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of variables subject to the cuts of Eq. (3). In order to
calculate the reflection of process (8) on the histograms
relevant to process (A) and vice versa, it is necessary
to include information about the angular distribution
in each vertex c.m. system. In all cases this was ap-
proximated by the on-shell angular distribution. '4 The
w-proton angular distributions were calculated from

~ Colton et al. (Ref. 27) have shown in a series of papers on
Pp studies that this is a rather good approximation for peripherally
produced m.-proton systems. See also E. Colton and P. Schlein, in
Proceedings of the Conference on 7r7r and E7r Interactions (Argonne
National Laboratory, Argonne, Ill. , 1969), p. 1.

the CERN phase-shift analysis" and the ~~ angular
distributions reconstructed from the phase-shift analysis
of Malamud and Schlein" (the results are insensitive
to the choice of solution) for m(1 GeV and for m&1
GeV from Wolf. "The DP correction at the 7r p vertices
are identical to those used by Colton et al.27 in an analy-
sis of pp ~ (p7r )(pm.+), in which it was demonstrated
that these corrections are unnecessary for M&1.6 GeV.

"A. Donnachie, R. G. Kirsopp, and C. Lovelace, CERN
Report No. CERN-TH 838, Addendum, 1967 (unpublished).

26 See Ref. 16.
27K. Colton, P. E. Schlein, E. Gellert, and G. A. Smith,

Phys. Rev. D 3, 1063 (1971).
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Pole Extrapolation of the Reactions n p ~ ~-n+n and ~+p ~ n+n a++(1238)*
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EXperimental differential CrOSS SeCtiOnS frOm data On the reaCtiOnS 7l- p ~ 7r 71+n and z+p —+
7r+7r=h++(1238) have been extrapolated to the one-pion-exchange pole to obtain the ~+7r elastic scattering
cross section from threshold to 1.4 GeV. Consistent results are obtained in three c.m. energy ranges for both
reactions. The data have been fitted to several t-dependent extrapolation functions, and the results of the
fits are tabulated and plotted as a function of 71-+71 effective mass. In particular, we find cross sections of
approximately 25 and 125 mb, respectively, at the E and central p (765) mass positions.

I. INTRODUCTION

HE proper extraction of Xx elastic scattering
cross sections from data on the reactions Xp ~

X~+n and Xp ~ X7r 6++(1238) Dor X=~, It, pj has
been the goal of many experiments since the work of
Goebel' and Chew and Low. ' Many analyses, which in-
clude the fits of experimental differential cross sections
to various theoretical formulas as well as numerous ex-
trapolation procedures, have either assumed or at-
tempted to show that single-pion exchange is dominant
in the above reactions in the intermediate energy region.
More recently, however, Kane' has pointed out that
other exchanges (e.g. , p, A&) are just as, if not more,
important in the region of small momentum transfer.
Thus it appears that if pion exchange is indeed present
in a reaction, an appropriate extrapolation procedure
must be carried out in order to isolate and determine
its magnitude.

In this paper we present a determination of the
x+m elastic scattering cross section by means of a

* Supported in part by the U. S. Atomic Energy Commission.
' C. Goebel, Phys. Rev. Letters 1, 337 (1958); G. I'. Chew and

I'. E. Low, Phys. Rev. 113, 1640 (1959).
2 G. L. Kane, in E~'xperiniental Meson Spectroscopy 1970, edited

by C. Baltay and A. H. Rosenfeld (Columbia U. P., New York,
1971), p. 1.

modified Chew-Low' extrapolation to the pion-exchange
pole in the reactions

and
x p —&(x 7r+)n (1a)

~+P ~ (~+~ )a++(12-38) (1b)

Pole-extrapolation analyses' ' of reaction (1a) which
yield similar results have been performed previously.
This analysis, however, reports the first high-statistics
pole extrapolation of reaction (1b) using data at dif-
ferent beam energies. We show below that our results
from reactions (1a) and (1b) are consistent with each
other and with earlier determinations, '4 thus support-
ing the one-pion-exchange (OPE) assumption and the
validity of our pole-extrapolation procedure.

We assume (for small momentum transfer) that the
processes depicted in Figs. 1(a) and 1(b) play significant
roles in reactions (1a) and 1(b), respectively. The
extrapolation procedure which we use has been shown"
to successfully yield m-+p elastic scattering cross sections
in the region of the &++(1238) resonance from peripheral
data on the reaction pp ~ (pm+)n at 6.6 GeV/c in-
cident laboratory beam momentum. The method in-

' S. Marateck et al. , Phys. Rev. Letters 21, 1613 (1968),
4 J. P. Baton et al. , Phys. Letters 33B, 525 (1970).
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(a)

(b)
7T'„Mp

performed upon a total of 17 729 events of the type

~+p ~ ~+m-~+p,

which are subdivided into 7207, 4653, and 5869 events
corresponding to three intervals in c.m. energy. The
6rst two intervals occupy ranges of 2.57—2.78 and
2.78—2.98 GeV in c.m. energy and the third interval
contains events with nominal beam momenta of 6.94
(3.73 GeV c.m. ) and 8.4 (4.08 GeV c.m. ) GeVic. For
the purpose of further discussion we denote the separa-
tion of events into c.m. energy intervals as experiments,
characterized by the ordinal numbers 1, 2, and 3. The

Fro. 1. Single-pion-exchange diagrams for the
reactions considered in this paper.

volves 6rst normalizing the experimental differential
cross section (do/de), „o&at war effective mass m, to a
function which behaves similarly with f, but which
reduces to the required value at the pion-exchange
pole. The normalized .data points are then fitted to a
low-order polynomial in t. The pole value of the poly-
nomial with best-ht parameters yields the x+x elastic
scattering cross section. The procedure does not re-
quire extrapolation of quantities with poles and does
not require the pion-exchange cross section to vanish
at zero momentum transfer in the data of reaction (1a).
Effects such as absorption and Reggeization of the ex-
changed pion are thus allowed for.

