r, or ¢<s)

Br(q,s)= {

arbitrary (otherwise).

B, vanishes for ¢<s by Eq. (I16).
B. Step II

We multiply Eq. (12) by #¢ and sum over g. On the left-hand side the sums over g, /, and w can be done. The
analyticity conditions take the form

r © (—1)”’ o @
2. No(aod) ‘ {R(kou(k,t,00))Lex(kytio0) otk ]“Te} = 20 9B, (@9, (13)
k=0 w=0 9! T g=0
where ’
N ( A) F(%k—%?, %k——%f—}—%, _a0+k+%, A) (14)
(oo, A)= .
- (r—8) D (—autk+)
The inverse of N is ‘
oty (DT A DPGr b b a0+, 0 5
4 1\ &0y = (i_y)! .

7In Paper I, v(k,) is taken to be the coefficient of %> which is a slightly different definition.
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The fact that these matrices are inverses can be checked
by expanding the hypergeometric functions, computing
N-N, and collecting coefficients of each power of A.
We can now “invert” Eq. (13) to obtain the analog of
Eq. (128):

© (___1)u v
2

u=0 9!

{R(k,a(k,t,ao))[a(k,t,ao) _a0+k]u+s}

Olo"

© q
=Y 123 Bi@9N"Li(anA). (16)

g=s =0

We can proceed from this point as in Paper I, and
formally sum over #. We note in Appendix B that the
summation is a form of a result known in analysis as
Lagrange’s theorem. Applying Lagrange’s theorem,
Eq. (16) becomes

R(k: ao—k)[_ZO(k7t,a0)]B

aa(kytaaO)/aa0| a0+20(k,¢,a0)

© q
=317 Y BN Y (a,d), (17)

q=s =0
where zo(k,l,a0) is determined by

a(k, t a0+20(k;t7va0)) =ao—k ) (18)

lim Zo(k,t,ao) =0.
t—>0

An expansion of —zo(k,t,cq) in powers of ¢ can be
obtained from Egs. (17) for s=0 and s=1. It is shown
in Appendix A that

0 q
Z 1Al Z Bi(q"‘)N'—lki(ao,A)

q=s 1=0
0 a
=(=1)k2*Ak2 3 10 3 BanM1(ao). (19)
q=s =0

Here the coefficients B are independent of & and ¢, like
the B’s. The matrix M~ appears extensively in Paper I,
and is given by Eq. (I25) (we have here corrected a
typographical error in Paper I):

(—1)e=i(200— 2k +1)
(k—4) T Qao—k—i+2)

Using Eq. (19), the discussion given in Paper I goes
through, and the analyticity conditions achieve the
form of Eq. (136).

R(k, ao—k)

M_lki(ao) =

(20)

E)a(k,t,ao)/aaol a0+20(k,t,a0)
0 q
=2 193 Bi@ON ki(ao,d),
g=0 =0
—Zo(k,t,ao) = @(k,f,ao) o
@ (k,l,00) is defined in Eq. (1).

@1
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C. Step III

We continue to follow Paper I, forming the series
indicated there, and summing them by Lagrange’s
theorem. The final constraints imposed by analyticity
on the trajectories and residues are

w 1 9"
R(k)t) = Z — {(B(k,t,lxo)l:@(k,t,ao)]"} ) (22&)
n#On!aao”
ki) =ag—bt 3 — @k ta) T,  (22b
ab)=er—bt £ LAk, (220)
where »
Bkt =3 175, ———N-Lfand).  (23)

a=0 =0 (gda’d’)"

