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The purpose of this paper is to show that the conditions of photon-photon collisions at high energy can be
almost perfectly reproduced by using the "quasi-real" photon spectra originating from electron-positron
colliding beams. We show that (a) the problem of background elimination can be properly solved by detect-
ing both the outgoing electron and positron at very small angles with respect to their incident directions;
(b) in spite of this very stringent restriction on phase space, and of possible additional restrictions due to
experimental conditions, reasonably high counting rates will be achieved with the new electron-positron
storage rings (of beam energy 2—3 GeV and of luminosity ~10' cm sec ') now planned or under construc-
tion; and (c) these counting rates increase with rising beam energy. We discuss a number of applications:
particle-pair creation (e e+, p, p+, s s-+, E E+, PP, . . . ) or single-particle creation (~', ~, q'). Angular
distributions of particles produced are also shown.

I. INTRODUCTION

HE feasibility of photon-photon collision experi-
ments was studied a few years ago by Csonka. '

Kith regard to high-energy yy collisions, he suggested
the use of bremsstrahlung photons from electron ac-
celerators or storage rings. Technical difhculties in-
volved in this idea are, however, considerable.

The suggestion presented here is to use, instead of
free photons, the "quasi-real" photon spectra originat-
ing from electron-positron colliding beams. Major
technical difficulties are thus avoided, the experimental
problem being reduced to that of proper detection of
the outgoing particles.

This idea is not entirely new, although it has never
been presented in this way before. Its main philosophy
was already contained in two old papers, written by
Low2 and by Calogero and Zemach. ' Low specialized
his study to the case of x' production, through two
virtual photons, in electron-electron and electron-
positron collisions. The paper of Calogero and Zemach
covered a wider scope; particle pair creation, in partic-
ular, the process e+e ~ e+e+tr +tr+, was considered

by those authors.
Strangely enough, these fundamental papers were to

a large extent forgotten by high-energy physicists for
a number of years. It is true that in the first generation
of e e and e e+ storage rings (at Stanford, Orsay,

*Work partly supported by the Commissariat 0, l'Knergie
Atomique.

t On leave of absence from the Central University of Venezuela,
Caracas, Venezuela.

P. L. Csonka, CERN Report No. TH. 772, 1967 (un-
published); Phys. Letters 24B, 625 (1967).

2 F. Low, Phys. Rev. 120, 582 (1960). An improvement of this
author's calculation was given by J. C. le Guillou, these de
troisieme cycle, Paris, 1965 (unpublished).

F. Calogero and C. Zemach, Phyrs. Rev. 120, 1860 (1960).
A study of the process e+e —+ e+e+m +++, but restricted to the
0 (0++) resonance, was also made by P. C. de Celles and J. E.
Goehl, Jr., Phys. Rev. 184, 1617 (1969).
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and Novosibirsk) the luminosity was too weak for
these processes to be studied seriously. Then, when the
second generation was planned —at Frascati, Novo-
sibirsk, Cambridge (U.S.A.), Stanford, Hamburg, and
Orsay —the attention of most high-energy physicists
was apparently so intensely focused on th" indeed
very fascinating —electron-positron annihilation pro-
cesses that the experiments suggested by Low and
by Calogero and Zemach remained practically
unmentioned.

In 1969, the authors' started a preliminary theoretical
investigation of photon-photon collisions to be produced
with electron-positron colliding beams. They were able
to show (a) that the problem of background elimina-
tion—which is fundamental in most of these processes-
can be properly solved by detecting both the outgoing
electron and positron at small angles with respect to
their incident directions; (b) that the cross sections are
high enough, for a number of these processes, to obtain
reasonably high counting rates with electron-positron
colliding beams of beam energy 2—3 GeU and lumino-
sity 10" cm ' sec '; and (c) that these cross sec-
tions increase with rising beam energy, in sharp con-
tradistinction to the behavior of the cross sections for
annihilation processes.

More recently, Balakin, Budnev, and Ginzburg, 5 and
Brodsky, Kinoshita, and Terazawa' also considered the

'N. Arteaga-Romero, A. Jaccarini, and P. Kessler, Compt.
Rend. 2698, 153 (1969);269B, 1129 (1969).See also N. Arteaga-
Romero, A. Jaccarini, and P. Kessler, Laboratoire de Physique
Atomique Internal Report No. PAM 70-02, 1970 (unpublished}.
A. Jaccarini, these de troisieme cycle, Paris, 1970 (unpublished);
A. Jaccarini, N. Arteaga-Romero, J. Parisi, and P. Kessler,
Nuovo Cimento Letters 4, 933 (1970).

~ S. J. Brodsky, T. Kinoshita, and H. Terazawa, Phys. Rev.
Letters 25, 972 (1970); V. E. Balakin, V. M. Budnev and I. F.
Ginzburg, Zh. Kksperim. i Teor. Fiz. v Pis ma Redaktsiyu 11,559
(1970} LJKTP Letters 11, 388 (1970)g; in Proceedings of the
Fifteenth International Conference on High-Energy Physics, Eiev,
1970 (Academy of Sciences, U.S.S.R., Moscow, 1971).
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electron-positron reactions involving photon-photon
materialization, and stressed the quantitative impor-
tance of these reactions with respect to electron-positron
annihilation. Energy dependence of the cross sections,
and angular distributions of the particles produced,
were investigated by these authors. However, theydid
not consider the problem of proper background sup-
pression, and they used mainly rough approximations
in their calculations.

In this paper, we are going to study (1) background
elimination, and orders of magnitude of total cross
sections, and (2) energy dependence of the cross sec-
tions, and angular distributions of the particles
produced.