In Sec. II we list and examine the data used in the
extrapolation. The extrapolation procedure and the
6ts to the data are discussed in Secs. III and IV, re-
spectively. The results and conclusions are put forth
in Sec. V.

II. EXPERIMENTAL DATA
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The analysis of the data' of reaction (1a) has been
performed upon a total of 20541 events which have
been subdivided into 5082, 7728, and 7731 events cor-
responding to intervals in center of mass energy of
2.0—2.37, 2.37—2.49, and 2.49—2.70 GeV, respectively.
The analysis of the data' for reaction (1b) has been

'Z. Ming Ma et al. , Phys. Rev. Letters 23, 342 (1969). For
additional description of the pole-extrapolation procedure see,
e.g. , K. Colton and P. K. Schlein, in Proceedings of the Conference
on ~x and Ex Interactions (Argonne National Laboratory,
Argonne, Ill. , 1969), p. 1.' The following laboratories and collaborations have generously
contributed their data on the reaction m p —+71- ~+n: Penn-
sylvania-Saclay-Orsay-Bari-Bologna LV. Hagopian et al., Phys.
Rev. 145, 1128 (1966); Y. Pan. ibid. 152, 1183 (1966)j; Purdue
PD H. Miller et .ol , ibid. 153, 1423 (1967).g; Lawrence Radiation
Laboratory PL. Jacobs, LRL Report No. UCRL-16877, 1966 (un-
published)j; Argonne-Toronto-Wisconsin PD. R. Clear et al.,
Nuovo Cimento 49A, 399 (1967); A. W. Key et a/. , Phys. Rev.
166, 1430 (1968)J.

7 The following laboratories and collaborations have generously
contributed their data on the reaction x+p —+ m+~ x+p. Rochester-
Yale t P. Slattery, H. Kraybill, B.Forman, and T. Ferbel, Nuovo
Cimento 50A, 377 (1967)j; Lawrence Radiation Laboratory
LD. Brown et al. , Phys. Rev. Letters 19, 664 {1969);D. Brown
et al. , Phys. Rev. D 1, 3053 (1970)g; Lawrence Radiation Labo-
ratory 1

G. Goldhaber et al. , Phys. Rev. Letters 12, 336 (1964)J;
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FIG. 2. m+P effective-mass spectra for the reaction 71-+P ~ w+x. w+p.
Two combinations are plotted for each event.

University of California, San Diego t Maris Abolins et al. , Phys.
Rev. Letters ll, 381 (1963)g; Columbia-Rutgers fM. Rabin,
R. Piano, C. Baltay, P. Franzini, L. Kirsch, H. Kung, and N.
Yeh, Bull, Am, I'hys. Soc. 12, 9 (1967)g.
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events used in this analysis represent a portion of the
data used in the phase-shift analysis of Malamud and
Schlein. ' Some of the m=m+n events have also been
utilized in the pole-extrapolation and phase-shift
analyses of Marateck et al. '

The strong 6++(1238) component in reaction (2)
can be seen in the histograms of s.+p effective mass in
Figs. 2(a)—2(c) (corresponding to the three experi-
ments). Two combinations are plotted for each event.
In order to obtain events corresponding to reaction
(1b), we require
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where M is the s+p effective mass. If both M combina-
tions for an event fall within the cut (3), then we use
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I'ro. 4. Ir+Ir effective-mass spectra for events of the tZqe
~+p ~ 71-+~ (71-+p), where 1.12&M(m-+p) &1.34 GeV. If both ~ p
combinations fall within these limits, we use that combination
with the smallest t from the target proton to the ~+p system. One
~+~ combination is plotted for each event.
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Fro. 3. ~+~ efFective-mass spectra for the reaction m p ~ m+~ n.

~ E. Malamud and P. E. Schlein, in Proceedings of the Conference
on mm and Em Interactions (Argonne National Laboratory,
Argonne, Ill. , 1969), p. 93.

that combination with the smaller value of t measured
from the target proton to that outgoing 6++(1238)
combination. The four-momentum-transfer squared (f)
is chosen to be positive in the physical region. The ~+m

effective-mass spectra for reactions (1a) and (1b) are
presented in Figs. 3 and 4, respectively. The presence
of p'(765) production is obvious. Additional structure
near 1250 MeV for the higher c.m. energy experiments
is evidence for f'(1260) resonance production.

