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Although it is well known that the scattering amplitude for a Dirac particle in a potential takes a simple-
exponentiation form at high energies, we show here that this is no longer the case if the Dirac particle has
an anomalous magnetic moment as in the case of the proton. This serves as an example of our conclusion
that simple exponentiation holds only if a particle can be treated as a point with no internal structure or
internal degrees of freedom. This means that simple exponentiation is unlikely to occur for high-energy

amplitudes of hadron-hadron scattering.

1. INTRODUCTION

ORE than a decade ago, a number of authors!:2
found that, for a charged scalar meson or a
Dirac particle in a static field, the scattering amplitude
takes the simple-exponentiation form of Moliére.? For
this reason, in the Glauber approximation,? for example,
this exponentiation form is assumed. Recently, interest
in exponentiation forms has received a new impetus as
certain evidences for its existence have been discovered
in field theory. In particular, the same simple-exponenti-
ation form was found to hold in the multiphoton ex-
change amplitude of electron-electron scattering*—¢ and
a double-exponentiation form was found for electron-
photon scattering.*® These developments produced
the optimism that the exponentiation form holds gener-
ally for a high-energy amplitude of hardon-hadron
scattering.

We wish to point out that the simple-exponentiation
form holds only in the approximation in which a particle
is treated as a point with no internal structure and no
internal degree of freedom. This is true for a boson
satisfying the Klein-Gordon equation. This is also
true for a fermion satisfying the Dirac equation with
no anomalous magnetic moment. The latter is because,
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as it turns out, the spin of such a fermion does not flip
in a scattering process. A detailed discussion of the
limitation of exponentiation is given elsewhere.”'®

In this paper, we show that exponentiation already
breaks down for the scattering of a fermion in a static
field if the fermion has an anomalous magnetic moment.
Simple exponentation also fails for the scattering ampli-
tude of a charged vector meson in an external field,
which will be treated elsewhere.?

2. FERMION IN STATIC FIELD

The Dirac equation for a fermion with an anomalous
magnetic moment « in a static field V' (x) and a mag-
netic field H is?®

J
i$=[—m-V+Bm—KB(E~H—iot'E)+eV]'l/, 21)

where, for definiteness, we choose the representation

o O 1 0
= ) 2 )
0 ¢ 0 —1

0 o
(x=< ), E=-VV.
o O

We sometimes use the notation V(x,,2) and H(x,,2)
instead of V(x) and H(x), as the occassion demands.
We assume that the potential is sufficiently smooth.
The boundary condition is

lim y=e¢tFtredy,
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3 HIGH-ENERGY SCATTERING OF A FERMION- .-

where #; is the initial bispinor state and is independent
of x and ¢. Also
p=(E2—m2)'"2,

We solve (2.1) in the limit £ —c. We put

¢=e““”‘_z>¢. (2.3)
Substituting (2.3) in (2.1), we get
E(1—as)p=[—ia-V+Lm
—kB(E-H—ia-E)+eV]p. (2.4)
Since E —o, (2.4) gives
(1—a3z)¢~0. (2.5)

Let us multiply Eq. (2.4) by %(1+4as) from the left.
Then the left-hand side of (2.4) vanishes as (1+as)
X (1—a3)=0. For the right-hand side of (2.4), we move
(14 as3) to the right until it operates on ¢. Then, as a
result of (2.5), we have

(1+as)edp=ai(1—az)é¢~0,
(14+as)Bp=B(1—as)¢p~0,
(1+a3)BZ3¢=PZ3(1—az)¢~0,
(14+as)Basp=Pas(1—az)¢~0,

where o, =ai€1+as€; is the transverse part of e. Thus
(2.4) becomes

[—(0/02) —«B(Z, -H,—ia, - E1)+eV]p~O0.
The solution of (2.6) is

o= exp[ —ief V(xlz’)dz’]

X {exp(ix /_ w (B, Hi(x,7)

(2.6)