Equation (22b) is a direct restatement of Eq. (I46b).
Equation (22a) is an improvement over Eq. (I46a) in
that the power series in ¢ does not diverge at the
pseudothresholds. It will converge in a circle bounded
by the thresholds, or by an intersection of trajectories.
In any event, it has a finite radius of convergence in
the equal-mass limit, with all the complications of this
limit explicitly displayed in Eq. (23) in the explicit
mass factor, or the matrix N1, The mass factor in
Eq. (23) has been extracted from the expansion coeffi-
cients so that the B,% as defined in Eq. (23), are
analytic functions of o, §, ¢/, and & when these mass
parameters vanish. The analyticity of the B,;? may be
established by means of Egs. (7) and (13), and the
observation that the reduced residues have no kine-
matic singularities where the mass parameters vanish.
We prove in Appendix C that 4 ;¢ and B;? may be taken
to be independent of ao without loss of generality.
This result was asserted in Paper I without proof.

It is of interest to examine the content of Eq. (22a)
in the equal-mass limit §=¢"=0. Of course, there is no
need for daughters to restore analyticity when the
initial and final particles are pairwise equal. However,
since daughters are required when either 820 or
8’70, it is conceivable that constraints on equal-mass
scattering could result by demanding continuity in &
and &. Equation (22a) is just the formula needed to
test this hypothesis because the parameters B;? are
known to be analytic in 6 and &, with all the complica-
tions explicitly displayed. However, one readily finds
that the conventional reduced residue is arbitrary at
1=0=08=0:

v(kst) /1| tmsmirmo= 2 0(k—2i+3)C(i,k) Br_oi*2. (24)
=0

The constants C(i,k) are known. The additional re-
quirement of factorization is therefore necessary as well
as sufficient to produce a Toller pole in equal-mass
scattering.

When either 6=0 or 8’ =0 (equal-unequal scattering),
the even and odd daughter residues are independent of
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each other for all 7. For =0, the even (or odd) residues
are not arbitrary, but have ratios in agreement with
previous results.

III. FACTORIZATION AND EQUAL-MASS LIMIT

A. Factorization of Residues

Equation (22a) can be summed by Lagrange’s
theorem, and put in the form

(B(k: t:a0+zl(k;t;a0)y o, 57 U,y 6,)

R(k:tyay‘syo”al) = ) (25)
[1_'a@(k)t)ao)/aaojao-i—n(k,t.ao)
where 21(k,t,a0) is the solution of
@(k, t?a0+zl(k7t70‘0)) =Z1(k,l,a0) )
(26)

lim Zl(k,t,ao) =0.
t->0
Factorization can be imposed on Eq. (25), and it yields
R(k’t’a'76)0/)6,)'—‘:F(k,l:”,a)F (k)t,o'/ﬂs,)’ (27)
where by Lagrange’s theorem
®(k, t,ao+zl(k,t,ao), , 0,0, 8) Y2
F(k,t,0,0) =I: :I
1— BQ(k,t,ao)/Gao[ ao+21(k,t,a0)

w 1 97 3@ (k,t,c0)
n=0 9! dorp™ Aoy

1/2
X(B(k,t,ao,o,é,a',é)] [@(k,l,ao)]"} . (28)
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In Appendix D we show that G!/2 has the representation

[&(k)t7aoia"6’g-) 6)]1/25 g(k,l)ao?o-7 6)

a b?

~[(— DM g(a)2 ] S 12 Y

a=0 =0 (¢:8)*

XN tpi(won/B),  (29)
where /A= (62—1) (82°—1) /2. b, is seen to be analytic
at 0=0 and 6=0 by the argument applied in Sec. II C.
Finally, we point out in Appendix C that the 5;? may
be taken to be independent of «o without loss of
generality. Equations (27)-(29) are recapitulated in

Eq. (2).