A number of applications are discussed. In the
Appendix, the Williams-%eizsaker —type formulas used
in our calculations are justified.

II. BACKGROUND ELIMINATION) AND ORDERS
OF MAGNITUDE OF TOTAL

CROSS SECTIONS

We are interested in reactions of the type

e +e+~ e +e++anything;

however, we shall to a large extent confine our study to
reactions

e
—+e+ —+e +e++A +A+,

where A is any charged particle (e,ij,,rr, E,p). To lowest
order in electrodynamics, these reactions are repre-
sented by the six diagrams of Fig. 1. What we want

e'

e,

e'

FrG. 1. Feynman diagrams for e +e+ ~ e +e++A +A+.
eo (e) is the incoming (outgoing) electron; eo' (e') is the incoming
(outgoing) positron. (For convenience, the latter is represented
like a&particle, not an antiparticle, ) The circles represent sets of
Compton-type subdiagrams.

(in order to reproduce, as perfectly as possible, the
conditions of photon-photon collisions) is to define an
experimental situation where practically only diagram
I of Fig. 1 contributed, thus eliminating the background
due to the Ave other diagrams.

It is quite intuitive to think that such a situation can
be realized by detecting both the outgoing electron and
the outgoing positron at extremely small angles with
respect to the corresponding incident directions. Since
in diagram (I) both photons exchanged are spacelike
and have predominantly very small q' values (because
of the q

4 factors in the propagators), both the electron
and the positron should be very sharply peaked at 0'
scattering angle in this diagram's contribution. It may
thus be expected that the order of magnitude of the
contribution of I will not be drastically reduced by
introducing very small experimental cutoff angles for
both the electron and the positron. In diagrams II, of
Fig. 1, one spacelike and one timelike photon are ex-
changed; here we may expect that only one of both
outgoing e+ particles will be sharply peaked at 0'
scattering angle, whereas the other one will be (very
roughly speaking) more or less isotropically distributed.
Thus, the experimental cutoff considered, operating on
on both e+ particles, should have a much more drastic
effect on diagrams II than on diagram I. This suppres-
sion effect should be still much stronger on diagrams
III of Fig. 1, where both photons exchanged are time-
like and therefore both outgoing e+ particles should be
(again roughly speaking) more or less isotropically
distributed.

We were able to show numerically this effect of
background suppression, at least with respect to
diagrams II. In Figs. 2 and 3, we show, for an assumed
beam energy 80=2 GeV and a cutoff angle 8,„=1
and 4 mrad, respectively (assumed, in each case, to be
the same for the electron and the positron), the con-
tribution of diagrams I and II of Fig. 1 separately for
the following cases: (a) A =e; (b) A =p, (c) A =~;
(d) A =E. The curves shown represent the differential
cross sections do(dM, where M is the invariant mass
of the pair A A+ created. For the case A=e, only pairs
with M & 100 MeV were considered. In the cases
A =m and 2 =E, the contributions of diagrams II are
shown both without and with resonant enhancements,
such an enhancement being due to the p in the pion
case and to the @ in the kaon case.

We do not reproduce here the corresponding curves
calculated for 0,„=3', which were already shown
(except for the case A =e) in our preliminary papers. '

It can be seen from our curves that (except for a
very small region near the threshold in the kaon case),
the contribution of diagrams II is always and every-
where totally negligible with respect to that of diagram
I. (Notice that, because of C invariance, there is no
interference between d'. agram I and diagrams II.)
The suppression of background, due to the angular
cutoff, is thus extremely efficient, still more at 8, =4



PHOTON —PHOTON COLLISIONS ~ ~ ~
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Fzo. 2. Differentia] cross section
do/dM as a function of M —2m'
(M=invariant mass of the pair
A A+; my=mass of A) at beam
energy E0=2 GeV, cutoff angle
8 =1 for both e+. (a) Electron
pair production (with lower cuto8
M; =0.1 GeV}. Solid line is the
contribution of diagram I of
Fig. 1, djejded by 10'; dashed line
is the contribution of diagrams
II of Fig. 1. (b) Muon pair pro-
duction. Solid line is the contribu-
tion of diagram I of Fig. 1, did@'ed

by 10'; dashed line is the con-
tribution of diagrams II of Fig. 1.
(c) Pion pair production. Solid line
is the contribution of diagram I
of Fig. 1,dkQed by 104; dashed line
is the contribution of diagrams II
of Fig. 1, according to QED; long-
dashed line is the contribution of
diagrams II of Fig. 1 with resonant
(p) enhancement. (d) Kaon pair
production. Solid line is the con-
tribution of diagram I of Fig. 1,
d&jded by 10; dashed line is the
contribution of diagrams II of
Fig. 1, according to QED; long-
dashed line is the contribution of
diagrams II of Fig. 1 with resonant
{@)enhancement.
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mrad than at l' or, o fortiori, at 3 (as was to be
expected).

Once we have shown that diagrams II give a negligible
contribution with respect to I, we may assume —be-
cause of the qualitative argument given above —that
the contribution of diagrams III can be neglected e
fortiori.

Considering now diagram I alone, we obtain, after
integrating over M, the values for the total cross
sections (e +e+~ e +e++A +A+) at Eo ——2 GeV.
These are given in Table I. From these values, we may
draw the following conclusions.