—ifay- El(xl,z')]dz’)} wi,

+

2.7

where { }. denotes the ordered (with respect to 2’)
product.
The scattering amplitude is equal to

fmﬁ=uﬂ/d3x e x[eV (x) —kBEL-Hi(x)
+ixfes- Ey(x) Jo(x), (2.8)

where %, is the bispinor of the final state and A is the
momentum transfer. Substituting (2.7) into (2.8) and
carrying out the integration over z, we obtain

M yi~ iyt [ dﬂxw““"l[exp(—ie / V(xl,z)dz>

X {exp(x / i [iB=, Hi(x1,2)

+6(I1E1(X1_,Z>]dz>} —1]%1. (2.9)
+
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In (2.9) or (2.7), the matrices are 4X4. It is possible
to reduce them into 2)X 2 matrices. Let us first eliminate
the term eV in (2.6) by the substitution

¢=exp|:—ie] V(xl,z')dz’:lF. (2.10)
Then
—i(a/aZ)F’VKB(zj_'HJ.—i(u' E_l)F
o'J.'H]_ —i(n- E_]_
=K< )F (2.11)
1.(71' E,L —'(I_L'H_[

Next, as a result of (2.5), we set

X
F~ (%E/m)”“’( ) (2.12)
0'3X
Substituting (2.12) into (2.11), we get
—1(0/9z)X=AX, (2.13)
where '
A =K((’_|_‘HJ_'_1‘0'J.‘ E_LO';;)
=koy(H1+Es) +xoo(Hy—Ey)
(2.14)
=K .
H\+iHy—i(Ey+iEs) 0

The matrix 4 is 2X 2.

The scattering amplitude 9;; can be expressed in
terms of 4. We have

Mg~ ixﬂ*/dlee‘m Xy

X[exp(—ie /~ ) V(xl,z)dz)

X {exp(i/:A(xl,z)dz>}+—1:lx,~E/m, (2.15)

where X; and X; are the normalized, initial- and final-
state spinors.

The spinor function X is obtained from (2.13) as

X= {exp[i/z A(xl,z')dz’:” X;.
—w +

That the scattering amplitude and the wave function X
must be expressed in terms of ordered products means
that simple exponentiation does not occur. As is ob-
vious from (2.13), the anomalous magnetic moment «
couples the two spinor states of X, and accounts for the
breakdown of simple exponentiation.

(2.16)
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In Sec. 3, we give the closed form of

{exp[i /_ : A(xu,5")dz :' } .

explicitly in the special case ¥V (x)=V (|x|) and H=0.

3. CENTRAL STATIC POTENTIAL

In many instances it is helfpul to have specific ex-
amples in which closed-form solutions are possible. We
therefore give a solvable example here. Consider the
case

H1=[12=O,
and
’ V=V(lx|)
a central field. Then
Ev=—(x/x])V'(|x]), (3.1)
Ey=—(y/|x[)V'(|x]). (3.2)
Thus (2.14) becomes
—i(x—1iy)
A=x|x|7V’ . (3.3
x| (iXI><i(x+iy) ). @

Notice that aside from the factor in front, the matrix
in (3.3) is independent of z. Thus 4 (x1,2) and 4 (x1,5")
commute. This is why we can solve (2.13) in closed
form.

coskW

exp[i/ A (Xl,z’)dz'] = <
o — (xiy) (w2422 sink W
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We diagonalize the matrix in (3.3) and obtain

<i(x-(|)—iy) "'(’:)*W)

=S<_(x2+y2)1/2 ’ >S", (3.4)
0 (a2-y2) 12
where
_< (x—iy)l/2 (x__{y)l/2> s
C\—iGin iy '
and
(i) 2 — (x—iy)l/2
(e N ey 6

Equations (3.3) and (3.4) imply

{exp[i/ A(x;,z')dz’]} =exp[i/ A(Xl,z’)dz’]
—® + —o0
S<e_iKW 0 >S‘1 3.7)
- 0 eixW ’ '
where

W=(x2+y2)1/2 (x2+y2+2,2)—1/2
= X V(2452 +2'2)112)dg’

Performing the matrix multiplication in (3.7), we get

(3.8)

(x—2y) (x2-+y2)—112 sin:cW) . (3.9)

coskW

The wave function X and the scattering amplitude 91;; can be explicitly obtained from (2.15), (2.16), and (3.9).
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