B. Equal-Unequal and Equal-Equal Mass Limits

We can now display the behavior of the factorized
residues in the limits of equal-unequal mass channels
(=0, &0), and equal-equal mass channels. Since
our goal here is the modest one of verifying the presence
of a Toller pole in the equal-equal case, we confine our-
selves to the point {=0. In the case of an equal-mass
channel, we first let § — 0 in Eq. (29), and find a leading
behavior 6—*%. Because of the compensating factor in
Eq. (7), this corresponds to a finite value of the reduced
residue. Next we let £ — 0, and find

F(k,t,0,6) — [(=1)F2*MYo(0) T~/ %(cto—k~+-5) w6 (cosmog) ™

[#13b(— 1M+ 1/ [(3) T o= +3)]
{D(wwwlva)(—1><k~1>f221-kj/[<% ~DINo—e+1)] (& odd).

(k even)
(30)

Note that the {=0 couplings of the even and odd daughters to an equal-mass channel are independent, and that
the odd-daughter couplings vanish more rapidly at t=0 than do the even-daughter couplings. This relative
decoupling has ‘the consequence that the odd daughters do not contribute to equal-equal mass scattering

processes at ¢=0.
In the case of an unequal-mass channel, we simply let  — 0 into Eq. (29), with ¢ and 6 finite. In this limit we find

(— 1)kt /2D (g +1) b 2200+ (g — k4-3)
(cosmao)k!T'(2a0—k+2) '

F(kyt,0,6) = [(—1)*27*M ko(e0) 712 31)

We can use Eqgs. (30) and (31) to compute the ratios of the reduced residues at =0. For completeness, we include
the case of unequal-unequal mass channels.

vee(2n)/E" (00')*(2n)! T(@o—n+1)I'(a0+3)
vee(0)  lizo 20n(n])? T(ao+1)T(o—n+3) ’
yeo@n)/t) - (eo¥)" (=) T(aotd)
B ‘ (32)
veu(0) im0 24y T(ao—n—+3)
yvu(k) _(o‘&a'é’)’“ T'(oo+1)T (oo +2)(—1)*
you(0)limo  2%k! T(ao—3k+1)T(ao—3k+3%) )
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Factorization is not necessary in order to get the
equal-unequal and unequal-unequal results, whereas
it is an essential ingredient for obtaining the equal-
equal result. Note that the conventional reduced
residues are nonsingular at =0 in equal-equal scatter-
ing, and only half as singular in equal-unequal scatter-
ing as they are in the general case. The ratio of residues
for equal-equal scattering corresponds to a single
Toller pole.#® For other mass configurations, we have
computed the contribution of a Regge family at (=0
by summing the daughter contributions. The result is
finite (since daughters were adjusted to remove the
singularity at {=0), but much more complicated than a
single Toller pole. The complication stems from the
fact that the result depends upon all the constants
by% by?, and A3%, instead of only one. Probably the
only noteworthy point about the formula is that only
those constants appear whose upper and lower indices
are the same. Of course, in the equal-equal limit the
Toller pole emerges.

APPENDIX A

In this Appendix we sketch the proof of Eq. (19).
The proof for s>0 follows from the proof for s=0, so
we examine the case s=0. The relation to be estab-
lished is equivalent to

Z ¢ Z B Z N pi(0e0,A) M5 (0e0) (— 1) R27E AR

q=0 =0

=% 1B,

=p

(A1)

Equation (A1) holds for arbitrary B¢ if and only if we
can establish the behavior

3 NV oty A) M=es(exe) (— 1)F2-+AR2 = O 17—3)

) 0<i<p). (A2)

To prove Eq. (A2), we transform the hypergeometric
function in N, so that —q is its argument, where
7= (1—A)/A. Thus, we obtain the formula

2—2ao+k+p—11“(_a0+P) ) -I 1
wwu»—k)'r(—zao+k+p>J(1+n>v/2
XF(%k p3a0 P+27a0—P+1 —7]) (AS)

Since 7 is proportlonal to ¢ for small ¢, Eq. (A2) is true
if and only if the equation

L4 (—1)* M i(co)
=0 (p—Fk) T (—2a0+k+p)
XF(3k—%5p, co—3k—5p+3, 00— p+1, —1)
=0(»""%) (A4)

