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Chiral-Invariant Perturbation Theory
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Charap has found a particular system of pion coordinates leading to chiral-invariant amplitudes, if the usual
Feynman rules are appbed. It eras shown that this system is determined by the condition det(g@) = 3., where

gs)c ls the IQetr1c tensor of tbe pion space- In tbe gener'al case the Fenian rules are rnodl68d by a counter
terro that can be derived from an invariant measure in function space. The coanterterrn vanishes for' g = j..

N R I'eccnt Rrtlclc, Charap has discussed tbe pcr'Ul''-

batlon theory of the chlral-lnvarlant Lagrangian fol
pions. Although ere do not believe that it is bkely to

UscfUl flool R physical point of vie% to pUI'suc thc
pertUTbRtlon theory Of chlral-Invariant LRgI'Rnglans

beyond the tree approbation, vrc mould like to IDakc

some technical remarks @which answerer the questions

posed by Charap's article in a completely satisfactory
vTay.

The plQIl Laglanglan lnvarlant Under thc nonlinear

realization of SU(2)XSU(2) may be written in the

geometric form2 Relations (4) can then be used to expr essaandP in
terms of eo, eg, . . .„a. Having looked. Rt the graphs

up to order (1/f.)', Charap arrives at the following
conclusion: If ~e just use the simple FeynInan I'ules,

thc I'csUltlng RInplltudes do Ilot satisfy sof t-pion
theorems bke Adler's condition, ' nor are the Rmplitu(ks
independent of thc cholcc of ploD coordinates QIl the
Hlass shell. In factq Adler-type condltlons Rrc violated

by the most badly (divergent terms. But there is a
unique choice of coorknatcs, 'foI' %hich thc soft-pion
theorelns hold for Rll amplitudes. The corresponding
function f has been given by Charap' up to order

(1/f-)':
2 sr' 9 (err

f(sr') =f 1-—
5f' 175(f'

184 (sr')'I-, l~ ~ ~ (7)
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L(~)= ,'g;I...(m)8„7r'-8&x",

(s=1, 2, 3) are the components of the pion

6eld. They are components of an isovector. Hence the

DMtric g;g ls an lsotcnsoI' %'ith thc gcncI'Rl decompositjQD

g;s (m) =a (sr') 8g, +b (es)e;7rs. (2)

The RlcITlann spRcc RssoclRtccl. %1th thc Inetrlc ls the

homogeneous space SU(2)SSU(2)/SU(2), which can

jdenti6cd %ith the three-dilocnsional sphere

This leads to the further con(htion

~'s = (2/f. ')g;s, (3)

where R;s is the Einstein-Ricci tensor, and f is the

radius of tlM sphere. It Inay easily bc checked that

relation (3) is satis6ed, it we express u and b in terms

of Welnberg s function f(K ):
f-' 4 '(f"' 4ff' 1)— —

a(sr') =——,b(sr') = — —. (4)
2 ~2 2 ~2

g=det(g;„)=1.
After Rll, ~e are free to choose Rn arbitrary function

f(srs), put it into the Lagrangian, and start perturba-

tion theory. Charap' calls a change of f a gauge trans-

formation. %C prefer to speak of coordinate trans-

formations, because any change oi f may be achieved

by R transforIQatlon of tlM pion coordinates

rr"=s'@(sr'), s= 1, 2, 3 (3)

One 'Nants to know MIly tlm soft-pion thcoreDls boM

only in the coordinate system with g= i. This can best
be Understood by functional methods. Let us fjrst
consider the trivial case of the free-6eld pion Lagrangian

L,(~)= '5 &8 ~ a~~'-
Thc Dmasurc ln fUnctlon space& which has to bc Used to
CRlculatc the gcncrRting fUnctlonRl of the tinM-ordered

Green s functions» reads

1
P~$= —exp s d'~ L(~) g d~(g),

z ) ~

' S. L. Adler, Phys. Rev. 1N, 81022 (1965).

8 1996

(p arbitrary) as has already been shown by Welnberg.

