3 ABFST EQUATION AND COMPLEX REGGE POLES

VII. DISCUSSION

We have demonstrated the existence of complex
Regge poles in the solution of an ABFST model. Ball,
Marchesini, and Zachariasen* have argued that the
effects at moderate energies of a Regge cut can be ap-
proximated by a complex conjugate pair of Regge poles.
One may ask whether the complex poles in our model
are merely an approximation to the Regge cuts which we
have neglected by cutting off the high-energy tail in the
kernel. If this were the case, one would expect that the
region in s of the kernel which is most important in the
determination of the Regge-pole positions would be near

PHYSICAL REVIEW D

VOLUME 3,

1491

the cutoff, 10 GeV2 However, Shei® obtained essentially
the same complex-pole positions as presented here using
the trace approximation to a model with a sharp-p-pole
kernel. From this result, we conclude that the most
important region of the kernel is near m,? and that the
complex poles we have found are not an approximation
to a Regge cut.
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The on-shell electromagnetic mass splitting of kaons is studied, on the assumption that it is purely electro-
magnetic in origin, in a Lagrangian model incorporating vector-meson dominance of the hadronic electro-
magnetic current. A simple symmetry-breaking term in Lagrangian, which preserves the invariance under
the photon gauge transformation, gives the vector-meson mass spectrum and the negative ¢-w mixing angle
systematically. The result for émx to order o (fine-structure constant) is cutoff dependent. A relatively low
cutoff value, around 1 BeV, is required to yield a physically acceptable result. The discrepancy between the
theoretical and the experimental values, dmgth—dmge*Pt=5.44-6.22 MeV, is most likely attributable to the
high-energy contribution, which was neglected in the present approach.

I. INTRODUCTION

HE success of the current-algebra calculation of
the pion electromagnetic mass splitting! has led
people to extend the same method to calculate the kaon
electromagnetic mass splitting, without notable success.
The main difficulty in the kaon case comes from the
fact that one cannot easily find the mechanism of the
octet enhancement in this approach. From a general
standpoint, this situation can be understood as follows.
The joint success of current algebra and the hypothesis
of partially conserved axial-vector current (PCAC)
in the past several years has indicated that the strong
interactions are nearly symmetrical under the chiral
group SU3)XSU(3). The symmetry SU(3)XSU(3)
is broken by the presence of nonzero masses of the
pseudoscalar mesons, and also by the presence of the
electromagnetic and weak interactions.

Recently Dashen? has reached the conclusion that
for first-order perturbations around an SU(3)XSU(3)-
symmetrical limit, there can be no dynamical mecha-
nism which enhances the octet part of the pseudoscalar-
meson mass splittings. This idea applies, in particular,
to the electromagnetic mass splittings of the pseudo-

1T. Das, G. Guralnik, V. Mathur, F. Low, and J. Young,
Phys. Rev. Letters 18, 759 (1967); I. S. Gerstein, B. W. Lee, H. T.

Nieh, and H. J. Schnitzer, ibid. 10, 1064 (1967).
2R. F. Dashen, Phys. Rev. 183, 1245 (1969).

scalar mesons belonging to the same isomultiplet. One
expects that the calculation of the A7=1 kaon electro-
magnetic mass splitting in the usual current-algebra
method will not work well, because the calculation of the
pseudoscalar-meson mass splitting in this method is
based on a first-order perturbation around an SU(3)
XSU(3) limit [i.e., all the pseudoscalar mesons belong-
ing to an SU(3) octet have zero mass]. This is actually
the case. However, the success of the calculation of the
pion electromagnetic mass splitting is encouraging, and
we may expect that one can calculate the kaon electro-
magnetic mass splitting simply by adding the high-
energy contribution to the value obtained by the
current-algebra method. This procedure would be
justified by the work of Harari.® On the basis of the
Regge-pole theory, he showed that, for the calculation
of the A =1 electromagnetic mass splitting, it is essen-
tial to include the contribution from the high-energy
part of the forward virtual Compton scattering process.
The recent calculation due to Buccella ef al.* indeed well
reproduces the experimental value. As the low-energy
contribution, these authors used the value obtained by
Socolow.5 It is our intent here to repeat the calculation

8 H. Harari, Phys. Rev. Letters 17, 1303 (1966).

4F. Buccella, M. Cini, M. De Maria, and B. Tirozzi, Nuovo
Cimento 64A, 927 (1969).