8 The modification in Ref. 7 must be taken into account in
reading Ref. 4.

Aklszk(ao,A) = [
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is true. When we expand the hypergeometric function
in a series, the coefficients of all powers of 5 with index
less than p—¢ must vanish. Thus, we must prove the
equations

kz:(’ Mpk (Oto)M_'Iki(Oto)

TEk—3p+m)Tao—ip—k+34n)
T'(3k—3p)T(@o—3p—3k+3)
(0<n<p—i), (AS5)
where
M pi(0) =T (Qao—p—k+1)/(p—k)! (A6)

is the inverse matrix to M. Equation (AS) is valid
because of the relation

T (3k—3p+n)Teo—p—tk+3+n)
T'(3k—1p)Too—3p—3k+1)
S ezt
7=0 ok 0‘0)

where the ¢’s are independent of k. Equation (A7) is
proved by the argument presented in the Appendix of
Paper I.

APPENDIX B

In this series of papers we repeatedly have to sum
series like Eq. (16) to obtain Eq. (17). Such sums are
applications of Lagrange’s theorem?:

“Let f(z) and ¢(2) be functions of z analytic on and
inside a contour C surrounding a point @, and let ¢ be
such that the inequality

l$(2)| <|z—a]
is satisfied on the perimeter of C; then the equation

=a+t¢(§):

regarded as an equation in {, has one root in the in-
terior of C; and further any function of { analytic on
and inside C can be expanded in a power series in ¢ by
the formula

Pl dn—l

fO=1@+% — 1{f "(@)[¢(@)]}.”

n=1 n

As an example of the use of this theorem, we derive
Eq. (17). We first note that the derivatives can be
rearranged to put the last equation in the form

10)= Eo;(-gl—[f(a)(h-—[t¢(a)]>[t¢(a)]”] (B1)

9E. T. Whittaker and G. N. Watson, A Course of Modern
Analysis (Cambridge U. P., Cambridge, England, 1962), p. 133.
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Next, we make the identifications
¢ — aot20(k,t,0),
ip(a) = —alk,too)Fao—Fk,
R(k,a(k,t,o0)) okt o) —cot+E]
- dau(k,tou0)/ Do '

a—> g,

f(@)

The equation for { now becomes an equation determin-
ing 2o:

alk,t, ao+20(k,t,00)) =co—Ek. (B2)
The equation for f becomes the desired sum
w (—1)» 9
Z - ——{R(k)a(k7t>a0))[a(k’t:a0) _a0+k]u+s}
u=0 ! 80[0“
R(k7 ao—'k)[""Zo(k,t,ao)]s
= . (B3)

[9a(k,t,9)/ 39 Jamaot-z0tk,t,a0)
APPENDIX C

Here we prove that the parameters 4,2 and B¢ in
Eq. (22) may be taken to be independent of ao without
loss of generality. We begin with the relation

BT 2ato—E+2)
(k—i) T Qag—k—i+2)

0 q
2 1237 Di%(ao,do)
=0

g=1
0 1 an L a  _
=% —— [ ¥ Data
n=0 (n+1)! d@"Le=1 =0
BT 2ag—k+2)

X
(k—1) T 2ao—k—i+2)

]m. (1)

The validity of Eq. (C1) is established by means of
the formulas

kT (200—k+2) (—1) M i(oo)
(k—1)II' Qao—k—i+2) - M=to(e)” ©2)
M,:(c0) i M, pyg(eo)
————— =3 Cqpl@0) .
MYolag) =0 ~, plt0)

The second of these relations is proved in the Appendix
of Paper I. Equation (C1) generates a relation between
the D’s and D’s of the form

a7 _
- qu’(&o))- (C3)