(1) The order of magnitude of the total cross sec-
tion is in no case substantially changed when going to
smaller and smaller values of the cutoff angle 8 „
whereas, on the other hand, we have seen that the
background-rejection effect then becomes better and

better. Ke may thus state that, in principle, the smallest
possible cutoff angles should be used experimentally. '

(2) For electron, muon, and pion pairs, the cross
sections are high enough to ensure that reasonably high
counting rates will be achieved with future electron-
positron storage rings (such as, for instance, that under
construction at DES Y-Hamburg) characterized by

' We shall not discuss here the problem of the feasibility of such
experiments where the electron and positron should be detected
at very small angles, in coincidence with particles produced at
large angle with respect to the beam axis. We would only like to
stress that we discussed this problem in much detail with experi-
mentalists, in particular, with Professor Waloschek (DKSY} and
Professor Haissinski (Orsay), and that, according to these dis-
cussions, it wiH probably be solved. In this paper we shaH also
leave aside the problem, brought to our attention by Professor
Haissinski, of a possible experimental background, due to the
fact that electrons (and positrons) having radiated bremsstrahlung
photons and traveling forward with reduced energy may lead to
fortuitous coincidences.
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Fro. 3. Differential cross section da/d3E as a iunctionofM —2m' at Eo=2 GeV, 8~ =4rnrad. (a) Electronpairproduction (3fmm=O &

GeV); (b) muon pair production; (c) pion pair production; and (d) kaon pair production. All curves are characterized as in Fig. 2.

TanLEI. Totalcrosssections (inybl fore +e+~e +e++A +A+
on the basis of diagram I of Fig. 1.

A =e (3E&100MeV)
A=@
A =2I.
A=E

~max =3

1.5
2.4X 10-~
1.7X10-'
2,5X10-~

&max= 1

1.1
1.7X10 '
1.2X 10-3
1.5X10 5

6.6X 10-~
9.0X10-'
6.2X10-4
6.2X10 '

beam energies of a fear GeV and luminosities of the
order of 10~ cm ' sec '. This statement should remain
valid even when additional experimental cutoffs {on
the energies of the scattered e+ particles, and on the
angles of the produced A~ particles) are taken into
account.

We now make some remarks about our calculations.

(i) In the case A =e, we neglected the exchange effect
vrhich appears because of the physical indistinguishi-

bility between the scattered and the created electron
(or positron). However, qualitative arguments (mainly
the fact that the scattered electrons are predominantly
high-energy, whereas the created electrons are pre-
dominantly low-energy particles) tell us that the ex-

change term should be small and thus shouM not
modify substiantially the orders of magnitude obtained.

(ii) In our calculation of the contribution of the
background diagrams II, we neglected the interference
between those two diagrams. But even in the worst case
(maximal constructive interefrence), this means only
that our results for the contribution of II should be
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multiplied by a factor of 2. Obviously, such a factor
does not change anything in our conclusions about
background elimination.

(iii) To calculate the part of the process which
corresponds to p+y —+ A +A+, the Born terms were
systematically used by us. This procedure should be
quite correct for A =t, and 2 =p, at least as long as we
believe quantum electrodynamics (QED) to be valid
for leptons arid photons in the physical regions involved,
but is doubtful for A =m and A =E.Our main justi6ca-
tion for the latter cases is that, in the present stage of
strong-interaction theory, there is no better model
available for such a calculation. On the other hand, we
are well aware that calculations based upon the Born
terms become rather bad at high energy, as soon as
hadrons are involved; however„ in our reactions, lower
values of M always play a predominant role (see Figs.
2 and 3), and so we may hope that our calculation also
has some legitimacy for the boson case.

(iv) So far, radiative corrections have been neglected
throughout.

(v) Both e+ particles being assumed to be scattered
at very small angles, small-transfer approximations (of
the Williams-Weizsicker type) were applied system-
atically in our calculations. These approximations will
be justified in the Appendix.

In connection with point (v), we would like to stress
that the q' values for both virtual photons of diagram I
of Fig. 1 are really extremely small under the conditions
defined, since they range from a few keV' to a few
MeV', with the lower values predominating. So we
may consider these photons as quasi-real and treat
them, to a very good approximation, like photons on
their mass shell. This means in particular that their
longitudinal components may be ignored in the reac-
tions considered, and that the electromagnetic form
factors involved at photon-hadron vertices can be
taken equal to 1.

Thus, once we "factorize out" the electron-photon
and positron-photon vertices in diagram I, we are
entitled to look on reactions of the type

e +a+~ e +e++A +A+

as practically equivalent, under the conditions de6ned,
to

where both y's are free photons.

III.ENERGY DEPENDENCE OF CROSS SECTIONS,
AND ANGULAR DISTMBUTIONS OF

PARTICLES PRODUCED

A. Energy Dependence of Total Cross Sections

In Fig. 4, we show the behavior of the total cross
sections 0 (e +e+ —+ e +e++A +A+), where A is
identi6ed with e, p, , x, and E, respectively, as functions
of the beam energy Eo which was varied between I and

I I I I I 1

8 9 fO

Eg (Gel'/

Fxo. 4. Variation of the total cross section cr with the beam
energy Eo, the e+ cutofj angle being 6xed at g =4 mrad. The
reactions considered are e +e+~ e +e++A +A+, ~here
g—g+—e-e+ (with g . 0 I GeV) —~+ —+ g—g+ ~ e—+e+ .

—& e +e++X, where X=~0, q, q'.

10 GeV. A cutoff angle 8 =4 mrad for the scattered
electron and positron was used in all cases.

As can be seen, all cross sections increase with rising
incident energy. This fact, which was already stressed
before4' obviously makes a very sharp difference in
the behavior of the cross sections of annihilation pro-
cesses (e +t,+ —+ A +A+); it is all the more important
because electron-positron storage rings with energies
still much higher than those presently running or under
construction may be planned in the future.