5 R. H. Socolow, Phys. Rev. 137, B1221 (1965).
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of the low-energy contribution to the kaon electromag-
netic mass splitting émx by a somewhat different method
from that used by Socolow, and also to confirm that the
whole value of émx cannot arise within the framework of
the low-energy approach® in any reasonable way. For
this purpose we employ the phenomenological Lagran-
gian method, which reproduces the current-algebra result
for the ¢=0 meson emission amplitude. The main point
is the way of extrapolating the ¢=0 result to the large-
momentum-transfer or hard-meson process. Assuming
an explicit form for the Lagrangian, we derive the in-
variance condition under a photon gauge transforma-
tion. We also derive a phenomenological Lagrangian
from the original one and then diagonalize it. This is
done in Sec. II. The effective Lagrangian obtained in
Sec. II is used in Sec. III to give the expression for
dmg in terms of the free parameters a4, v, and §, which
can be determined by the decay rates of the vector or the
axial-vector mesons. Section IV contains the discussion.

II. LAGRANGIAN MODEL
A. Construction of Lagrangian

According to the work of Lee, Weinberg, and
Zumino,” a massive Yang-Mills Lagrangian gives the
algebra-of-fields commutators as the canonical com-
mutation relations of the gauge fields. We require that
the Lagrangian have the following properties: (i) The
meson scattering amplitude calculated from the
Lagrangian by taking only tree graphs agrees with the
corresponding current-algebra result at vanishing meson
four-momentum (¢=0). (ii) When the electromagnetic
fields are introduced into the Lagrangian, it is possible
to calculate the photon process by relating it to the
corresponding vector-meson process. Property (i) defines
a phenomenological Lagrangian. Property (ii) is satisfied
if the Lagrangian is so constructed that the resulting
electromagnetic current operator is dominated by known
neutral vector mesons (field-current identity). It is
justified in Sec. II C that the Lagrangian given below,
Eq. (1), has both properties (i) and (ii). Using these
properties (i) and (ii), we can calculate the photon-
meson scattering amplitude for a zero-momentum
photon. For the calculation of the meson scattering
amplitude, we take the following Lagrangian for the
generalized massive Yang-Mills field plus matter fields
as a model of SU(3)XSU(3) field algebra:

= _%VMV-G(ZV){IbVMV,b_%AMP,a(ZA)abAuv,b
‘%QSMGV(MVZ)ab¢ubv_%¢naA(MA2)ab¢;4bA
+Lm(¢}D“¢’ Vlll’va)AI“':U) b (1)

where Zy and Z4 are symmetrical matrices and My?
and M 42 are symmetrical mass matrices of the gauge
fields. ¢u.” and ¢u.t (@=0, ..., 8) are the vector and

8 We use the terminology of Okubo. See S. Okubo, Phys. Rev.
Letters 18, 256 (1967).

7T. D. Lee, S. Weinberg, and B. Zumino, Phys. Rev. Letters
18, 1029 (1967).
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the axial-vector (gauge) fields, respectively, which
constitute the basis of (1+8) representations of SU(3).
V. and A,, are given by

V;w,a = 6u¢m V- avd’uav
+f fubc(¢nby¢vcv+¢ﬂbA¢ch) )

A wr,a = 6u¢»aA - av¢uaA
+f f@bc(¢ubA¢ch+¢ubV¢ch) ’

with real constant f and SU(3) structure constants
fabe- Lm 1s a matter term, and ¢ represent the matter
fields. D,y is a covariant derivative of y. We may also
define the field-current identity

Jud" =L (Mv? as/ f1bus” - 3)

By using the canonical commutation rule for the gauge
field, and the equation of motion for ¢,,”, one obtains
the following equal-time commutators in an unre-
normalized form®:

L ke (), 7167 (2) Jzgmay =0, *)

[]4‘1V(x))]lbv(xl)]xo=fco’ = [(MV2)ab/f2]ala(X —X')
— faca(My®)pe(Mv?) e
Xox—x)J1."(x), (5)

[J1a" (%), T 67 (&) Jagmay = — farcd(X—X")T1." () . ()

(Equal-time commutators involving axial-vector cur-
rents are derived in the same way.)