Olop

D’iq(ao’&O) =Diq(0-‘0) +fiq<a0, )

alkt) =ap—k+ i

n » . _
Z e Z A,;q(& )
n=0 (n+1)! aao’“[ g=1 =0 o/

AND U. P. SUKHATME 3

Examination of Egs. (C1) and (C2) shows that the
coefficients which occur among the arguments of the
fi2 will have p<g, ¢’<q, and 7' <<i. We use Eq. (C3) to
define a new set of 4;”s from the set occurring in
Eq. (22b):

_ a7 _
A:%eo) =Ai"(ao)+ff"(ao, a—;Ai""(ao)> . (C4)

(o71]

Because of the restrictions on the arguments mentioned
above, these are nof differential equations for the
A;?s. Rather, when evaluated for successively larger
values of ¢ and 7, Eqs. (C4) define the A ;¢ as functions
of the 4,;9s and their derivatives.

We define the functions

@(k,t,ot(),&o)
o g [ _ a7 _
=311y [Aiq(a0)+fiq<a0, —“"Ai'ql(&o)>]
=1 i=0 P

kT (2e0—k4-2)

X , (C8)
(k—i)IT' 20—k —i+2)

a*(kyt)a(b&())

_ BT Qao—k+2)

A ;9(&o) .
(k—1)IT Qag—k—i—+2)

Ms

A4

.
] Mn
° .

1

[

q

We also introduce z(k,ao,&), which satisfies the
equation
z(k,t0,30) = Q(k, I, a0+ 2(k,t,a0,a0), @o+3(k,tao0,d0)) -
(Co)

In view of Egs. (22b), (C3), and (CS5), and of Lagrange’s
theorem,

a(k,t)=a0——k+z(k,t,ao,ao). (C7)
Also, Egs. (C1), (C3), (C5), and Lagrange’s theorem
imply

@ (B, Lao,d0) = @*(k, 1, ao, @o— R (k,lc0,d0)) . (C8)
Equation (C8) may be put in the form
@* (R, to,a@0) = Q(k, t, ao, @0+ @F (k,taod)). (C9)

At this point we introduce Z(k,t,a0,&), which satisfies
Z(k,lf,ao,&o) = ’f/*(k, f, 0[0+ é(k,t,ao,&o), &o) . (ClO)

Because of Eq. (CY), Z also satisfies Eq. (C6), so that
z=2. Thus, Egs. (C7) and (C10), taken with Lagrange’s
theorem, establish the representation

BT (2at—k+2) ]nﬂ
(k—3) T ao—k—i+2) daoeo

(C11)

This is the statement that the 4;9’s may be taken to be independent of ao in Eq. (22b) without loss of generality.
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We next prove that the 4,7s may be taken independent of oo in Eq. (22a). Lagrange’s theorem can be used to
evaluate the sum

®(k, 8, ao+2(k,tt0,000))
[1—aa(k,t,q,p)/ 99— 0 Q(kyt,9,0)/ 0P Jamp=aotah,t.a0.a0)
®(k, t, ao+2(k,t a0,d0))[ 1+ 0 @*(k,t,q,80)/ 080 ]
B 1—0G*(kg,0)/ 3 im0, 303 B

R(k,t) =

(C12)

The second form has been derived by differentiating Eq. (C8) with respect to ao and &. Equation (C12) shows
that in the numerator [14- 9 ®@*/da,] may be absorbed into ®. Lagrange’s theorem now produces a representation
which shows that the 4;¢ may be taken to be independent of e in Eq. (22a):

an

R(k,t) = Z — {&(k,t,ao)[@*(k,t,ao,ao)]"} do—ao- (C13)

n=0 7! ao
Henceforth we use @(k,,a0) of Eq. (1), with the 4;¢ independent of a.
The final point is to show that the B;”s may be taken to be independent of ap in Eq. (22a). We begin with a
relation analogous to Eq. (C1):

o [ @(kt(xo) nogn ®
S 1% Eyland) Mo =5 ' ! {(Lr Z E; (@) M "s(e0)} - (C14)

r=0 j=0 n=0 n! 6&0" r=0

Equation (C2) can be used to establish the validity of this relation. The relation between the £’s and £’s is
9r
Ej (ao,60) =E;7(@0) g ’(ao, &——Er"(&@) . (C15)
01’