With respect to the creation of hadrons, the way
our cross sections increase is in fact model dependent.
But in any case, they must increase with rising Eo,
just because at any value of the invariant mass M,
the photon intensity becomes higher. This phenomenon
is connected with the quite general effect—familiar
to the experimentalists —that the multiplicities of
secondaries are strongly increased when the energy of
the primary beam becomes larger.

In Fig. 4, we also show the energy dependence of the
cross sections for reactions of the type

e +e+—& e +e++X,
where X is any quasistable pseudoscalar particle, i.e.,
s', q, or q' The correspond. ing diagrams (to lowest
order in electrodynamics) are shown in Fig. 5. Here



FIG. 5. Feynman diagramS
for e +a+-+ e +t,++X.Char-
acterization of the e+ particles
ls the sanm as ln Flg. 1.

RgRln, tRklng R cutoff Rnglc 8 „„=4mrad foI both 8+,
diagram II of Fig. 1 could be totally neglected, and
both virtual photons could be treated as quasi-real.
It is worthwhile to stress that for these reactions one
would be able to give absolutely precise predictions, if
the decay width I'(X~ 2y) were exactly known. Here
we took the values I'(m' —+ 2y) 11 eV '; I'(ll —+ 2y)—1
keV"; I'(ll' 2y) S keV.

8. Angular Distributions of Particles Produced

Taking again Eo——2 GCV and 8, =4 mrad, the
angular distributions obtained for the cases A =e, p, x,
and E are shown in Fig. 6. Here, the abscissa P is the
lab angle, with respect to the beam axis, of the mo-
mentum of the particle A+ considered. ; the ordinate is
defined as o 'da/dQ, which means that our values are
normalized ln such R wRy thRt onc ob tRlns 1 ln Rll

cases when integrating over 0 (the solid angle of the
particle A+).

As was to be expected, the curves are more peaked
(forward and backward) where the mass of A+ is
smaller. Notlcc thRt thc cuI'vc obtRlncd fol Inuons
shouM. have been slightly more peaked than that ob-
tained for pions (owing to the slight difkrence in mass,
and also to some difference in the dynamics); however,
this difference was so small that it was impossible to
distinguish both curves graphically with the logarithmic
sca,le used.

Qualitatively speaking, it can be seen that, in spite
of the nonisotropic character of these curves, no very
drastic cutdown in the orders of magnitude of the cross
sections for production of muon, pion, and kaon pairs
will result from an angular cutoG such as may be re-
quired by the experimental conditions, i.e., a limita-
tion of P to values ranging from some lower limit P;
(possibly of the order of 30' or so) to a higher limit
Ir f;„.(Notice th—at the effects of such an angular
restriction cannot be directly read OG from our curves,
since) lIl R quRdI'uplc colDcldeDcc experiments Ilot only
the particle A~ considered, but also its counterpart with
the opposite char ge, should be submitted to this
restriction. )

For the electron pairs produced, the effect of such an
angular cutoff will obviously be much more striking;
but here the total cross section is so large (see Sec. II)
that in any ca,se we do not have to worry about the
counting rates remalr lng after such a, cuto6.

~ B. Richter, in Proceedings gf the Iiolrteenfh International Con-
fereme on IIjgh-Energy I'bye s, Vjegnu, N6$, edited by J.
Prentki and J. Steinberger (CERN, Geneva, 1968), pp. 13—14.

Considering the reactions e +e+ —+ e +e++X
(X=tr', tt, or II'), and assuming that in each case the
particle X will be identified thanks to its decay into
two photons (which provides about 100% of the total
decay rate in the case of Iro, about 40% in the case of
I),' and, about S% in the case of I) '), we show in Fig. 7
the angular distribution calculated for either of these
photons. Here the ordinate is o' Ido'/dQ, where o' is
dcflncd Rs

o'=o(e +e+ —+ e +e++X)F(X—+ 2y)/I" (X —& total).

The main problem, in an experiment where the two
decay photons are to be observed, is that of contamina-
tion from double bremsstrahlung produced in the
electron-positron collision. This problem is now under
investigation.

IV. APPLICATIONS

A. y+y~ ~ +~+

The y+y-+ lr +s.+ reaction is certainly the most
important application for the near future. As has already
been stressed, ' conservation laws allow only dipion
states wltll charge-conjugation Ilu111bcl +1, pal'lty +1
a,nd even a,ngular momentum to be produced here. It
will be particularly interesting, in a first experiment,
to look for the (not yet firmly established) 0++ reso-
nance called cr or e, with mass 600—700 MCV and
width 150—400 McV."The experiment suggested has
the double advantage that the p is completely absent
(because of our background elimination) and that
there is no spectator hadron. "Other states to look for
Rl'e tile 2++ 1'csollallccs f~ f,

It is a nice problem for theorists as well to apply
modern theories of strong interactions (Regge poles,
duality, Veneziano model, etc.), possibly in combina-
tion with the vector-dominance model, to these reac-
tions. Presently, however, these theories have only
httle predictive power.

One may consider the y+y —+ II +@+ reaction from
two diferent points of view. Onc may believe in com-

A. Barbaro-GaltIerj. et u/. , Rev. Mod. Phys. 42, 8j (1970);
see p. 118.' D. Bollini et ol. , Nnovo Citnento 88A, 289 (1968).

