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We review the fixed-» finite-energy sum rules for pion-nucleon scattering amplitudes. We also derive
and test the continuous-dispersion sum rules for these amplitudes. The real part of the amplitudes is re-
stricted to appear on the right-hand cut (¥ax — Nx) only, because no information is available for the
left-hand cut (77 — NN). The main result is an evaluation of the ¢, /, and g coupling constants.

I. INTRODUCTION

N their prototype, dispersion relations are used to
evaluate the real part of an amplitude, knowing the
imaginary part from the unitarity condition. The total
amplitude is then fully determined, at least in principle.!
The fixed-s, -t, and -» dispersion relations for =V
scattering were derived by Mandelstam? over ten years,
based on the principle of maximal analyticity of the
first kind.* That the fixed-# (and fixed-s) dispersion
relations are less well known in physics than the fixed-f
ones arises from the fact that a vast unphysical region
is involved in the dispersion integral. Both the numerical
calculation and comparison with experiment of the
fixed-u dispersion relations are very difficult, and thus
have received little attention.

Nevertheless, within the scheme of pole saturation,
there appeared fixed-# superconvergent dispersion sum
rules* which, if correct, allow correlation between the
MMM and the MBB coupling constants (M =meson;
B=Dbaryon). There are also fixed-» finite-energy sum
rules (FESR)® which permit exploration of the baryon
Regge trajectories® through analyticity.

In the present paper we have carefully examined the
earlier work of Refs. 4 and 5 (Sec. II), and have redone
the pertinent numerical analysis (Sec. I1I). In addition,
we derive and test the fixed-u continuous-dispersion sum
rules (CDSR) for the mNV scattering amplitudes. The
real part is confined to appear in the physical region of
the right-hand cut (N= — N7) only, in the absence of
similar knowledge about the left-hand cut (zm — NN).
Such a lack of symmetry under s 2 ¢ also leads to a less
convenient form of the CDSR for fixed # than for fixed
¢ (Sec. IV).7

* Work supported in part by the National Research Council of
Canada.
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II. FESR REVISITED

Following Barger, Michael, and Phillips (BMP),?
a suitable set of #-channel amplitudes (regularized
parity-conserving helicity amplitudes) for Reggeization

R = A~ DBGw. (1)

At fixed # and asymptotic s, the superscripts on /' label
the n=7PF quantum number of the #-channel Regge
exchange (N and A).

A convenient independent variable is chosen as

2=3(—0=s—M>—pui+iu= —t+M*+u2—Lu, @)
so that the Regge amplitudes read?
PE(/up)+ 174 u, —2)
=v*"(Vu)R@, (£, vVu),x), (3)
where
xa~'112+7(_x)a~1/2
R@ (V)= —— @

SINTa -

a=a,(vu)=&(v/u)+%, and r=(—1)7-1/2,

Proceeding in the standard way,?® one can derive the
FESR for the crossing-odd amplitudes Fi(\/u x)
~Fi(\/u —x), for the crossing-even ones F+(+/u,x)
+Fi(\/u —x), and finally add them up to eliminate
F*(\/u, —x), obtaining

—FE(v/u, x—ie)]

N a—(E)—1/2+2k+1

N
/ dx 2 [ FE(\/u x-+ie)
-N

=AUyt T——————, (5)
a_(£)+2k+1
N
/ dx s FE(\/u, x+i€) — F+(n/u, x—i€) ]
- e+ (E)—1/2+2k+2
=—=2iytt———— ()

where k is an integer. We recall the notation used,
Na(TP=+: T=+)$ Nﬂ('—; +>: N'y(+: —); Nﬁ('—; —"):
and similarly for the A’s.

The MacDowell symmetry?® requires

F(uzx)= —F+(—/u, %),

8 Writing F%(v/u,x) £ F “(v/u, —x) allows the crossing relation
to be valid for all values of x, not just asymptotically.
S. W. MacDowell, Phys. Rev. 116, 774 (1959).
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which can be met by demanding

ar(—y \/u)za,(—{—, '\/M)

and
v (V)= =y (=Vu).
Parametrizing
a,(+, V) =a (u)+ (Vu)a, (u),
vE (V) =y W)+ (Vv (u),
we obtain

ar(_ ’ \/%) = a.,l(u) - (\/%)0612(14) y
v (V)= —y1"(u)+ (V) ya"(u) .