To apply pclturbation theory onc hRs to expand tIlc

functions u, b, and f into powers ot sc /f ' We use the.
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where

(4Z= exp~ i d4x L(22) g d22(x)
) ~

where

(11) L(22) =-'2g;2(22) B„zr'8zr",

and the product is to be extended over all space-time
points x. The measure (10) is correct only if we use
Euclidean pion coordinates for which XII d (*)

g'I = ~.~.

Let us now transform to curvilinear coordinates,

Bx' ling

g;2'(~') = |' .
8~"Bx"

The functional differential is transformed as

(12)

(13)

This measure is invariant under general coordinate
transformations in the pion space.

The chiral-invariant Lagrangian (1) is related to a
pion space of constant curvature. ' In this case we may
also use (20) as an invariant measure in function space.
As is seen from (20), we should obtain an invariant
perturbation series, if we apply the simple Feynman
rules to the modified Lagrangian

g d~'(x) =detag d~(x).

Here D is the functional transformation matrix

(1~)
We write

L'(22) =L(22) —i()(0) 1ngg(22) .

L =2(8~24) +Lr,

(22)

(23)

bzr'(x)
D,4(x,x') =

()2r"(x')

67l
=S(x-x') (*)

/~1k

= ~(x—x')~,, (1S)

and define the matrix lnD by

In order to calculate the determinant of this matrix,
we use a method given by Boulware. 'Ke start with the
general formula

eTr lnD

and use the expansions (6) to calculate the total inter-
action Lagrangian LI.
L =(1/f ')-'L '(~ )'

+pz(22 8„24)2 it') (0)(—3(2,+p)) ]22+2(1/f.')
Xz(o(2(222)2(gl 22)2+p2(22. g 22)2. 222 z(1(0)

XL3422+p2 —-', (3422'+2(2A+Pz')](22')')+ . (24)

It is not dificult to check that the most divergent
terms violating the soft-pion theorems are in fact
canceled by corresponding terms of i5(0)—lngg. In
second order of 1/f, we have

Hence,
LlnD (x,x') ];4,——i) (x—x') (ln4I)), 4. 1

2i (3(22+$2)22'z
f 2

(22r) 4

detD=eTr'"D=eXp g 0 d4X Tr in&

=exp~ ()(0) d'x lngg' ~, (18)
(

where

f' 'l
Qg' =deth =det

Ea ") (19)

1
fd22]= —exp( 2 d'xL(22)+B(0) d'xln+g

)z )
Xg dzz(x), (20)

' D. G. Boulwave, Ann. Phys. (N. Y.) 56, 140 (19&0).

Dropping the primes, we obtain the functional measure
for curvilinear pion coordinates,

as the most divergent contribution to the pion self-mass.
It is canceled by

22i(1/f—')—(3(2g+pz) 222i(')(0) .
In fourth order, the constant term violating Adler's
condition for the pion-pion amplitude is given by

1 d4k
-',i—(3(22+P2) (222) 'i' f-' (2zr) 4

j.
+ggi2 . 2(3(222+2424pz+il 2)(22 )'z

4

Again it is canceled by

(2zr) 4

—2z(1/) ')L3(22+P2 —
2 (3(22'+2(2)Pi+/). ')](22')'ig)(0),

etc.
We have thus seen that the most divergent terms in
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in a canonical formu lation bying functional given in a c

Z(I,J)= (dy)(d~)

4)IIQ, &e, —)+Iy+I ],Xexp i dx$~y—

functions, and p and mre external source unc
'where I and J are

11 conjugate momelds and canonica y c
n ianf tl
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Z(I)= ( 4d )~(4) exp i dx/L(y, y&e)+I~], (5)

~(p) which is not usuallyccurs a factorin which oc
iven explicitly byincluded. This factor is given

p

aII(y, vy, ~,)—II(4,v4,~o)]
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'A. Salam and J. Strat ee,
Z(I) = (dQ) exp i dxLL(p, y)+8 Ig], (8)

dg ex —i dxLII(g Vy ~ +~)2) ~(4) = (dg ex —r. x
15 750 f, ')