III. EXTRAPOLATION PROCEDURE

The experimental do/df for reactions (1a) and (1b)
have been extrapolated to the OPE pole for different
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l'rf:. 5. Experimental "Ar" quantities for reaction (1a) and
experiment 1, defined in Eq. (7a), for the 11 denoted m.+x mass
regions. Straight lines and the extrapolated points at t= —p~

represent the expansion "Ea"=a+bt using for a and b the best-fit
values obtained in the least-squares fits.

&r+&r mass regions (for each experiment) following the
procedure of Ma et aL' This procedure differs from the
traditional Chew-Low method in that the experimental
diiferential cross section (do/dt), „~&is normalized to the
pole equation modified by a suitable form factor,
instead of to the pole equation alone. For reactions (1a)
and (1b), we write'

[m'q(m) 0 (m)]

(trc)'

LM'Q(M)0(M) jX— I'(m, M, t), (4b)
(t+t ')'

dtdnsdM 4x'ns„'J'L,'

respectively. In Eqs. (4), rr (m„)are the pion (proton)
rest masses, PI. is the laboratory beam momentum,
g'/4&r =29.2, m (M) are the &r+&r (&r+p) effective masses,

g(Q) are the momenta in the &r+&r (&r+p) rest systems,
and the 0. functions are the on-mass-shell vertex elastic
scattering cross sections. All quantities have the units
GeV or mb, except F which is dimensionless.

The form factors (F) used in Eqs. (4) can be any
smooth continuous functions which reduce to unity at
the pion-exchange pole. To obtain suitable F functions,
we 6rst multiply the phcnomenological Durr-Pilkuhn
(DP)" r&'(765) vertex factor by the t-dependent form
factor" which %'olf" found was necessary in order to
describe the t' distributions of various quasi-two-body
processes. De6ning a function G, we write

2 .3—rr'l' q
' 1+(g.3')'

G(m, t) =
2.3+I ) rt 1+(8.3rtr)'

where q~ is the momentum of the incoming beam pion
evaluated in the m+~ rest system. The form factor
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I'zG. 6. Experimental "kr" quantities for reaction (1a) and
experiment 2, defined in Eq. Pa), for the 13 denoted 7r+g mass
regions. Straight lines and the extrapolated points at t= —gP
represent the expansion "to"=a+bt using for a and b the best-Qt
values obtained in the least-squares fits.

9 See, e.g., E. Ferrari and E". Selleri, Nuovo Cimento Suppl. 24,
453 (1962).

I'zo. 7. Experimental "Ar" quantities for reaction (1a) and
experiment 3, defined in Eq. (7a), for the 13 denoted x+w mass
regions. Straight lines and the extrapolated points at t= —p~

represent the expansion "Ar"=a+bt using for a and b the best-
fit values obtained in the least-squares fits.

'0 H. P. DQrr and H. Pilkuhn, Nuovo Cimento 40, 899 (1965)"G. Goldhaber et a/. Phys. Letters 6, 62 (1963)."Q. %'olf, Phys. Rev. Letters 19, 925 (1967).
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TABLE I. Results of fits of the "to" data points, for experiment 1 in m p ~ (~ ~+)n, to the assumed forms a+bt, bt, and bt+ct'.

7i-+7l- maSS
range (GeV)

0.28—0.46
0.46—0.54
0.54-0.62
0.62—0.68
0.68—0.72
0.72—0.75
0.75-0.78
0.78—0.81
0.81—0.85
0.85—0.90
0.90-0.98

Events

56
70

104
159
261
225
297
267
215
200
209

0 (mb)

47+13
48+ 19
46+12
46+18
64+31

122+44
140+47
167m 50
70a39
77+37—34+38

"to"=a+bt

a/p, ' (mb)

—20a8—9~12—9+8
2+13

22~22—11+31—21+35—55+38—7~31—26~30
53~32

Prob.
(%%uo)

2
2

92
94
13
11

1
1

96
82
13

o (m

14+2
33+4
32&3
49&4
95+6

107a7
112+7
96+6
61~4
44~3
29~2

&1
4

65
99
15
18
2
1

92
78

7

"Ar"= bt

Prob.
b) (%) g (mb)

3a4
15~10
27&6
49&8

100ai3
107a17
86+15
70&13
56~11
36&9
34a7

"Ar" =bt+ct'

cp' (mb)

3~1
5+3
1+1
0%1—1~2
Oa3
5+2
5+2
1~2
1+1—iai

Prob.
(%)
22
8

68
93
8

11
5
4

89
88
4

TABLE II. Results of fits of the "ta" f iints, for experiment 2 in ~ p ~ (x x+)n, to the assumed forms a+bt, bt, and bt+ct'.