In this way we can avoid the branch point at #=0in the
sum rules and treat the scattering region (#<<0) on the
same footing as the spectral region (#>0) [see Eq. (7)].

We have conjectured that since 4/# has appeared as
a multiplicative factor to B in Eq. (1), it is more likely
to appear in the residue function y(1/#) than in the
trajectory function a(+/#) on the right-hand side of Eq.
(3). Present high-energy backward scattering® also
shows that a(+/#%) is well described by a function of #
only, so we put a,(d=, v#)=a,(%) throughout this
article. This greatly simplifies the form and the analysis
of the sum rules, but is not critical.!®

The four FESR (5) and (6) are therefore transformed
into forms analytic at =0 via (1) and the MacDowell

symmetry y*7(v/u)= Zy17(u)+ (V) y2"(u):

v B(x,u)
/ dx x2% Disc[ ]
- A1) +MB(x,u)
s~ () NV - (—1/2H2k+1
—_ — 2 '[ ]

yi()d a_(w)+2k+1

. » (7
/ dx x2kt+1 Disc[ () ]
~N 4 (x,u) +MB (xyu')

[7{’(%) IV ek (0)—1/2+2k+2
71+(u)}a+(u)+2k+2 ’

where DiscB(x,u) = B(x+ie, u) — B(x—1e, ), etc. If the
low-energy integral is known with confidence, one can
explore the residue functions yi*(#) and ys*(%), and
discover experimentally whether a world with parity
doublets exists or not. Present information on the
am — NN reaction!! is too incomplete to answer such
a question. Pole saturation coupled with the CDSR in
the following sections may help to solve this problem.

=24

1 Tf the odd part of «(4/%) is retained, Eq. (7) remains analytic
at #=0, but the right-hand side is replaced by more complicated
expressions.

1 ], Hamilton, in High Energy Physics, edited by E. H. S,
Burhop (Academic, New York, 1967), Vol. 1.
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III. NUMERICAL ANALYSIS

Two alternatives are possible for the evaluation of
the discontinuities of A(x,2#) and B(x,#) occurring in
(.

A. Pole or Narrow-Width Approximation

The effective interacting Lagrangians for exchange of
particles of spin <2 are given in the Appendix. Standard
Feynman rules yield!?

By @ (s,u) =gnn o/ (M*=s),

1/ 2\gans® Aa
AA(i)(S;u):: ﬁ< > T
3\N=1/ u?2 Ma2—s
1/ 2\gan? Ba
st (2 2
3\—=1/ u? Ma2—s

AUH_)(tyu) =Mo'grr1r1rga'NN/(Ma2—t) 5

8)
wrft S—U
‘411(“)07”):_ & : RE)
M,2—t 4M
Bp<~>(t,u) zgp”(gv'i'gl)/(Mpz_t) ,
Ay
Af(+)(ts“) =gfnr )
Mp2—t
Gorninn D S—u
Bf(+)(t1u) = - )
Mp2—t 2MM
and zero otherwise. In the above expressions,
AA =%(EA+M)[3(MA+M) (EA —]ll)COSGS
+(Ma—M)(Es+M)],
BA=%(EA+M)[3(EA—M)C0503—(EA—M)], (9)

M 2—4u?
Ar=~gmwyO——
6M

(s—u)2—5(M 2 —4M*) (M *—4u?)
8M [M* '

To deal with unfamiliar couplings or exchange of par-
ticles with higher spin, a tractable method is to perform
a partial-wave analysis and to assume the narrow-width
approximation. For the s channel,!? each resonance
(with definite spin, J, and isospin) contributes an

2 C, F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 (1957). The (=) in 4 and B refer to con-
ventional pion isospin crossing and should not be confused with
the normality quantum number #=7P == in F, or the signature

factor r=z= ina or 7.
13 A, Barbaro-Galtieri ef al., Rev. Mod. Phys. 42, 87 (1970).
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TaBLE I. Superconvergent sum rules for B/« and 47« The numbers in the parentheses are those evaluated at =0, using gan»2/4r
=0.37, gorn?/4r=2.4£0.4, gorr=gy=g4/3.7, M,=0.765 GeV, and M;=1.264 GeV. A a, Ba, and A are given in Eq. (9), with A4 (#=0)

=0.771 GeV3, Ba(u=0)=—1.02 GeV2 The sum of N, A, g, p, and f should add to zero, if the sum rule holds.