The E’s which occur among the arguments of g will have p<r, 7' <7, and j'<j. We use Eq. (C15) to define a new
set of B;”s from the set occurring in Eq. (22a):

or
By (e =B )57 (a0 ——Bi(@)). (C16)
Joro?
We define the sums

o»
®B(k,t,0c0,80) = Z r Z [B,-"(&o)-{-g,’(ao, ;:Bj"’(&o)[lM"lkj(ao) )

r=0 =0

(C17)
®*(ktandl) =2 I > By (G0) M Yi(c).

r=0 j=0
By Egs. (C14)-(C106),
G?)(k,t,()lo,&o) = (B*(k, t, Qap, C'!‘o- @(k,t,ao)) . (CIS)

Lagrange’s theorem and Egs. (C13), (C16), and (C17) show that

(B(k, t, ao—i-z(k,t,ozo), Oto"l"Z(k,l,Olo))
R(k:t) = )
1—6@(k,t,q)/6gl g=ao+2(k,¢,a0)

Z(k,t,ao) = @(k, ¢, a0+2(k,t,a0)) .

(C19)

Using Eq. (C18) and Lagrange’s theorem,
(B*(k’ t: Z(k,t,olo) +a07 aO)

R(kt) =
1-da(k, t,Q)/GQI q=a0+2z(k,t,a0)

> —~—~{[ > v Z Bjr(0) M 145(e0) L@k, t,20) 1"} s0mao- (C20)

n=0 1! Qg™ r=0
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Thus, the B;”’s may be taken to be independent of ao
in Eq. (22a). Stated differently, the B;”s may be given
any o dependence without affecting the content of our
equations. We can use this freedom to make the
b;7s of Eq. (29) independent of a. Altogether, then, the
ao dependence of the parameters appearing in the final
analyticity constraints may be ignored.

APPENDIX D

In this Appendix, we verify by explicit multiplica-
tion that the square root of ®(k,ta0,0,0,0,0) has the
form given in Eq. (29). We begin with the identity

be

)iN ki Woon/A)

0 q

PILDD

¢=0 =0 (gd

(1) H /AR Y 12 Y Bl i) (D1)

=0

The proof of Eq. (D1) is very similar to that given in

Appendix A.
Equation (I33) reads

MYi(0e0) M50 (auo)
i
=M"Yo(ao) X Co,ir(@0) M e, ir40(a) . (D2)

=0

Using Eq. (D2), it is easy to show that

© qa
[ X 123 0O M i)
=0 =0

—Mfan) § 175 Bl Yar).  (D3)

q=0 7=0
Therefore,
q

» b9 2
[(—nkz—kM—lko(ao)rl[ Sy ——7N~1M(ao,\/A)]

g=0 =0 (¢0)*

) a
____(_l)kz—kAIclz Z e Z B,-"M"‘lk;(ao)

q=0 =0

0 q B‘.q
—Tuy ——

=0 =0 (0.252 i

N_lki((xo,A) . (D4)

We have used Eq. (19) to make the final step.

APPENDIX E

Here we show that our results for the trajectory and
residue functions are equivalent to those given by

Durand et al.b

Trajectory Functions

Equation (I134) is valid for all a. We use this freedom
to replace ao by a(k,t)+%, noting that the 4,2 can be

BRONZAN AND U. P.

SUKHATME 3

taken to be independent of ap (Appendix C).