The standard form of the field algebra is recovered
only for the diagonal mass matrices. Therefore we
assume

@

(MVz)ac=(MAZ)ac=m25ac+baa0500- (7)

The explicit forms of Zy and Z, are chosen in Sec.
II D so as to yield the Gell-Mann—-Okubo formula for
the vector and axial-vector meson masses squared.

B. Gauge Invariance

We introduce the electromagnetic interaction into the
Lagrangian (1) according to the prescription of Lee
and Zumino.® We rewrite L as

L =L0_% ﬂaV(MV?)abQSubV_%¢uaA(MA2)ab¢ubA . (8)

Ly is identical with L except for the gauge-field mass
terms. By replacing all ¢,.” (including 9,¢4.") in Lo by
éua”, we obtain L.

Ly =Lo(pa” = bua”),

where
‘Iguav=¢‘uav_(e/f)£al4u 9)
and
Ea, =1 (a = 3)
=3"12 (¢=8) (10)
=0 otherwise.

Here, ¢ and f refer to the unrenormalized coupling

§ K. Kang, Phys. Rev. 177, 2439 (1969).
9T, D. Lee and B. Zumino, Phys. Rev. 163, 1667 (1967).
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constants. The Lagrangian including the electromag-

netic effect is as follows:

L, = —%F,“,2+Lg’ -%d’paV(MVz)aquubV
_%‘ﬁuaA(MAz)ab‘ﬁnbA ’ (11)

where F,,=98,4,—08,4, is the electromagnetic field
tensor. The equation of motion for 4, becomes

aqu = (e/f)[(MV2)3b+3_1/2(MV2)8b:|¢va . (12)

The gauge-invariance condition under the photon
gauge transformation implies that the Lagrangian is
invariant under the replacement A,— A4,—3d,A(x).
Thus Ly’ must be invariant under the replacement

$ua” = Bua¥+(e/ f)Eadu. 13)

This is equivalent to the invariance condition of Lo
under the replacement

bua” = bua”+(¢/ )Eadud, (14)

which depends on the symmetry property of Lo under
the strong interactions. We first note that any infinites-
imal SU(3)XSU(3) transformation of ¢u." (dua,
Vus,a OF Ayy0) is obtained by the combined application
of the following two transformations, (15) and (16):

V,uv,u_) V;w,a+f fabcAbVVp.v,c,
Anv,a - Auv,a+f fabcAbVA;w,c )

15
¢’uaV —d ¢uaV"‘ayAaV+f faboAbvd’ucV ) ( )
¢naA g ¢uaA+f fabcAde’ucA y
V;w,a - Vyy,a+f fabcAbAAuv,c )

A;w,a i Ap.v,a+f fabcAbA Vp.v,c ) (16)

¢uaV 4 ¢uav+f fabcAbA¢ucA )

¢yaA - ¢uaA - apAaA+f fabcAbA¢ucV )
where A,V (1=1,...,8) and A4 (=1, ..., 8) are co-
ordinate-dependent infinitesimal parameters. The con-
dition (14) determines A,V (i=1,...,8) and A4
(35%4%8) uniquely. We get

AV=—(e/f)EtA, AAQB#i=8)=0. W)
As# and Ag# are undetermined. For the general forms of
Zv and Z4, kinetic parts of the gauge-field Lagrangian

can preserve the Lorentz invariance only if Ag4 =Ag4 =0.
Therefore we impose the requirement

Agt=Ag4=0. (18)

Thus the transformations (15) and (16) for V,,,, and
Ay,q become

Vira— Vyv,a+€(x)(fa3b+3*1/2fasb) Vo,

Apra— Apyate(@®) (faso+37 fass) Ao v,

with e(x)=—(e/f)A(x). Lo contains such terms as
VMV,E(ZV)abV;Lv,b; Auv,a(ZA)abAp,v,by Dach;w,a,A;.w,ch,
and D,pceumoV pr,aVre 0P e, where P, (c=1, ..., 8) repre-
sent fields of a pseudoscalar-meson octet. The gauge-

(19)
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invariance condition leads immediately to the following
restrictions (i) and (ii) on (Zy,4)es and Dqs., respec-
tively'0:

(1) Lub+Lbu =0 )

Lab=(fc3b+3_”2f085>(ZV,A)ca; (20)