'0Ref. 8, p. 128.
"There is some relation to the suggestion made by Renard

t F. M. Renard, in Proceedings of the Moriond Meeting on
Electromagnetic Interactions, 1969, p. 36 (unpublished); Nuovo
Cimento 62A, 4'l5 (1969).See also M. J. Creutz and S. Einhorn,
Phys. Rev. Letters 24, 341 (1970); Phys. Rev. D 1, 2537 (1970);
A. Q. parker, Phys. Rev. Letters 25, 1527 (1970).g to study the
reaction a +a+ —+ x +x++y in the neighborhood of a vector™
boson resonance, preferably the @. The same structure (gym')
would be involved, but in a different physical region. The experi--
ment suggested by Renard has the advantage, with respect to
ours, of requiring less energy and less luminosity; on the other
hand, it involves dificult background problems, and obviously
the photon in the anal state is not a desirable spectator.
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FIG. 6. Angular distribution in the lab frame for a particle A+
emitted in the process e +e+ —+ e +e++A +A+, where A A+
=e e+ (with M;,=0.1 GeV), p p+, w w+, E E+. Beam energy:
So=2 GeV; cuto8angle:8 „=4mrad. (Curvesforp p+andx m+

coincide. )

piete "normality" of the muon with respect to QED,
and the theoretical predictions given for this process are
assumed to be absolutely accurate. This experiment
can then serve as a control experiment —i.e., an experi-
ment for the checking the detection device (solid
angles, acceptance factors, etc.), as well as radiative
corrections and other corrections used for normalizing
the cross sections —in order to ensure that the data
obtained in the above-mentioned experiment (Sec.
IV A) should be established on a 6rm ground.

Alternatively, one may believe that the muon is not
entirely "normal" —as some very recent experimental
results seem to show" "—and then this reaction would
provide a very clean experiment to look for an anomaly.
In fact, any deviation, to be found experimentally,
with respect to the Born-term calculation, would be
due to such a muon anomaly (for instance, a dimuon
exchanged in the s channel, or a p* exchanged in the I
or m channel). Let us also stress that, from this point
of view, the experiment considered would be much more
significant than the annihilation process o +e+ —+tI
+@+, because in the latter neither a dimuon (other
than a I state) nor a ti* can appear.

Since most people regard QED as valid for electrons
and photons at least, the y+y —& e +e+ reaction
should essentially provide a control experiment,

"R. I.. Thompson et u/. , Phys. Rev. 17'7, 2022 (1969); J. C.
Montret, in Proceedings of the Moriond Meeting on Electro-
magnetic Interactions, 1%0,p. II. j4 (unpublished). Both papers
refer to a possible muon anomaly showing up in inelastic muon
scattering at high energy (10—12 GeV) and mainly small momen-
tum transfer.

"Talk given by Dr. Ramm at the Durham Conference on
Elementary Particles, Durham, 1970 (unpublished). This talk
referred to the possible occurrence of a "heavy muon" p~ with
mass ~430 MeV.

~ID
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Fro. '7. Angular distribution in the lab frame for a photon
emitted in the process e +e+—&e +e++X (where X=m', q,
q') followed by the decay X~ 2y. Beam energy: Eo=2 GeV;
cutoff angle: g ~=4 mrad.

As in the case of pion pairs, states with C=+1,
I'=+1, and even angular momentum will be studied
in the y+y —+E +E'+ reaction. Unfortunately, the
cross sections are low, so that one will probably have
to wait for storage rings with energies and/or lumino-
sities higher than those of the next generation, to
perform such kaon pair-production experiments.

E v+v~P+P
In the case of the y+y ~ p+p reaction, again, and

a fortiori, one will have to wait for a future generation
of more powerful electron-positron storage rings. It is
encouraging to notice that, in a recent experiment, "
two events were apparently found for the inverse
reaction (p+p ~ y+y) at an invariant mass squared
of 5.1 GeV'; this result should correspond to a rather
high cross section (about 30 times higher than the
value obtained in a Born-term calculation with a Dirac
proton).

F. y+y-+ X (X=m', q, org')

The values obtained through the Primakoff effect
for F(s' —+ 2y) and F(It~ 2&)' may be improved by
performing the y+y -+ X (X=s', It, or rt') experiments,
and the value of F (rt' —+ 2p) determined.

A variant of the scheme suggested here was proposed
and extensively studied by one of the authors (J.P.).i5
Namely, instead of detecting both e~ in their forward
directions, one should detect only one of them at very
small scattering angle, and the other at large angle.
Thus, only one of the photons exchanged would be
quasi-real, whereas the other one would be highly
virtual. In this way, one should be able to study ex-
perimentally the electromagnetic form factors of the
Xyy vertices in the spacehke region.

"D.I.. Hartill et ul. , Phys. Rev. 184, 1415 (1969).» J. Parisi, these de troisieme cycle, Paris, 1970 (unpublished).
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G. y+y~ Any Hadxons

Doubtlessly, there is a very wide 6eld of applications
in the p+p —+ any hadron experiment. Let us only
mention the possibility of studying all nonstrange
mesonic resonances with C=+I, by direct formation,
without any spectator hadron.

From the theorists' point of view, the y+y ~ y+y
rcactlon ls a 6cld of study ln ltsclf, bccausc of its
extreme complexity. A wide variety of hadrons may be
exchanged in all three (s, t, and I) channels, and lepton
pairs are exchanged as well."Experimentally, however,
one may wonder whether this effect will not be domin-
ated, even at large emission angles of the outgoing
photons, by double bremsstrahlung from the electron-
positron collision. We are now investigating this
question.

V. CONCLUSION

Since in the mind of many physicists electron-
positron storage rings are still mainly associated with
annihilation, it is perhaps not uninteresting to compare
the respective merits and diKculties of both types of
experiments, i.e., photon-photon materialization and
electron-positron annihilation.

It appears that, in comparison with the annihilation
processes, photon-photon collisions show two main
d d tage d t m

'
d tage .

The disadvantages are as follows.