BI“=II2 Blu=312 AI“=1/2 Alu=3/2
N —gywii=dr(—14.6) Qg et =4 (29.2) 0 0
A §(gan=/w)?Ba(u) 3 (gans/w)?Ba(u) §(gann/u)?A s (u) 3 (gann/m)2A s (u)
=47 (—25.8) =47 (—6.5) =47(19.6) =47 (4.9)
(4 0 0 _g:nnrngNMv —"gmrﬂ'gaNNMv
P 28pnr (G0 +g0) — Lorr (G080 —28prnge(s—u) /AM Zonrnge(s—u) /[4M
=47(22.633.6) =47 (—11.3£1.8) =47 (—5.840.9) =47 (2.94-0.5)
7 —trnfinN D (s—u) 2M M —grrngrnn® (s—u)2M M gpenAy(u) grnrd s (1)

=47 (—0.085gs rrgrvn®)

=47 (—0.085gsxrgrxn D)

=47 (—0.200gszgrxn®
+0.114g172g7nnP)

=47 (—0.200grrgrnn®
+0.114¢7zrgrnn®)

amount given by

ir4 1 xJFJMJ
4rlL Bl g3 M,—s

MJ—VLM
X {I: }(Es—i-nM)PHl/z’(cosOs)
—n
M y+nM
—{—l: :I(Es —-nM)PJ_l/g’(coslis)} y (10)
n

where n=7P=+1, x is the elasticity, I is the total
width, M ; is the mass of the resonance, and

g:=[s— (M+w)*ILs— (M —u)*]/4s,
E2=(s+M?>—pu®?/4s, cosbs=1+1/2¢2,

with each of them evaluated at s= M ;2 For the / chan-
nel, 415 we have the corresponding result:

1rc&® ©

-

4L B&® J even or odd
|:NJ+PJ(COSGt)(Ptgt)J/Pt2 :l (1)
NPy (cosf)(puge)’~Y/[T(T+1) 2]’

1

2J+1)
Mp2—t

where CHE=AE—(1/p,2)(piq: cos)MBE), p2=1¢
—M? q2=3%t—u? and p.q, cosf=21(s—u). Equations
(10) and (11) are certainly convergent in the physical
region of the s and ¢ channel, respectively.

It is easy to establish the equivalence between (10),
(11) and (8), (9) [and to show the correctness of the
expressions in (9)]. It is however, regrettable that most
of the g’s and the N;’s are not known, making it diffi-
cult to perform a numerical analysis with the sum
rules.

4'W. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603 (1960).
15 C. Lovelace, in Pion-Nucleon Scaitering, edited by G. L. Shaw
and D. Y. Wong (Interscience, New York, 1969).

B. Phase-Shift Analysis Reconstruction

For the s channel,!?

1r4&® 1 Vs+M
= e
4L B& E4-M 1

1 \/S—M
I: :|f2(i)’
E—ML —1

[1=2[f1*Pui1 (cosb,) — f1-Py_1(cosh,) ],
fe=2_(fi-— fi*) P/ (cosby),
fi=[m exp(2i6;) —1]/21g,.

For the ¢ channel,!* the physical region starts from
t=4M?*. Direct experimental information in the un-
physical region 4M2< < 4u? is not possible, although an
indirect method such as extended unitarity allows one
to identify the phase of the amplitude near ¢=4y? with
the corresponding one from 7 scattering. The latter in-
formation itself is subject to great uncertainty, however.

Armed with these tools, we now evaluate the fixed-u
sum rules (7). We use definite #-channel isospin ampli-
tudes: ATw=12= A —24 O ATu=8/2= 4 )+ 4 ) and
similarly for B’ corresponding to exchange of the N
and the A, respectively.

First assume superconvergence? and saturation with
N, A, 0, p,and f. The contributing amplitudes are shown
in Table I. The numbers in the parentheses are those
evaluated at #=0, using gwwn.2/4r=14.6, gan./4w
=0.37, gorr?/dr=24204, g,rr=g,=g:/3.7, Ba(u=0)
=—1.02 GeV? As(u=0)=0.771 GeV?3, M ,=0.765
GeV, and M;=1.264 GeV.