(il) Da’ bc(fa’3a+3—l/2fa’Sa)+Dab’c(fb’3b+3-”2fb’8b)
+Dabc'(fc’3c+3_”2fc’8¢) =0. (21)

where

C. Computational Rule for Photon Process

The equal-time commutators described in Sec. IT A
are written in an unrenormalized form. Following Lee
and Zumino,® we assume the existence of the renormal-
ized theory of the Lagrangian (1) even if the pertur-
bation-series method fails. (Otherwise, the equal-time
commutator between the renormalized current operators
does not exist.) Then the equation of motion for the
gauge field and the normalization condition of the cur-
rent operator,

QuV 4 =—i / JiaV 4(@)dsx=—i / [Jia¥4(x) Jad%,

imply the renormalization independence of the current
operator defined by Eq. (3).! These relations define
the renormalized and the unrenormalized coupling
constants. [Q,7'4 is an SU(3)XSU(3) generator and
the subindex R implies the renormalized operator.]
Thus Egs. (4)-(6) and the related equal-time com-
mutators involving the derivatives can be regarded as
the relations between the physical current operators.
From the work of Kang,® we know that the Weinberg
second sum rule, derived from the equal-time com-
mutators involving time derivatives, depends on the
explicit forms of Zy and Z,. We take

(Zv)'ab="0ap+V3edass. (22)

e is a symmetry-breaking parameter. This leads to the
Gell-Mann—Okubo formula for the vector-meson mass
squared through the single-particle saturation of the
Weinberg second sum rule. One can easily see that the
Zy of (22) satisfies the gauge-invariance condition (20).
In order to calculate the scattering amplitude for the
low-momentum photon process, we first consider the L’
given in Eq. (11). In this form, the photon couples to
both the gauge-field and the hadronic electromagnetic
current. The net effect is equivalent to adding the
effective Lagraigian Lins,

Lint = “CjuemAu= - (em2/f) (¢M3V+3—1/2¢”8V)A“ ) (23)
to L given by Eq. (1) as the result of the equation of

10 Similar conditions have also been considered by Schwinger.
See J. Schwinger, Phys. Rev. 165, 1714 (1968). Examples of the
Doy satisfying Eq. (21) are dase, fabe, €tc.

1N, M. Kroll, T. D. Lee, and B. Zumino, Phys. Rev. 157,
1376 (1967).
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motion. We can also construct a theory, which satisfies
the field-current identity, by introducing the electro-
magnetic field into the gauge-field mass term by re-
placing ¢u.” by éus” —(¢/f)£a4 - In the latter case, the
photon couples only to the gauge-field and does not
couple to the hadronic electromagnetic current. It is
not a matter of convention, but of direct physical
significance, that the photon couples to the hadronic
electromagnetic current, or to the hadronic gauge field,
or to something else.” We assume in the following that
¢us,s” and 4, in Eq. (11) represent the fields of the
vector-meson and the photon, respectively. Then the
lowest-order photon process can be calculated by using
(23) as the effective interaction and noting the relation
eA,=er(A,)r if the vector-meson emission amplitudes
are known.!? By using the field-algebra relations and
the reduction technique, one can calculate the vector-
meson emission amplitude in the zero-momentum-
transfer (¢=0) limit. It is known that the equivalent
result is obtained by applying the Feynman-Dyson rule
to the Lagrangian (1) and taking only the tree graph.
The only effect of the higher-order graph on the soft-
meson process (¢=0) is to renormalize the trees.!®
Therefore we can regard the Lagrangian (1) with ap-
propriate forms for Zy 4 and My 4* as a phenomeno-
logical Lagrangian by replacing all the masses and
coupling constants by corresponding renormalized ones.
These techniques have already been used by Lee and
Nieh, and by Wick and Zumino.!2

D. Diagonalization of Phenomenological Lagrangian

A model constructed above can be used to reproduce
the relations among masses and coupling constants
which are derived from the Weinberg sum rules. It is
accomplished by diagonalizations of the phenomeno-
logical Lagrangian. Taking the Lagrangian (1) with the
conditions (7) and (20), we get a model Lagrangian of
the field algebra which is consistent with gauge invari-
ance. Further, replacing unrenormalized field operators,
masses, and coupling constants by corresponding re-
normalized ones, we get a phenomenological Lagrangian
which must by used in the tree approximation. Only in
this form can diagonalization procedures have clear
physical meaning. We first consider the vector gauge
fields. The normalization condition of the kinetic part
of L leads, with the aid of (22), to

Du123” =(14€)112h, 1257,
bua561” = (1—5€)1°, 4567”,
mo2=(1+e)m?, mg*=(1—}e)m?.