~+x mass
range (GeV)

0.28—0.46
0.46-0.54
0.54-0.62
0.62—0.68
0.68—0.72
0.72-0.75
0.75-0.78
0.78—0.81
0.81—0.85
0.85—0.90
0.90—0.98
0.98—1.1
1.1 -1.2

Events

53
65

139
226
300
331
418
418
370
323
343
252
251

a (mb)

35+11
12+11
47+10
46+12
95+19

103+26
144+26
128+26
97a21
46+18
55+13
30a12
40a25

"ter"=u+bt

a/p' (mb)

—14+7
7+7—9+6
3%7—7+12
5+18—24+18—18&18—23~15—3+14—24~10—16~10—22~22

Prob.
(%)
20
65
72
88
78
23

2
37
42
10
71
8

88

~ (m

14~2
24+3
32&3
50+3
85&5

110~6
110~6
104a5
65&3
41+2
24~1
12&1
15'1

6
52
33
94
83
31

2
37
28
16
20

7
82

hatt
))

Prob.
b) (%) a (mb)

6&4
28+7
25w5
50+7
81+11

111+14
80%11
95&10
54w7
33&6
17~3
7%2

iia3

"t "=bt+ctm

cp,' (mb)

2~1—1&1
2&1
Oai
1+2
Oa3
6&2
2~2
2ai
2&1
ia0
1~0
Oa0

Prob.
(%)
80
36
66
85
76
22
28
38
52
23
95
26
96

TABLE III. Results of fits of the "ta" data points, for experiment 3 in ~ p —+ (71=at+)n, to the assumed Eorms a+bt, bt, and bt+ct'.

~+w mass
range (GeV)

0.46—0.54
0.54—0.62
0.62—0.68
0.68—0.72
0.72-0.75
0.75-0.78
0.78—0.81
0.81—0.85
0.85—0.90
0.90—0.98
0.98—1.1
1.1 -1.2
1.2 -1.3

Events

66
110
173
212
320
415
368
405
300
332
277
258
333

g (mb)

30~13
41~13
28~12
70a17

101+21
121+23
96~23
55~15
22+13
21~10
27+6
15~13
4&32

"to"= 0,+bt

a/p' (mb)

—2~8—6~8
7~8—5~11—2~13—6&15—3~15
5~11

10+9
2~8—13a5—3+12

13~28

Prob.
(%)
89
26
5

68
81
60
27
35
13
62
43
42
9

o. (m

26+3
31+3
40%3
62~4
98&6

112~6
92&5
63&3
35+2
23+1
11'i
12' i
19ai

95
40

8
78
90
67
37
42
15
75

7
55
14

tet 7) bt

Prob.
b) (%) 0 (mb)

25&7
22+8
36&7
57%10

103&11
111+11
84&10
67&6
38+4
23+3
7+2

12~2
18+4

"&"=bt+ct'

cp' (mb)

0&2
3&2
1~2
1~2—1&2
Oa2
2&2—iai
Oai
0~0
iaO
0&0
OaO

Prob.
(%)
80
50
3

72
86
58
35
39
10
62
31
42
8

appearing in Eq. (4a) is given by

-1+7.1(q )'
F(m, t) = G(m, t),

1+7.1(q„)P

where (q„)Pis the momentum squared of the incoming
target proton evaluated in the neutron rest system, and
(q„) is this quantity taken on-shell. Similarly the form
factor appearing in Eq. (4b) is given by the product of
the phenomenological DP 6++(1238) vertex factor and

G(m, t):
t'Q~q'-1+(4Q)'

F(mPr, t) =~ —
~

EQl 1+(4Q()'-
—(M+m, )'+t—

X G(m, t),
(M+m~)' —p'

(6b)

where Q, is the momentum of the incoming target
proton evaluated in the 6++ &est system. The use of
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for reaction (1b). The expressions (do/di)np opz in

Eqs. (7a) and (7b) are Eqs. (4a) and (4b), respectively,
after integration over the variable(s) other than I. The
on-shell cross sections (r(m) are set. equal to 1 mb in

calculating the denominator so that at the pole
2 ~+~-

p 0 p ..}Cu to. and o, ,h, u = 0 for re-

actions (1a) and (1b), respect. ively. Polynomials in l

are then fitted to the experimental "to." and "0-"points.
Note that if (do/dt)np ppH has precisely the same l

dependence as (d(r/dl), .„„&than "lo." points can be de-

scribed by the form bt and "0"points are independent
of t. Thus the need for other terms in the polynomial ex-

pressions allows for departure of (d(r/dl)Dp-opE from

((la/dl) ex'pt

IV. FITS TO DATA

0

I
I

"t.l7" bt ' (. t." fit. ~

Experiment 1

I;xperiment. 2

I:xperin)c nt

The experimental "la" values for reaction (1a), cal-
culated'4 using Eq. (7a), are displayed in Figs. 5—7.
The three figures are subdivided into 11, 13, and 13

7(+p~7(+sr (I++(1238)
Experiment 1 2.57(E (2.78 GeV

1. 'iU~~' I
' r i

'
i

'
I ~~ i ( r T.Z8-.4~ (a) .48 —.S6 (b) ..'&. ) ".6.5 (o) .6;5-.68 (d)

(. . . . ~ ..L. . ~ . . -. ~

a n(&

.68-.77 ((')
( . ( (
I ' I ' 1

( . I
I ' I ' I

I I I I
I ' I ' I

' I

«) .7. —.78 (g) (li)

.7R --.Rl

M i s(~ ~ ) (GeV)

FIG. 8. Extrapolated on-mass-shell m-+m= elastic scattering cross
sections, obtained in least-squares fits of the "&"points shown
in Figs. 5-7 to the assumed forms bt, a+bt, and bt+ct', plotted
aS a funCtiOn Of 7r+7r eGeCtiVe maSS. CurVeS are 127rX' WhiCh iS
the unitarity limit for an elastic p-wave ~~ resonance.