The system N, A, p, is certainly not closed. (A notori-
ous error has often been made by doubling the p con-
tribution.) A more careful analysis, namely, inclusion of
all known wN resonances, as well as inclusion of the o
and the f mesons, is again not satisfactory (e.g., sub-
tracting A'/? from A3/?), indicating that higher mesons
are necessary.

Unsuccessful assumption of superconvergence leads
to the use of FESR. BMP5 considered the N, (+P =+,

(12)
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TasLe II. The FESR [Eq. (7)] for k=0 at =0, using Eq. (14) for the left-hand cut, Eq. (12) and Ref. 16 for the right-hand cut
(P. S. stands for phase shift), and adding the nucleon pole to constitute the left-hand side (LHS). The right-hand side (RHS) uses
Eq. (13),i.e., the N, and the A; trajectories only; other trajectories are set equal to zero. Evaluation of the right-hand cut (in the LHS)
by means of the narrow-width approximation (NWA) is shown in parentheses, with the dominant A contribution extracted. Data in
this Table are larger by a factor = than those of Table I. (4 in units of GeV™, B in GeV~2, and x in GeV2)

Left-hand cut

Right-hand cut FESR [Eq. (1]

- o P p N P.S. (NWA, 4) LHS  RHS

xBl/2 0.0 29.7 3.2 —46.8 0.9 —44.3 (—59.8, —50.9) —57.2 —38.7

xAM2 —1.7 —9.2 9.4 16.9 0.0 36.2 (36.8, 38.5) 51.5 1.5

xB32 0.0 —14.9 3.2 23.4 —1.8 8.1 (—37.6, —12.8) 18.0 0.0

x A3 —1.7 4.6 9.4 —84 0.0 2.0 (31.6, 9.6) 5.8 0.0

B2 0.0 54.0 —4.8 25.2 —45.9 —62.4 (—91.2, —81.1) —33.9 0.0

Al —2.4 —16.7 —14.0 —9.1 0.0 48.7 (65.0, 61.4) 6.5 0.0

B2 0.0 —27.0 —4.8 —12.6 91.7 —1.0 (—15.8, —20.3) 46.4 3.0

A3z —2.4 8.4 —14.0 4.6 0.0 6.1 (15.5, 15.3) 2.7 —-51
r=+) and the A; (rP= —, r= —) trajectories at high tudes [V, or the first-moment FESR (S1)], but little

energy, and cut off at the CERN® phase-shift energy
(=2 GeV). In our notation,

ay(u)= —0.8840.912,
aa(u)=—0.29+0.84u,

vit(w)+ (Vu)yst(u)

= —167[0.8(— M?)+18(x/u+M)Je* >/
T(av(u)+1) Gev—', (13)
=y () + (Vu)ys(u)
—167[0.2-+0.09vu [ 14+~u/ M Je 074/
I'(@a(u)+1) GeV—1.
The left-hand cut of (7) is saturated with the o, p, f,

and g, whose evaluation is made via (11), with the fol-
lowing parameters®15:

J MJ Nfr l\TJ_

o 0437 GeV Ni=0.642 GeV? Ny =0 GeV?
p 0591 GeV NF=0.75 GeV N1 =4.05 GeV°
f 1253 GeV Ngt=4.69 GeV™' Ny =437 GeV™?
g 1660 GeV N;t=21 GeV? N;7 =32 GeV™

(14)

These parameters lead to the following conventional
coupling constants:
gzr1r1rgo'NN/4f7T: [1/M,7(M2—% 02)]1\70+= 1.77,
onr(got-g M */4M?) [dm= (3/M)N1*=2.4,
gorn(gotgo)/4m=(3/V2)N1=8.58,
granl gD —gny @ (L= M 2/ M?) ] /4n

=(15/4)M Ns+=122.1,
g/m-rngN(l)/l}’lr: (15/2\/6)MfMA72"‘= 15.7.

The numerical results for the =0 case [of Eq. (7)]
are shown in Table II. With BMP we see that reason-
able results are obtained for the dominant Regge ampli-

18D, J. Herndon, A. Barbaro-Galtieri, and A. H. Rosenfeld,
LRL Report No. UCRL-20030 xV, 1970 (unpublished).

can be said about the smaller Regge exchange ampli-
tudes [As, or the zero-moment FESR (So)].