Here the tilde over ¢,.” means that it is a physical
operator. We also define the ¢-w mixing angle by the

(24)

12B. W. Lee and H. T. Nieh, Phys. Rev. 166, 1507 (1968);
G. C. Wick and B. Zumino, Phys. Letters 25B, 479 (1967). As we
use only the renormalized quantities, the subindices R are

omitted hereafter. :
13 R. Dashen and M. Weinstein, Phys. Rev. 183, 1261 (1969).
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relation!!
bus” =Cs(my? cosfy ¢,—m,?sinfy @), (25)
duo” =Co(my? sinfp Gu+m,? coslp &,).
Then the diagonalization conditions of L become
M me
— tanfy = — tanfgp=tand,
Mme M
(26)
Cy=(mmg)"[14(m4*/m.?) tan20]'/2 cosh,
ComLOn+D)Vm. T
X[14(mo2/m4?) tan?6 ]2 cosh. (27)

The mixing angle 6 is determined by the equation
(1+b/m?)y?—2712(1+4-b/m?)y—1=0,  (28)
where y=(1+b/m?)"1/2 tanf. The ¢- and w-meson
masses are given by
my2=m?(14¢)(1—2e¢)
X[14(1—€)y2—23"%y ]! cos™%4,

mo?=m*(1+¢)(1—-2¢)[(1+b/m?)y* @9
+(1—e)(14-b/m?)~ 14232y 1 cos™26.

From Egs. (24), (28), and (29) we have

mg? cos?0+m.,? sin0 =m*(1 —e) =3(dmg~2—m,?) . (30)

For simplicity we put =0 hereafter. Then the require-
ment g > m, fixes the sign of §. We have from Eq. (28)
that tanf=—1/v2 or §=—35.2°. This value was first
obtained by Akiba and Kang using the Weinberg sum
rules.’* A least-squares fit to the experimental value
gives m =859 MeV, e=—0.196.1% In summary, we have
shown that the diagonalization procedures of the
phenomenological Lagrangian lead to the same results
as that of the Weinberg sum rules. (Coupling-constant
relations can also be derived, but are not presented here.)
Finally, we put relations (24) and (25) in the conve-
nient form given by Brown, Munczek, and Singer.!®

G128 = (I/VKp)$u,123V, buase1’ = (1/\/K*)¢7,4,4567V ,

cosf

Wy y
VK,

(31)
where K;=m?/m? (i=p, ¢, w, K¥), VK*EKK*, and
tanf=—1/V2.

sin@

VK.

sinf _
dut
VK,

cosfl _
@
VK

Gus’ = @uy ¢M0V=

E. Effective Lagrangian for Neutral-Vector-
Meson-Kaon Scattering

In order to calculate the kaon electromagnetic mass
splitting using the method described in Sec. IT C, we add

14T, Akiba and K. Kang, Phys. Rev. 172, 1551 (1968).

15 The values of masses used in this analysis are m,=765 MeV,
mr*=890 MeV, ms=1019 MeV, and m,=783 MeV.

18, M. Brown, H. Munczek, and P. Singer, Phys. Rev. Letters
21, 707 (1968).
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the pseudoscalar meson terms to L., of Eq. (1). We take
the following L,, for this purpose:

Lm = (1/202) (Dn£a>2+i[aldabc+a0(5acab0+5bc5a0)]
XVln',aV)ur.cheuv)\a'i_ﬁlfuchp,v.aAuv,ch
+132favapP(l-DVPbeV,Ey

where a, a;, and 8; are real constants. For the covariant
derivatives of the pseudoscalar fields £, (=9P.), we use
the form given by Coleman ef al.,"7 i.e.,

eV 0y —if(@uV +vsdut) Je ot = —ivu—i(Dy)ys. (33)