1. Greater experimeltal difhculties, since two addi-
tional particles (i.e., both e+ scattered at small angle)
are to be detected, together with the particles created.

Z. Lover collision erIergy for the same beam energy.
As can be seen from Figs. 2 and 3, the photon-photon
materialization occurs predominantly in the region of
small 3f, so that only a fraction of the total a,vailable

energy is used for this process, whereas the full energy
ls used ln electron-positron annlhllatlon.

The advantages are as follows.

1. Higher cross sectors. Very roughly speaking, we
can see that the cross section for e +e+~ e—+c+
+2 +xi+ becomes already comparable to that of
c +c+—+ A +A+ (with the same A) at beam energies
which are in general of the order of 1 GcV.'~ At So=10

'6 J. M. Jauch and F. Rohrlich, The Theory of I'hotorfs arid
Ekctroris (Addison-Wesley, Cambridge, Mass. , 1955), p. 2g'.

» In connection with this point, the question has been raised
whether the recent Frascati measurements on annihilation were
not contaminated to some extent by the type of processes studied
here. %'e have not investigated this particular question. Let us
only make the following comment: An accurate identification and
measurement of the energies of the particles created appears as a
sufhcient —but also to a large extent necessary —condition to
avoid any confusion between these two entirely different produc-
tion mechanisms.

GeV, photon-photon materialization should give rise
to counting rates at least 2 or 3 orders of ma, gnitude
higher than the corresponding ones for electron-positron
annihilation.

Z. Greater physical ilterset, at least in our opinion
(physical interest can rarely be defined in a completely
objective way). In e c+ annihilation, as long as it
goes via one-photon exchange —and so far we do not
know anything a,bout the possible occurrence of anni-
hilation via two photons —,only 1 states can be pro-
duced. In yy materialization, the possibilities offered
for creation of hadronic states are incomparably wider;
in pa, rticular, all angular momentum and parity states
can be produced (except in a few cases, such as the
production of pairs of pseudoscalar particles).

However, so far, we must not look upon these two
kinds of phenomena from a point of view of competition
or rivalry. From a practical standpoint, the important
fact is that both converge to provide overwhelming
reasons for building more powerful (higher energy,
higher luminosity) electron-positron storage rings in
the near future. Photon-photon collisions will then pro-
vide a new area of experimental investigation in high-

energy physics.
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APPENDIX: DETAILS OF CALCULATIONS

To establish the double Williams-Weizsacker —type
approximation formula used in our calculation of dia-

gram I of Fig. I, wc started from the generalized
(invariant) helicity method developed by one of us

(P.K.).18 The original purpose of this method was to
achieve considerable simplifications in the (exact)
calculation of large classes of Feynman diagrams
occurring in electrodynamics and weak interactions.

P. Kessler, Laboratoire de Physique Atomique Internal Re-
port No. PAM 68-05 (unpuMshed); Nucl. Phys. Bls, 253 (1970).
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It appears now that this method is also a very efFicient
tool for deriving valuable approximation methods such
as that used here.

Let us state from the beginning that the main
principle of this approximation was to neglect terms
of order 1 or higher in t/M' and t'/M', where t and t'

are the absolute values of the squares of the four-
momenta of the left-hand and right-hand photon,
respectively. This procedure is justified because the
maximum value of t and t' is Ep' 8m~'; for Ep ——2 GeV
and 8, =4 mrad, this quantity is 64 MeV'; for Ep=2
GeV and 8, =1', it is about 1200 MeV'. Remember
that the minimum value of M' considered in our study
is 104 MeV'.

One may write the differential cross section in the
general form

dp = (urn)'dC D, (Ai)

where dC is the kinematic factor (essentially the phase
space of the outgoing particles, divided by the Aux
of incoming particles), and D is the dynamic factor.

The (quite trivial) calculation of dC gives (treating
all e+ particles as extreme relativistic)

EE'dEdE'd(cos8)
(2or) ' SEp'

)&d(cos8')dC d(cosX), (A2)
M

For D, the generalized helicity method's gives us in
a straightforward way

D= 't 't' 'Ii„i+.I„,„„'ti„„t-i+„,„„oe'"&, (A4)

where Iq, q+„ is the polarization matrix of the photon
emitted at the electron-photon vertex, this matrix
being defined in the y7 c.m. frame (with the z axis
along the photon momentum, and the yy —+A A+
reaction plane defining the zx plane). The subscripts X

and X+v characterize the photon's spin component
on the z axis, respectively, ig. the direct and in the

where m is the electron mass; Ep is the beam energy; E
and E' are, in the lab frame, the energies of the out-
going electron and positron, respectively; 0 and 0'

are, also in the lab frame, the respective scattering
angles of the e and e+; C is the corresponding azimuthal
angle; M is the total energy in the photon-photon c.m.
frame; X is, also in that frame, the emission angle of
one A+ particle with respect to the axis which carries
the photon momenta; and finally, k= p(M' —4m@')'",
m~ being the mass of A.

Using t=t;„+2EoE(1 cos8), wit—h t;„=m'(Eo
—E')/(EpE), and the analogous expression for t', and
defining 7=t/(4m'), r'=t'/(4m'), su=Ep —E, &v'=Ep
—E', we get

m'
doodad'drdr'dC d(cosX) . (A—3)

(2or) ' 2Ep4

conjugated amplitude. I„,„„'is de6ned in an analogous
way for the photon emitted at the positron-photon
vertex. ji„„and j&,+„,„„*are the (direct and conjugated)
helicity amplitudes for the process 7+y —+A +A+.
Finally, p is, also in the &p c.m. frame, the angle be-
tween the half-plane formed by the z axis and the out-
going electron's momentum, on the one hand, and that
formed by the z axis and the outgoing positron's mo-
mentum, on the other hand.