0 q k‘ (04

ST I'Qa(k,t)+k+2)

=t =0 (k—i)ITQa(kt)+E—i+2)
=—zo(kta(k)+k). (E1)

We use Egs. (I39) and (I42) to obtain the implicit
formula for the trajectory functions given in Ref. 6.

k BT Qalk,))+k+2)

a(kl)+k=
(&A)+ Eo(k——i)!I‘(Za(k,t)-i—k——i—l—Z)

Here we have made the identification ao(0)=ay.

ta;(f). - (E2)

Residue Functions

The Regge residues 8(k,t) given in Ref. 6 are related
to our reduced residues in the following way:

6(k;t) = B(k,t,d,&)é(k,t,ﬂ'l,al) )

v (kyt) =7 (k,t,0,0)7 (kyt,0",8") (E3)
B(kytﬂ'}a) = [20[ (k:t)"}_ 1]1/2t—k/29“ *05 (k,t,0,0) .
The’relations among kinematic variables are
1+ab [(o2—t)(82—1) 1/
coshBy= ——, sinhB;=
(ot0)sr/2 (o+o)11/2 (E4)
E4
(e?=10)(8%—t)  t(o+6)?
A= = sinh%l .
a%6* 0%?

We begin by using Egs. (2), (7), (28), (29), and
(I42) to write our residue in the form

n

3 @(k,t,ao):l” 2

(e4]

w 1
i(katyalya) = Z - {[@,(k,t,ao)]"[l -
n=07! doy™

(8)*(—1)*2[RIT 2eo—k+2) 12
X[ (2e—2k+1)
o tih(t,0,6)

Fhutann/d) || @9

Here we have used Lagrange’s theorem to make the
shift a(k,t)+% — ao, and have absorbed factors depend-
ing upon ap into b; (Appendix C). Next we use the
identity

o thi(t,0,0)
(=1)¥(ed)t 2 ————N""ki(e0,/A)

=0 (0d)" ’

o 1912b4(t,0,8)
={*2(o+46)*T(—ao+k+3) 2

=0 (k—1)!
XF(oo—k+1, i—k, 200—2k+2,1—¢7261),  (E6)

This identity is valid when b; and b; are analytic in &
at 6=0. We substitute Eq. (E6) into (ES5), separate

=81
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factors depending on ao from &;, and use Lagrange’s theorem to sum over #. We find
aa(k, t,a(k,t)+k)]'1/2 m(k’l)[k!I‘(Za(k,t)+k+2):|1/2 (—1)*2 cosma(k,H)T(—a(k,t)+3)
) ! 2a(l)+1 (o 8y
o 1912p,(4,0,0)ePt =OF (au(k,8)+1, i—k, 20(k,0)+2, 1 —e~ %)
XEO (k—3) [D(a(l,t) +b—i+DT(—alkl) —k+i) 2

Equation (E7) is the residue given in Ref. 6 after conversion to our notation.1

The verification of Eq. (E6) proceeds differently for 80 and 8=0. In the unequal-mass case we first use Eq.
(D1), and then proceed as in Appendix A. It is ufeful fo change the argument of the hypergeometric function to
#=— (¢*’1—1)~! by means of a suitable transformation. We find that Eq. (E6) is true for §540 if and only if

B(katyo':a) = |:1 -

(E7)

© (—1)"(2a0—2k+1) o
2= M gi(ao) F(i—k, —2a0t+k+i—1, —aot+i, x) =0(xr) (0<i<q). (E8)
k=0 (k=) T Qao—k—1+2)

Equation (E8) is easily verified by using the hypergeometric series and computing the coefficient of x™.

In the equal-mass case we apply the operator X~ NV,i(co,n/A) to Eq. (E6). We take the limit  — 0 of the result.
noting that only the highest term of the series for NV, contributes. We change the argument of the hypergeometric
function to y7'=tanh?8,, and find that Eq. (E6) is true for =0 if and only if

=O 0) , E9
#=0 E\(r—i—2k) T (g—r+2k+3) ) (E9)

This equation can be verified by using the hypergeometric series.

10 See M. H. Rubin, Phys. Rev. 162, 1551 (1967), for the formula for d;, o, (8).