To test the CDSR in Sec. 1V, which includes the
FESR as a special case, we need a more accurate set of
N j%. To this end we make a plausible assumption that
for #<0 the four FESR for B® and A are super-
convergent and are saturated with the N, A, p, o, f, and
g. The N, A, and p are regarded known as before (Table
1), leaving the o, f, and g to be determined from the sum
rules. The explicit form of each contribution is given in
Table I11, from which N3~ can be determined from B,
Ny~ from B, Nzt from A and N3, and Ngt and
Nyt from A and Ny, with Ng* being further separ-
ated from N3t by varying # (for the contribution from
the o is # independent).

In this scheme we obtain

J My Nyt Ny

o 0.437 GeV 1.2 GeV? 0.0 GeV2

P 0.765 GeV 1.2 GeV 5.3 GeV® (15)
f 1.264 GeV 9.0 GeV™! 5.2 GeV™?

g 1.663 GeV 4.2 GeV™? 7.2 GeV™*

OF Zonngonn/4m =331, gprrgo/4m =24, gprrg:/4r=8.9,
gf”ngN(l)/lhr: 189, gfﬂﬂ,ngN(z)/éjm-: '—‘431, in con-
trast to (14). (Both Ng+ and N are expected to be sub-
ject to great uncertainty and should not be taken too
seriously.)

Iv. CDSR

After the treatment of FESR, generalization to the
CDSR is quite straightforward.” The problem is how to
imbed the real part of the amplitude in the sum rules so
as to obtain maximal useful information.

In the present situation reconstruction of the real
part can be made through the phase-shift analysis (12).
The partial-wave series is convergent in the physical
region, i.e., |cosf,| <1; therefore, useful CDSR can be
derived by restricting the real part to appear in the
region x,<x<N, where x,=M?>+u?—3u, correspond-
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ing to cos#y=1. For the = — NN cut, which starts
from %p.=M?2—3u?—3u, only the narrow-width ap-
proximation is available, as discussed in Sec. ITI. Note

187

that xp—2.»=4u? is greater than zero, so x, always lies
to the right of the == branch point.
Thus, instead of (7), we have

axp B(?C,M) v B(x’%)
(2. — )8 Di dx(x—2x,)? Di i
/:N ey =) DISC[A () +M B(x,u)j|+/1 =) Dlsc{e [A(x,u)+MB(x,u)}}

p

v ('M) —IZ\,'a— (u)—1/2+p+1 Sil’l%ﬂ'(&A (%) _{_8+1)

- { I:'y r(u)_] cosima_(u)

cosgmf3

&_(u)+6+1

[:'yg“L(u) "|z\7“+(“>—1/2+5+1 sinim(ay (u)+8+1)

yitw)d sinkra, (u)

e sind+0(ss/)
ay (u)+8+ (16)

@p B(x,m) N B(wu)
— , 1 - # i i
fw (s xwxDlSC[A(x,uH-MB(x,u):l—’—/x o Dic I:A(x,u)-l—MB(x,%)j”

P

¥t @) TV O ik (1) +642)

T 1{[71+(M)J sindra, ()

cosymB

ay(u)+p+2

+|:7f(u):r\'“*(“"” 842 sindr(a_(u)+B+2) |

i (%)

As usual, the continuous spectral function (x—ux,)?
becomes analytic when # is equal to an integer and (16)
will reduce to the FESR .The different form of sum rule
(16) (as compared to the fixed- CDSR) is due to the use
of the asymmetrical (x—x,)? (under x — —x) instead of
a symmetrical (x2—x,2)f. This causes the presence of
the factor cosimB or sinw8 on the right-hand side of
(16). Even for one-Regge-pole dominance, the diffrac-
tionlike pattern’ (coming from the term of the form
{sinfn[a(u)+ 64+ - - - 1} /[e(n)+ B+ - - - ] for fixed % and
varying @) is now “modulated” or distorted by such a
factor. Thus, the “old” zeros at a(u)+8-+---=2k (k
an integer) would still be there, but extra zeros at
B=integers also appear. Consequently, &..(0) would not
be so easily found from the low-energy integrals as in
the fixed-¢ situation.” In practice, N~4 GeV? and «,
~0.90 GeV? (at »=0), so terms up to x,%/N?have been
kept on the right-hand side of (16).