Carrying out the tensorial factorization, taking
parity conservation and angular momentum conserva-
tion into account, one gets the (still exact) expression

D= ,'t 't' 'L-&I-++I++'(Ij++I'+ Ij+ I')+2I++-I,p Ij+, I

+2I&p++'I j~l'+IppIoo
I jooI'

+4(c soy)I+ pI+o Re(j+pjp+ —jy jpp )
+2(cos2y)I+ I+ 'I j+ Ioj, (A5)

where the subscripts are the explicit values of the spin
components X, . . . (we use ~ for ~1).

Now, a large number of terms written on the right-
hand side will vanish in our approximation.

(a) Terms in cosy and cos2y will vanish, because
we shall integrate over C, and we have q~C. This
approximate equality between p and 4 can be shown
geometrically in the following way: Both photons are
practically aligned along the electron-positron beam
axis, which becomes also the photon-photon collision
axis, i.e., the z axis. Then, the Lorentz transformation
from the lab frame to the yy c.m. frame is just a
translation along the same axis, and it is obvious that
such a translation does not change the azimuthal angle
of both outgoing e+ particles. This geometric argument
was con6rmed by an algebraic calculation, where we
neglected only terms in m' and in t/M', t'/M'

(b) Terms containing
I j+pl'~ I jp+I'~ and

I
jpol'

(i.e., partially or totally longitudinal terms) can be
neglected, because they are proportional respectively
to t'/M' t/M' and tt'/M4.

We are thus left with

D='pt 't' 'I++I++'(Ij++I'+
Ij+ I') (A6)-

(where implicitly the integration over C has been taken
into account).

The expression for I++ is easily calculated to be
(neglecting only terms in m' t/M' t'/M')

I++ r(x+ 1) 1, —with x=—M 4(gEgo' M')'. — —
Expressing M' in the lab frame, one gets (neglecting
only terms in m')

MP =4(up&' —2EE'(1+cosa~),

where 0 is the lab angle between both outgoing e+
particles. In this last equation, the second term on the
right-hand side can be neglected since it contains only
terms of the order of t, t', and (tt')'". Thus

M' 4opcv', whence x co '(2Ep —~)'= (1+r;„)/r;„,
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and finally I++~)(1+2rm; )/rm;, jr 1.—Similarly,
I++' P(1+2r';„)/r';„]~' 1.—

Substituting these expressions in (A6), using now

(A1) and (A3), and integrating over C, r, and r', we
obtain

do(n4/' —12SrrEp )FF'dppdco' (k/M)

X(l I++I'+ li+-I')d(cosx) (A7)

where we define

Let us go over now to diagrams II of I'ig. 1. Using
the same small-transfer approximation as above, and
an addition an exact factorization formula (due to
Hordes and Jouvet") for timelike virtual particles, we
obtain for one of these diagrams (the left-hand one, for
instance)

Q SS dM

r(M)— — Ff„r—',„, (A12)
4x M'Ep4

with

I+2rmin rmsx
- ln

+min &min 7'min &max

1+2r min r maxF'= — — ln
I I

min& min
I

7 min 7 msx

r;„=&o'/4E p(E p (p), —
r, =r;„+Ep(Ep &)o(—1 c—o8s,„)/2m',

where f„ is given by

4oEp —Af' 4~Ep

4o)Ep —3f'

and r (M) is the "partial width" for decay of the heavy
photon into 3 A+. If A is a lepton, this width is given
by

I' (M) = (n/3M') (M'+2m'') (M' —4m'') '".
and analogous delnitions for v'; and v', .

Now we compare our result with the cross section
for y+y —+A +A+ in the case of two free photons
colliding with opposite momenta, their respective
energies being p& and &o'L =M'/(4p&) j:

xo' k
o..(~,~') = — -- (I I++I'+ li+-I')d(co») (AS)

2 M'

Using the relation 2pidpi'=M dM (at constant p~), and
noticing that 0» depends only on M, we obtain the
final formula used in our calculation of diagram I of

Flg. 1:

o „r(M)
dM &28+'&p4

dco—FF'
GD

(A10)

If we want to extend this result to the case Ldiagram
I or Fig. 5j where, instead of a pair A A+, one single

particle X (with mass mx) is produced, we use

o (M) = (4pr'/mx')r(X 27)B(M rs ), —

where I'(X —& 2y) is the partial width for 2-photon

decay of X. Substituting this expression in (10), we

get for the total cross section of e +e+—+ e +e++X

cE tÃ~ dM

o r (X-+ 2y)- FF'. —
32Ep M

(A11)

Here, the helicity amplitudes j++ and j+ are the same
as those considered before for the quasi-real photons
(once we neglect terms in I/M', t'/M'). Thus, com-

bining (A7) and (AS), we obtain the Williams-Weiz-
sacker —type formula

do (n'M'/64m'Ep')FF'dpidco'o „((o,io') . (A9)

If A is a boson, it is given (not accounting for a resonant
enhancement) by

r (M) = (n/12M') (M' 4m&—')"
To obtain the total contribution of both diagrams II
of Figs. 1, we multiplied the result (A12) by 2 (thereby
neglecting the interference term).

A last detail to be given concerns the limits of integra-
tion over pp in our formulas (A10)—(A12). In order to
keep our extreme-relativistic approximation for the
electrons and positrons valid everywhere, we made a
lower cutoff (obviously of no practical importance)
on the energies of the outgoing t.+ particles, namely,

E;„=E' i =e with &~10 MeV.