1 r&0,

1. !)0 ~MI
b

I

,81--.84 (i) .84 .88 (i) .88 .&gb (I() .~).)- ).O. (I)

form factors such as (6a) and (6b) along with other

appropriate DP factors have been shown" "to describe
experimental Chew-Low distributions for strong-inter-
action reacl. ions of the classes Xp~X7(+44 and Xp ~
X4r 6++ (for X=4r, E, p) over a large range of beam

momenta. The usefulness of this procedure lies in the
fact that the complexity of the t dependence of the
function to be extrapolated is minimized, thereby de-

creasing the order of the polynomial which is fitted to
the experimental points.

The functions which we extrapolate to the pole for
each specified interval in 4r+4r mass (An&) are

"P. Schlein, in l'roceedings of the Conference on ~7r and ICm.

Interactions (Argonne National:Laboratory, Argonne, Ell. , 1969),
pp. 1 and 446; see also review talk by P. Schlein, in Meson Spectros-
copy, edited by C. Haltay and A. FI. Rosenfeld (Benjamin,
New York, 1968), p. 161.

g,.—S . —.-I. . ... . —.I-- --I-- J—l 1 I ~j 1. . I I I . --I. . -.. (

0 .1 2 .:& () .1 2 .:3 ') .1. 2 .:& () .1. .2
(Moment. t)rn t.rar)sfer) (GeV )

riG. 9.Experimental "o"quantities for reaction (ib) and experi-
ment 1, defined in Eq. (7b), for the 12 denoted m-~7r mass regions.
Straight lines and the extrapolated cross sections at t= —p,'
represent the expansion "cr"=a+bt using for a and b the best-fit
values obtained in the least-squares fits.

'4 Wc use the expression
N t

JdldJn f-1 (d cr/dtdHE) i)p opE

to evaluate "to" for a given dt's, fn bin. EEere c is the mb/event
factor, the sum is over the events in the sample, and the bracketed
quantity is evaluated for each event. The integral J'dtd7n is over
that portion of the b, th1n bin in question which is included in the
physical region of the Chew-Low plot.
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"a"= a cc $7 a+bt
7r+m. mass

range (GeV) Events

0.28-0.45
0.45—0.55
0.55—0.63
0.63—0.68
0.68—0.72
0.72-0.75
0.75—0.78
0.78—0.81
0.81—0.84
0.84—0.88
0.88—0.95
0.95—1.05

61
98

159
152
237
233
288
258
217
209
194
139

Prob.
(mb)

11&1 16
27&3 1
38~3 50
43~4 60
78&5 17
84+6 3

113~7 70
115'7 &1
79m 5 77
60~4 1
37&3 74
23&2 3

a (mb)

6~3
25~7
44~8
32+10

112~17
111&17
104~21
152~27
83&18
95a17
30a11
45a12

Prob.
bp, ' (mb) (oj)

1~1 86
0+1 &1—1~1 45
2&1 71—4~2 50

-3a2 5
1&3 62

-4a3 &1
Oa2 69—3&1 5
1~1 65—2+1 7

TABLE IV. Results of fits of the "a"data points, for experiment
1 in x+p —+ (1r+m. )6++(1238), to the assumed forms a and a+bt
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100- .7I —.75

I . I I I . I, i I, I . I, I0
./$ —."/8 (fi) ./8--. 82 (e) .82—.88 (0

200.
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~+p- ~'~ a++(&zan)
Experiment. 3 6.94,8.4 GeV/c

40 i i I ~ f" ~i ' "I~ 7 '
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' i i ~

&Q, fg ] (d) .61,/1 (b) ' (c)
200.

7r+p~7r+7r Lt,
+ i (1P.3H)

Experiment 2 2.7H(F (2.98 GeV
1 50

100-
I

'
I

'
I I,. I

'
I

'
I ~ i I.40—.60 (&) .60- .tti8 (»)

50

0-
.68-.72

.72—.75 (d) ./5 —./8 (~) .,'V- -.81 (&)

« . so

100-+
b

50-

O
.81 —.86 (g) .86-.96 (») .96—1.1 6 (I)

parts, corresponding to the denoted regions of m+~

effective mass, respectively. Least-squares fits of the
data in Figs. 5—7 have been performed separately to
the forms a+bt, bt, and bt+ct2. The resulting confidence
levels and the best-fit values of the parameters, as well
as the extrapolated on-mass-shell ~+~ elastic scattering
cross sections are presented in Tables I—III. The
numbers listed in column 2 of the tables represent only
the peripheral (small-t) events used to calculate the
experimental "ta-" points. All of the fits listed in the
tables have acceptable confidence levels (& 1%) except
for the "ta'"=bt fit in the lowest x+m mass range in
Table I. Therefore, the experimental differential cross

b
100

1, I 1, i, I ~ i ~ I i
I ~ I ' | I r I ' I ~

.88—1.0 (g) 1.0"-1.18 (h)
I . I . I, I
r ' r ' I

1.1 8—1.32 (&)

50- It
trr r r

O' I . I . I . I
': . .'. I . I

'

I . I . I . I

1.3$--1.6$ (j) I ) .1 -2 .3 0 -1 .2
0, I . I

0 .1 .2 .3
(Moment. um transfer ) (GeV )

sections (do/dt), ,i appear to be adequa, tely represented
by (do'/dt) op-opE in the t and m ranges considered here.
The straight lines and the extrapolated points at
t= —tr' (in Figs. 5—7) represent the expansion "to"
=a+bt using for a and b the best-fit values obtained in
the least-squares fits. Tables I—III indicate that the a
and c parameters obtained in the fits are generally
consistent with zero. However, they are negative and
positive, respectively, in the central p mass region. Thus,
the resulting extrapolated cross sections from the a+bt
and bt+ct' fits are larger and smaller than the bt fit
value, respectively, in the central p-mass region. The

TABLE V. Results of fits of the "a"data points, for experiment
2 in ~+p ~ (m+~ )6++(1238), to the assumed forms a and a+bt.