In these expressions, ¢,"4, V,, and D,¢ stand for 3X3
matrices defined by ¢, =¢u. 3\, etc., f is identical
with the one defined previously. Under charge conju-
gation, the 3X3 matrices V,, and 4,, transform as
Vi ——=Vu,T, Auy— A,7.% The symmetrical (anti-
symmetrical) coupling of VVP (VAP) type in L, was
determined in this way. The sum of the gauge-field mass
term and the kinetic term of the pseudoscalar field is
diagonalized by regarding ¢,.%, apart from a factor, as
the physical axial-vector field in the following way.!®
Define ¢, by

d;naA =¢MuA+f(dzm2+f2)—lDulsa ,

(32)

(34)
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with
Dulga=Du£a"“f¢;laA, (35)
mi=m>+ f2/a?, (36)
n=(a o/ m, ()
Then we see that
—(1/20%) (Dyta)*—3m*(puat)?
= —%(Du'Pa)2—%m2($uuA)2- (38)

The right-hand side no longer contains terms like
0,Padua?. We assume vector-meson dominance in the
form

flmn=1/N2, (39)

which gives 7%=2m?. For definiteness, we also assume
Zv=2Z4 (=Z) in the following. This assumption leads,
apart from a multiplicative factor, to the same spec-
trums of masses for the vector and axial-vector nonets,
which are not in contradiction with experimental
results.?® Further, the condition I'(¢ — pr) =0 implies
ao=01in our model. Other constants in L,, are determined
in Sec. III. Now we can readily write down the effective
Lagrangians for the scattering of the neutral vector
meson and the kaon. They are obtained by expanding
the entire Lagrangian as follows:

Lpyy =‘1if(]'u,K_jﬂ.K°)¢u3V+%\/§f(jM,K+j#,K°)¢u8v"%[(f/m2)z33"62](jV.K_jv,K") 0uF 3

—3V3L(f/m*) Zs3—B21(jr.x+ jr. k") 9uF ur s, (40)

Lpva= =5[22 f/m)Z1—28:{[6x($rx*) — &' k2]~ [dxo(dr.x0%) —bxi' by 504 ]} 0uF .
+5[ (272 f/m)(Zss— Z4a) +272mBo+281 [0k (D, x2)t — 0tk by, xt ] —[ 8,5 0(Br,zc04)
— 0,k by k4 J}F 1y s—3V3I[ (2712 f/m) Z1a—28: J{ [ by x*)T — 0k by 4]
+[¢K°($V,K"A)T ‘_¢K°T$v,K“A]} 6,,F,,,,,3—}——%\/§i[(2‘1/2f/m) (Zss—Zs) +2712mBy4-26, ]
X{[0ubx (b5 — 0,u8xby kAT +[dudbrco(by x4 — Bubro by k04 ]} Frivs, (41)

Lppyy=—31[($us")brdx'+oxdro)+2V3¢,u5 bus” (prdx’ —dxipre") +3(dus”) Hpxdx'+dxopxe) ]
+3L(fY/mN) Zss— f82 ] (dxdx+dx b 0,F uy s¢us” +3VI[(f2/m) Zss— [8: (pxdr’ —droprs) 0,uF 1 s’
+3V3L(f*/m*) Zss— fB21(bxdx" —brop &) OuF s, bus¥ +3[(f2/m*) Zss— B2 1(dxdk’+drodke") 0uF s 588"
+2L(f2/m?) (Zs3—Zss) — fBa+(4V2/m) 81 (b xbx"+dopxo’) (Fuv )2
+16V3L(f2/mA)(Zss—2Z su+Zss) —2 fB2+(8V2/m) fB1] (0 bk —dkpx ) F s 5F v 8

+165L(f2/m*)(Zss—Zus) — fBa+(4V2/m) 81 (b dx +dx o) (For 5)%,

(42)

L pyy =2010€umne{[0x0u(tr,& ") +bx 00ty &V I (Frs.s—3V2F 3, 5)

—[#x00u(d0.x") + bk uy 50" J(Fro,s+372Fr08)}

where

Juk &) =i[0,bx &K K —OK K"K (K],
Fp,v,i=au¢viv_av¢uiv (t=3; 8) .