Thus, our limits of integration were

ppmix=M /4(Ep p) y pimxx=Ep p

The extension of our calculations to angular distribu-
tions of the particles produced was trivial.

Let us conclude with two remarks.

(a) The Wi11iams-Weizsacker —type approximation
formula obtained, Kq. (A10), is much more precise
than the semiclassical one,"and also somewhat better
than corresponding formulas given previously by var-
ious people, among them one of the authors, " which

were derived from 6eld theory, but not in a strictly
invariant way. On the other hand, it is obvious that
such an approximation must be used with some caution:

' G. Bordes and B. Jouvet, Compt. Rend. 25'7, 1007 (]963).
See also P. Kessler and Ph. Leruste, Cahiers Phys. 18, 189 (1964);
18, 201 (1964).

'0 See %.Heitler, The QNuntum Theory of Radiution (Clarendon,
Oxford, 1954), 3rd ed. , pp. 414-418."P. Kessler, Nuoyg pimento 17', 809 (1960).
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It is reliable in the case where small transfers are
selected; otherwise it may become very rough, and
even lead to gross overestimations.

(b) If we had chosen to make an exact calculation
of dtr/dM for diagram I of Fig. 1, we would have been
compelled to perform a fogrfold integration with the
help of a computer. (The integration over cosX can be

done analytically, at least in the Born-term model. )
Even if the computer used were quite powerful, such
a calculation would always involve some amount of
error. Therefore, it is possible that such an "exact"
calculation might have provided a result less accurate
than our approximation procedure, where only one
single integration was needed.
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Dashen-Weinstein Theorem in Xt& Decay: Soft-Pion Corrections
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The Mathur-Okubo sum rule in %~a decay, together with Pagels's model for corrections due to partial
conservation of axial-vector current, is invoked to estimate the O(c ) corrections to the Dashen-Weinstein
theorem for g(0). The corrections are found to be small, and we predict &(0)=—0.6 for X+=0.08.

HE problem of K&3 decay has attracted consider-
able attention in the literature. ' The matrix

element for this decay defines two form factors f+(q')
and f (q') through the relation

(~'(k)
I
v„'-"(0)

I E+(p))
= (1/v2)Lf+(q') (p+&),+f-(q') (p —&),3, (1)

where q=k —p.
In this context, there are two important results which

follow from Gell-Mann's current algebra and partial
conservation of axial-vector current (PCAC) which
enjoy the privileged status of "theorems": The first is
the famous sof t-pion theorem due to Callan and
Treiman and to Mathur, Okubo, and Pandit, ' which
states that

f (p2 mK2 h2 m 2 q2 mK2)

+f (p2 mK2 h2 m 2 q2 —mK2)

=FK/F +0(e ), (2)

where e is a parameter which measures the departure
from the limit of exact SU(2) SU(2) symmetry and
massless pions, and F tK& is the pion (kaon) decay
amplitude. The other theorem of more recent origin is
the Dashen-Weinstein' theorem for the form-factor
ratio $(0)—=f (0)/f+(0):

mK' —m' 1 FK F)
c(0)+X+ = — — I+O(e') (3)'

m. ' 2 . FKi
* Present address: Department of Physics, University of Cin-

cinnati, Cincinnati, Ohio 45221.
See S. Weinberg, in Proceedings of the Fourteenth International

Conference on High-Energy Physics, Vienna, 19M, edited by
J. Prentki and J. Steinberger (CERN, Geneva, 1968).

~ C. Callan and S. Treiman, Phys. Rev. Letters 16, 153 (1966);
V. Mathur, S. Okubo, and L. Pandit, ibid. 16, 371 (1966).

'R. Dashen and M. Weinstein, Phys. Rev. Letters 22, 1337
(1969);Fayyazuddin and Riazuddin, Phys. Rev. D 1, 361 (19/0).

where

)j.+=m. ' —ln f+(t)
dt —~0

and e is a measure of the breaking of SU(3)SU(3)
symmetry. This theorem is independent of any assump-
tions on the form of symmetry breaking.

It is well known that Eq. (2) is not directly amenable
to experimental tests, since the point q'=m~' is not in
the physical region of the decay: mt2&~q2&&(mK —m )'.

The Dashen-Weinstein theorem LEq. (3)j is some-
what more readily available for confrontation with
experiment and is in good agreement with recent
experimental data, ' subject to the uncertainties in
corrections of 0(e').

The possibility of a zero in the "scalar" form factor
f(q')= f+(q')(mK—' m')+f (—q')q' between (m» m,)'—
and (mK+m )' has been suggested to explain

$(0)=—1,' as also has the proposal based on "weak"
PCAC. ' The latter proposal has been, however, criti-
cized by %einstein. 7

In the present paper, we estimate corrections to Eq.
(3) since it is rather essential to know whether or not
the fair agreement with experimental data that one
obtains from the Dashen-Weinstein formula )with
X+=0.08 and $(0)~—0.6] ' is fortuitous.

Ke make the following assumptions:

(i) SU(3)SSU(3) chiral algebra of Gell-Mann;
(ii) PCAC hypotheses for pion and kaon 6elds;

P. Innocenti et al. , in Proceedings of the Fifteenth International
Conference on High-Energy Physics, Kiev, 1970 (Academy of
Sciences, U.S.S.R., Moscow, 1971); E. Dalley et al. , ibid. ; C.-Y.
Chien et al. , Phys. Letters 333, 627 (1970).' K. Kang, Phys. Rev. Letters 25, 414 (1970).

6R. Brandt and G. Preparata, Nuovo Cimento Letters 4, 80
(1970).' M. Weinstein, Phys. Rev. D 3, 481 (19'i1).