FrG. 11. Experimental "a" quantities for reaction (1b) and
experiment 3, defined in Eq. (7b), for the 10 denoted ~+~ mass
regions. Straight lines and the extrapolated cross sections at
t= —p,' represent the expansion "a"=a+bt using for a and b
the best-fit values obtained in the least-squares fits.

100-

50-

0~ ~ ~ I J, L.
0 .1 .2 .3 0 .2 .3 0 .1 .2 .3

(Momentrrm transfer) (GeV )

Fro. 10. Experimental "a" quantities for reaction (ib) and
experiment 2, defined in Eq. (7b), for the 9 denoted ~+m mass
regions. Straight lines and the extrapolated cross sections at
t= —p2 represent the expansion "cr"=a+bt using for a and b
the best-fit values obtained in the least-squares fits.

0.40—0.60
0.60—0.68
0.68-0.72
0.72-0.75
0.75-0.78
0.78—0.81
0.81—0.86
0.86—0.96
0.96—1.16

110
120
147
160
182
163
198
201
163

~+m mass
range (GeV) Events

a =a
Prob.

~ (mb) (%)
24~3 1
44~4 50
81&7 9

125~10 8
143&11 28
143~11 55
71~5 &1
38&3 20
20~2 1.5

"a"= a+bt

a (mb)

3&7
25&14
47~22
97+30

112~33
190m 47
40~19
15~11
22~6

Prob.
b" ( b) W.)

6&2 95
4+3 99
5&3 15
4&4 6
4~4 25—6&6 58
4~2 &1
2~1 62
0+0 &1
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Fro. 12. Extrapolated on-mass-shell 7r+7r elastic scattering
cross sections, obtained in least-squares fits of the "0" points
shown in Figs. 9-11 to the assumed forms a and a+bed, plotted
as a function of w+w effective mass. Curves are 12~X', which is
the unitarity limit for an elastic p-wave m-7r resonance.

extrapolated cross sections listed in Tables I—III are
plotted in Figs. 8(a)—8(c) as a function of ~+7r effective
mass. The smooth curves drawn in Fig. 8 are 12',
which represent the unitarity limit for an elastic p-wave
urn. resonance. The points in I igs. 8(a)—(8c) occur below,
above, and below the unitarity limit at the p-mass
peak, respectively.

The experimental "o" points for reaction (1b), cal-
culated'"" using Eq. (7b), are displayed in Figs. 9—11.
These three figures are subdivided into 12, 9, and 10
parts, corresponding to the denoted regions of ~++
efTective mass, respectively. Least-squares fits of the
data in Figs. 9—11 have been performed separately to
the assumed forms a and a+bt. The resulting confidence
levels and the best-fit values of the parameters, as well
as the extrapolated on-mass-shell m+m elastic scattering
cross sections, are presented in Tables IV—VI. As above,
the numbers listed in column 2 of each table represent
only the peripheral events used to calculate the ex-
perimental "o"points. Five of the "cr"=a fits listed in
Tables IV—VI have unacceptable confidence levels
(&1%). In the remaining cases, however, the experi-
mental differential cross sections (rfo/df), t, i, appear to

'" We use the expression

K 1
cr pp0'

J'dhdnsdiVI ':=*1 (d'o. /dtdnfdM) DI opF.

to evaluate "a" for a given hthnihM bin. Thc other quantities
are deiined in Rcf. 14.

be adequately described by (do/Ck)zp opH in the t

and m ranges considered. The straight lines and the
extrapolated cross sections at t= —p' (in Figs. 9-11)
represent the expansion "o"=g+bt using for a and b

the best-fit values obtained in the least-squares fits.
Figures 9—11 indicate an abrupt change in slope parame-
ter b while passing through the p region. The change
from positive to nega. tive values of b accounts for the
large values of extrapolated cross section observed in the
~+~ mass bin starting at 0.78 GeV. The extrapolated
cross sections listed in Tables IV—VI are displayed in

Figs. 12(a) and 12(b) as a function of ir+ir effective
mass. The smooth curves drawn in Fig. 12, again
represent the p-wave unitarity limit. The points in
both Figs. 12(a) and (12(b) exceed the unitarity limit
at the p-mass peak.

V. DISCUSSION AND CONCLUSIONS

TAazE VI. Results of fIts of the "0"data points, for experiment 3
in ~+p ~ (~+7r )6++(1238), to the assumed forms u and a+bI, .