17S. Coleman, J. Wess, and B. Zumino, Phys. Rev. 177, 2239
(1969); C. G. Callan, S. Coleman, J. Wess, and B. Zumino, zbid.
177, 2247 (1969). The choice of the form of covariant derivatives
is not essential, except for the requirement that the time com-
ponent of the current operator should satisfy Eq. (6) as the result
of the equation of motion. One can easily see that the nonlinear
Dt gives, by the canonical commutation rule, Eqs. (4) and (5)

(43)

In the above expressions, (40)-(43), ¢x(¢x°) stands for
the charged (neutral) kaon field operator. ¢, x4 (¢, x*4)
stands for the field operator of the charged (neutral)
K 4 meson, except for a normalization factor.

in exact forms, and Eq. (6) at least to order £2. This is sufficient
for our purpose.

18 T implies “transposed.”

19 This $,q4 is an axial-vector partner of the ¢..”. The physical
axial-vector meson field is obtained by further diagonalization as
in Eq. (31) by replacing K; by K,'=1m?2/m;?

% Particle Data Group, Rev. Mod. Phys. 42, 87 (1970).
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III. EVALUATION OF MASS SPLITTING
A. Expression for dmg

The expression for dmg?=mg+*—mgo? is given by?!

gmic*=[3/2m)*JLo(p—p) I
XUEH(p) | So| KH(p")) —(K*(0) | Se| K°(B)D) | o=

=
B i(2m)* o

where S; is the S operator for Compton scattering in
order e* with disconnected graphs removed. We divide
the contribution to M of the effective Lagrangians
(40)-(43) into five parts M. Here M are the contribu-
tions from the graphs of the following types. M is
the pole graph of second order in 7,¢,", plus the contact
graph involving no derivative. M, is the pole graph of
second order in 8,F., 3.7, plus the contact graph
involving derivatives. My, is the pole graph due to
cross terms of j.$,7 and 9,F.,3(s7» M3 is the pole
graph with an axial-vector meson in the intermediate
state. M, is the pole graph with a vector meson in the
intermediate state. Equation (23) can be rewritten in
the form

em?f 1
Liny=— —< sV
[ WK,

cosf siné

* (3K¢)”2¢”_ (3Kw)‘/2;’”)A”' (23

Then we apply the Feynman rule to get the expressions
for (8mx?);, by taking the negative of the effective
Lagrangians (40)-(43) and (23’) as the effective inter-
action Hamiltonians.?? Here

5mK2 = Z (5’mK2)7;

and
(44)

M;
(meto= [

(¢ runs over 1, 2, 12, 3, and 4.) In the expressions for
(8mx?);, we must always use the values obtained in
Sec. II D for the vector-meson masses and the ¢-w
mixing angle 6. Integrations over vitrual photon four-
momentum can be carried out by using the standard
Feynman technique. (dmx?)s: and (dmx?)s are cutoff
dependent. We obtain the following results. (The nota-

21 M. Cini, E. Ferrari, and R. Gatto, Phys. Rev. Letters 2, 7
(1959).

2T, D. Lee and C. N. Yang, Phys. Rev. 128, 885 (1962);
J. Reiff and N. Veltman, Nucl. Phys. B13, 545 (1969).
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tion is explained at the end.)

3a
(5”’”{2) 1= __m2_.
41'(‘ 6y0
X{K K o) U (m,/mx)?,(mg/mx)?] cos?d
+ (KpKw>_ 111[("”#/7”1() 2: (mw/mK) 2] Sinze} ’ (45)

where
A F1(w1) —F1(22)
Il[xlyx2] = —Fl(x) ] x=x2x=zlE —_—
Ax X1— %o
(A/Ax should be replaced by 9/9x when x,=x,),

Fi(x)=xInx—(x—4)2 W (x—2,1),
W(a,b)= / (w4 au-+b)"du.