The CDSR (16) are dealt with numerically by accept-
ing (13) as the high-energy Regge contribution, adopt-
ing the “CERN experimental” set!® as the real and the
imaginary parts of the amplitude on the right-hand cut
(with the narrow-width approximation as supplement),
and using (15) as the left-hand cut contribution. Typi-
cal results are shown in Figs. 1 and 2. The #=0. =0
case is also shown in Table 1V, to be compared with
Table II in which the N ;¥’s are taken from (14).

Before commenting on Figs. 1 and 2, we compare
Table IV with Table II. The zero-moment sum rules
(So) in Table IV are essentially input; the output does
not, however, appear as anticipated, namely, LHS
being approximately zero. This arises from the differ-
ence between the A dominance and the phase-shift

cosyra_(u)

singmB+0(x,/ N)} .
a(u)+p+2

reconstructions, used for the right-hand cut. Facing the
fact that analytic continuation of the series (12) into
the unphysical region (|cosf,|>1) may not be neces-
sarily more accurate!” than the narrow-width approxi-
mation, we did not try to find the N,;*’s from Table
IV.1® Now one can envisage that Table II used the
first-moment sum rules (S;) while Table IV uses S, as
inputs; neither produces reasonable results for the other
part of the sum rules. [In (15), although N;* are made
larger to bring S, work, a larger value of M, used there
left S1 worse. ] In any case, were N in (14) and (15) to
assume a larger value, N3+ could be made smaller, so the
g contribution would not exceed the p one.

Figures 1 and 2 show the CDSR for the amplitudes
xATe=12 and BT«=%/2, These amplitudes receive their
high-energy contribution from the N, and A;, respec-
tively. The magnitude of both sides of the CDSR (16)
in these figures differs, but the shape of the curves is
qualitatively reasonable, although far from ideal.

Owing to imperfect knowledge on the left-hand cut,
we are content in this work with testing the validity of
(16) (i.e., LHS and RHS coincide), rather than attack-
ing the whole problem associated with the fixed-u
CDSR. These include, e.g., inclusion of the N, trajec-
tory, investigation on the fundamental problem of the
MacDowell symmetry [i.e., finding y1£(u),y2E(%) as a
function of #], etc., and, above all, testing the validity
of the Mandelstam representation itself (which allows
the derivation of the fixed-» dispersion sum rules); all

17 At #=0 the physical threshold x, lies in 0.28 <x,<0.92 GeV2.
Below xp, cosfs is as big as 24.57 at T»=0.05 GeV, or x=0.36
GeV2 [w=2M (u+Tx)+3u].

18 Recall that the N,;#s in Eq. (15) were found from Table III.
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Z}r‘— [xAV'] at us=0

LHS (Present Work)

\
NLHS (BMP)
~

~————

o) MmN S

I'1c. 1. Test of the fixed-w CDSR [Eq. (16)] for x4 =122 at
u=0 [the second equation of (16) divided by N?*8]. The solid
curve is the left-hand side (LHS) integral using the meson coupling
constants of Eq. (15), the dashed one is the same integral using
Eq. (14); see Ref. 5. The diffractionlike pattern is destroyed; this
means that either the curves do not have zeros at a distance
B=1.0 from each other or they have no zeros at all. (The diffrac-
tionlike pattern is characteristic of the fixed-# CDSR; see Sec. IV
for details.) The dashed-dot curve shows the right-hand side
(RHS) of Eq. (16), using Eq. (13). The fact that x, is not much
smaller than IV prevents zeros from occurring at 8=integers (i.e.,
both cosjmB and sininB are present). If one were to include the
large error bars for the LHS curves, the result would look more
reasonable. For this first-moment CDSR, the dashed curve is
better.

of these need a more accurate calculation of the low-
energy integrals. One possible way toward this aspect
may be to make 8 negative, so that the unknown and
uncertain contributions from the higher mesons are
made relatively unimportant.

In conclusion, besides being intrinsically interesting
in its formulation, the fixed-# CDSR have carried us
one step further than the FESR® in investigating the
amplitudes of 7V backward scattering.