CC 7)0 Ck
CC )) g+$]

m-+~ mass Prob.
range (GeV) Events 0 (ml)) (/o)

0.40—0.61
0.61-0.71
0.71—0.75
0.75—0.78
0.78—0.82
0.82—0.88
0.88—1.0
1.0 —1.18
1.18-1.32
1.32-1.62

122 29~3 &1
199 68&5 26
210 148&10 35
183 129~10 &1
205 123~9 6
211 79~6) 9
231 33~2 &1
215 18+1 46
256 27~2 C)2

218 12+1 4

0 (ml))

2+8
52~13

101~30
127~24
1.55&29
86+16
14~7
13+5
26+6
25&4

Prob.
2 (mb) (ohio)

1 1m 3 52
4&3 30

12&7 55
Oa5 &1—7&6 5—1~3 6
4~1 1
1~1 52
0&1 50—1~1 86

'f I). Morgan and G. Shaw, Phys. Rcv. I) 2, 520 (1970).

The extrapolated m+x elastic scattering cross sec-
tions resulting from the different fits appear to be
similar for the three experiments in all cases. This ob-
servation supports the OPK hypothesis and indicates
that the systematic effects induced by errors in the
experimentally determined cross sections for reactions
(la) and (1b) are small compared to t.he statistical
errors. In Table VII we list the extrapolated cross
sections, averaged over the three experiments, from
both react. ions (1a) and (1b). These cross sections are
also plotted in I'igs. 13(a) and 13(b), respectively, as a
function of x+~ mass. The cross sections obtained from
each of the assumed forms for "to"and "o-"appear to be
quantitatively consistent everywhere except in the
central p-mass region. In particular, a value of roughly
25 mb is observed at the 1C mass. In the central p-mass
bin the "ta"=a+bt and "o" fits indicate an average
cross section of roughly 125 mb. The "to-"=bt and
"to"=bt+ct' fits yield cross sections which are some-
what smaller at the p-mass peak. The latter effect has
also been observed in the earlier analysis by Marateck
et al. ' One expects a significant s-wave contribution"
at 0.765 GeV so the results of our "to"=a+bt fits are
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TAI)LE VII. Extrapolated ~+m elastic scattering cross sections, averaged over the three experiments (in mb).

~+~ mass
range (GeV)

~ (~ ~+)n

crt )) bt(et 77 g+bt "to"=bt+ct' 4 c P) g+bt

~+p ~ (~+~-)a++(1238)
7r+~ mass

range (GeV) "0"= a

0.28-0.46
0.46-0.54
0.54—0.62
0.62—0.68
0.68—0.72
0.72-0.75
0.75—0.78
0.78-0.81
0.81—0.85
0.85—0.90
0.90—0.98
0.98—1.1
1.1 -1.2
1.2 -1.3

40a8~
24a8
45&7
39&8
79&12

104m 15
132~16
116&16
69~12
34~10
34a8
28&5'
20~12'
4~32b

14' 1
27~2
32&2
46~2
76a3

105~4
111~4
97+3
63+2
39m i
24+1
12~1
13&ia
19~1b

Sa3
24+4
25+3
45+4
76&6

106&8
93a7
85&6
61+4
36+3
21~2'
7~1.

12&2~
18&4b

0.28—0.45
0.45—0.55
0.55—0.60
0.60—0.68
0.68—0.72
0.72—0.75
0.75—0.78
0.78-0.81
0.81—0.84
0.84-0.88
0.88—0.96
0.96—1.18
1.18-1.32
1.32—1.60

11+1b

27~3b
35W3b
43a2
79a4

106~5
124w5
123w5
87W4
62&3
36+2
19~1.
27~2b
12~1"

6a3b
25a7b
40a7b
38&7
88~ 14a

107'13
114~14
159m 18
90~12
66&8
19a5
17~4.
26&6b
25~4b

a Average of two experiments.
b Based on one experiment.

probably more reliable. "Each of the its indicate a p
width (full width at half-maximum) of around 150
MeV. However, the unknown resolution inherent in

data compilations such as these prevents an accurate
estimation. Presumably a value such as 130 MeV would

be consistent with our results.
The curves appearing in Fig. 13 were calculated from

the theoretical expression for o-,

0 =4a X'(3 sin'8q'+-', [sin'80'+4 sin'8o'+4 cos(80' —60')
Xsin502 sin8ooj), (8)

where bl, ~ is the scattering phase shift for angular mo-
mentum L and isospin T, and only s- and p-wave sr+~

elastic scattering are assumed to occur. In Eq. (8),
sin'8~' was taken to be a resonant p-wave Breit-
Wigner distribution of mass and width 0.765 and 0.125
GeV, and the values for the s-wave phase shifts bo'

and 60' were obtained from the analyses of Colton
et ul."and of Malamud and Schlein, 'respectively. The
solid and dashed curves correspond to using the "up-up"
and "up-down" solutions for bo', respectively, in Eq.
(8). Both curves agree with the averaged extrapolated
cross sections below the central p region in both Figs.
13(a) and 13(b). Above 0.8 Gev, the dashed curve
appears to agree more closely with the averaged ex-

trapolated cross sections. The data in Figs. 13(a) and

13(b) have also been compared to the predictions of
Eq. (8) using for bo' the "down-up" solutions of both
Malamud and Schlein' and Marateck et al. ' While
reasonably good agreement between the data and pre-
dictions is observed in the p region and above, poor
agreement (the predicted 0 is too low) is observed below
m=0.65 Gev»

"Other independent work also demonstrates the presence of
a nonzero component in the experimental diEerential cross section
(e.g. , "Ar") for transverse p production at t=0. The precision of
this analysis is insufhcient to allow us to positively verify this
observation, although it does suggest a negative value. See, e.g. ,
A. Boyarski et al. , Phys. Rev. I.etters 20, 300 (1968); IC. Diebold
and J. Poirier, ibid. 20, 1552 (1968)."E. Colton et al. , preceding paper, Phys. Rev. D 3, 2028 (1971)."We do not claim that the "up" solution is to be preferred over

I60- Tr P ~ 7T 7T &
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V) I I I I
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o
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P 80-
(D)
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I'"zG. 13. Extrapolated on-mass-shell ~+w elastic scattering
cross sections, averaged over the three c.m. energy regions (or
experiments). Solid and dashed curves represent the "up-up" and
"up-down" solution values for Bpp, respectively, in the expansion
(8).
the "down" one below the p, our 6ndings are based only upon the
sets of happ tried in Eq. (8). More recent determinations of Bpp

indicate a unique "down" solution below the p., in fact, these
phase shifts are not too different from either the "down" or "up"
solutions of Malamud and Schlein (Ref. 8) below m=0.65 GeV.
See, e.g. , J. P. Baton et al. , Phys. Letters 33B, 528 (1970).

In conclusion we have performed an extrapolation
to the pion-exchange pole in reactions (1a) and (1b)
in three c.m. energy regions in order to determine the
x+~ elastic scattering cross section for m+x effective
masses below 1.4 GeV. The pole extrapolation per-
formed here differs from earlier methods' in that (a)
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wc 6I'st norlnalizc thc cxpcrilncntal differential CI'oss

scctlon to thc pole cquRtloQ Inodi6cd by appropriate
form factors instead of to the pole equation alone; (b)
in the analysis of the data for reaction (1a) we allow
for Qonvanishing contributions of the expcriIncntal
differential cross section (e.g., "'fo") at 1=0 in our
6ttlng procedure. Thc x'csults of Using scvclRl 5-depend-
ent extrapolation functions to 6t the data of reaction
(1a) are somewhat ambiguous in that generally good
6ts are obtained to the "kr" points, but the extrapolated
m'+x' clastic scRttcI'lng cI'oss scctlons diRcr soInc%hat
at thc p-Inass pcRk. Clearly RQ order-of-IQRgnltudc ln"
crease in the number of available Ir P —+ Ir sr+Is events
ls QcccsSRry ln order to RCCUl Rtcly detcrlninc thc 8 RQd 6
parameters in the u+bf+oP 6ts to "to" points which
axe evidently required for a more precise extrapolation.

YVC ind, additionally, that the extx'apolated x+m

elastic scattering cross sections obtained using each
extrapolation fuQctlon RI'c sllnllar fol cRch c.IQ. energy
x'cgloQ. Thc C.In.-energy-averaged x'csults of I'cRctloQ

(1b) and the a+bi 6t results of reaction (1a) are con-
sistent vrith each other, thus serving to verify the
factorization hypothesis implicit in Eqs. (4) as well as
thc Utlllty of thc cxtlapolRtlon proccdUI'c. Oul cx'oss"

scctioQ I'csults arc Rlso conslstcnt %'ith those VRhlcs
obtained from the plane-wave expansion for o LEq. (8)j,
@which utilizes published values for the s™wave phase
shifts.
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The striking asymmetry observed in the longitudinal momentum distribution of produced pions essentially
disappears when production is viewed in a coordinate system where the incident proton has a momentum
equal to ~ that of the incident pion. Interpretation of this result in the framework of a quark model appears to
suggest some simple production rules as well as several new experiments.

N this paper %c x'cport OQ Inultlplon ploductloQ dRtR
~ ~ from 25-GeV/c a p collisions in the 80-in. BNL
hydrogen bubble chamber. Various general features of
these data togethcI' vAth cxpclHQcntal details hRvc bccQ
discussed ln scvcrRl soulccs previously, l«2

The particular feature vrhich me auld Hke to call
attention to here can best be seen by 6rst studying the
dtstrlbutIOI1 Of tile longltudInal 1110111eI1tunl pI, Of plolls
in the a. p center-of-mass system. In Fig. 1 we have
plotted the momentum component along the beam
direction for each negative track from a large sample of
events. Events containing strange particles with detect-
able decay modes have been CHminated, so that thc
negative charge ensures a rather pure sample of pions.
Thexe have been no kinclnatic constraints applied to
any of the data plotted in this paper.
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FIG. I. Center-of-mass longitudinal momentum (c.m.s. pL)
distribution for all negative pions coming out of a ~ p collision.
Subtracting out thc clastic cvcnts x'csults ln thc dashed histograxn.

Two obvious features of the plot are the elastic peak
at~3.5,'GeV/c' and the gross asymmetry of the distribu-
tion about pI, =O. Because it is well studied, the elastic
peak has been subtracted out, leaving the dashed histo-
gram in the figure. The asymmetry persists in thc