Note added in manuscript. Using the new parametriza-
tion of Martin and Michael'® on the nucleon trajectory,

10F N\
\
L \ "
8t \\ z,:[al] at u=o0
h \\
o N
© \\ LHS (BMP)
N
4} \\
N
N
~
2 N
\\
L RHS (BMP) o
O TN — . N

LHS ( Present Work)

Fic. 2. Test of the fixed-u CDSR [Eq. (16)] for B/s=3/2at =0
[the first equation of (16) divided by N**#]. See Fig. 1 caption for
details. For this zero-moment CDSR, the solid curve is better.

1% A, D. Martin and C. Michael, Phys. Letters 32B, 297 (1970).
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TasLE IV. See Table II for details, except that the left-hand cut is evaluated with Eq. (15).

Left-hand cut

Right-hand cut CDSR [Eq. (16)] for p=0
LHS RHS

P » I g N P.S. (NWA, 4)

<Bl2 0.0 223 35 —107.1 0.9 —443  (—59.8, —509)  —1246 —38.7
wALR —32  —57 19.2 19.7 0.0 36.2 (36.8, 38.5) 66.2 15
«B3l2 00 —11.2 3.5 53.5 18 81  (—37.6, —12.8) 55.2 0.0
€A —3.2 2.8 192  —99 0.0 2.0 (316, 9.6) 11.0 0.0
B2 0.0 709  —5.1 57.4 —45.9 —624  (—91.2, —81.1) 15.0 0.0
A —45 —181 =275 —106 0.0 48.7 (65.0, 61.4) —11.9 0.0
Bl 00 —355  —51 —287 1.7 —10  (—15.8, —20.3) 216 3.0
A3n —45 90 —275 5.3 0.0 6.1 (15.5, 15.3) —11.6  —5.1

which in our notation reads

yint(u) =2n(ax+byu)ev*/T(an(u)+1),
72N+(u) = 27r(aN—|—bNMZ)eCN“/MI‘(&N(u)—i— 1) ,
ay(u)=—0.8441.03u,

the right-hand side of the CDSR (16) is considerably
improved. This improvement is due to their separating
off the kinematic factor v/» in F¥=FA4 —(\/uMB),
in the same way as done in Eq. (7).

On the other hand, the new parametrization of Halzen
el al.?® on the A trajectory, i.e.,

y1a~(u) = —2w(aa+bam)@aecs*/T(@r+1),
’YZA_(M) = 27r(aA—{— bAMAz)&AecA"/MAI‘(&AJr 1) ,
an(u)=as(u)—%,
has not improved the CDSR (16), although the width
of the A is 240 MeV here as compared to the BMP
value of 1 MeV. (A possible reason may be that their
parameters of the nucleon trajectory yield a wrong sign
for gNN1r2->
Note added in proof. It has been pointed out to us (by

C. H. Chan) that the second CDSR of Eq. (16) can be
generated from the first one by means of subtraction,
namely,

[second equation]g=x,[ first equationJg

—[first equationg1.  (17)
Practically, one needs B as small as possible. Thus the
two (actually four) CDSR in Eq. (16) are independent

20 F, Halzen ef al., Phys. Letters 32B, 111 (1970).

if 8 is allowed only in the same range, as in Figs. 1 and 2.
Moreover, the identity (17) breaks down as 8 — —1,
while (16) still holds there.
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APPENDIX

In the following effective interacting Lagrangian den-
sities,* the boson fields have the dimension of mass,
while the fermion fields have the dimension of (mass)3/?,
in the natural units (#=c¢=1). The coupling constants
g are therefore dimensionless. -

ﬂetnr‘lr(x) = %g.meaﬂ(x) : W(x>‘7(x) )
Lonn(®) = gonnp (@Y (x)o(x)
£p”(x) = _gpneabc"ra(x) afﬂrb(x)l’uc(x) y
Lown(®)=igb(@)vize-()ou(x)
+(g/2M)Y ()0 37 ¢ (%) dupi(x)
Lrrn(0)= = (grrn/M 1) 0um() - dyme() fun(%) ,
Lonn(@)= (grunD/2M) [0 (), ()
_Xb(x)'}'uaﬂﬁ(x)]fn_v(x)
+ (8w ®/M?) 0, (%) 0 (%) fun(%) ,
Ln-(x) = ignn P (@)yse- Y (@)= (x),
Lana(®) = (gan+/w)N u(%) I5/2% () 8, (x)+H.c.,

where I3z is the isospin projection operator of the pion-
nucleon system in the 7=% state.