(5mK2) 2= (3(1/811‘)1%21)363

X{ (K, K o)~ 5[ (m,/mx)?,(my/mx)*] cos?d

+ (K, K )7 (m,/ mk)?,(m./mx)*] sin?} ,  (46)
where :

I2I:xl,x2] = (b0+%y0) In(A/mx)*
' + %50 +1y0(A/A%) Fo(x) | 2 may™™,
Fo(x) = (F5x2—3x—4bo/yo)x Inx
—x2(x—4)2 W (x—2, 1) —x2.
(8mx?)12=(3a/87)m?(bs+bs)
X{ (K K g) " Tra[ (m,/mx)?,(mg/mx)*] cos?d
+(K K o) o (my/mx)?,(ma/mk)?] sin®6}

(47)

where

Ina[ 21,00 ] =%+ (8/ %) F12(%) | 2=0y*= ™,
Fro(x) = (— 522 +31x) Inv+Sa(x—4)2 W (x—2, 1).
(dmx?)s= (3a/8m)m*(K ) {(K ,K4) I3
XL (m,/mx)?,(mg/mg)*] cos?d
+ (K K o) Hs[ (m,/mx)?,(me/mk)?] sin?6} ,

(48)
where
I3[ an,20]= — (a2 —}yasas) [In(A/mx)*—1n(2/y) ]
—3a24(5/48)yasas—%a4(as+as)
+(8/82)F5(2) | amrs™,

1/2 :
Fs(x) = g(— - 1) [042+0308"‘a4(03+as)3
Y

1 1
X = In(1—3y) — —yasasx?
N (1—-3%y 243’38

22
+4(x) ln(%xy)+B(x)W<x—1— = ~> :
vy
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A(x) and B(x) are given by

A(x) =(1/48)yasasx®+[F5a2— (1/244y/16)asas+1as(as+ag) Jx?
+L(1/2y+Dal—16y(2/y—1)%asas— (1/2y+1)as(as+as) Jx

B(x) = —(1/48)yasasx*+i5[ — a2+ (1+y)asas— 2a4(as+as) Jx?
+3(1—=1/y)al~+(1/6y—3—5§y)asas+(5/12) 2y+1)as(as+as) Ja?

—32/y=1)2(1/y—1)a+(1/48)y(2/y—1)%(28/y*—4/y—1)asas

2

3a  64ay
(8mx?)s= :L—m"s—fz(K*)"{ (KoK )Mo (m,/mx)?,(mgy/mx)*] cos®

1497
—12/y—1)224(y/48) (2/y—1)%(10/y+1)asas—15(2/y —1)*[as>+asas—as(as+as) J(1/x) ,
+L2/y*+4/3y—3) a4+ (—4/3y*+1/y+3+y/12)asas— (1/y*+1/3y+1)as(as+as) Jx
—15(2/y=1)%2/y+1)as(as+as) — 75 (2/y—1)*[a2Fasas—as(as+as) J(1/%) .
+ (K, K o)~ L[ (my/mx)?, (mo/mx)*] sin®} ,  (49)

where
I{x1, s ]=%+(A/Ax)F4(x) | 5y ™=,
Fy(x)=—52/y—1)*[An(1—y)J1/2x)+[ —15=?
+:(1/y+D2+3(1—1/y9)+51/y—1)3(1/2) ] In(zy)
4+ (1/122)[22—2x(1+1/y)+(1—1/y)2]?

XW(x—1—1/y,1/y).
In the above expressions,

a3=Z33—0, as=Zsz—9,
b3=2Z33+6, bs=Zgs 14,
bo=[261—%(bs+bs) ]/bsbs,
d=—mBs/f, v=—2V2mpBy/f,
yo=(mx/m)?, y=(mg/mg*)?.

Using the values of Z,, and 6 in Sec. IT D, and taking
mg =496 MeV, we have

ay=Zyu—vy,
b4=Z44—2’Y y
(50)

(6mx?)1=(3a/4m)m2(1.673) , (51)
(6mx?)2= (3a/4m)m2(—0.35740.3975
—0.0216+1.771y), (52)
(6mx?)12= (3a/4m)m?(0.136+0.1275) , (53)
(6mx?)s=(3a/4m)m2(0.717+0.0265—0.00152
—1.605y+0.897y2—0.028v8), (54)
(omx?) 1= (3a/4m)m*(64en2/3 12)(0.092) , (55)

where only the convergent parts were collected. The
total cutoff-dependent term is given by
(6mK?) cutors = (3a/4m)m? In(A/mk +)2(—0.031—0.4815
+0.04062—0.962y —0.528v2). (56)
A is a cutoff momentum for the virtual photon in self-
energy graphs.
B. Determination of e, v, 3, and dmg

The above expressions for (dmg?); still contain the
unknown parameters aj, v, and 8. Using Egs. (23’) and
(40)-(43), we find that these parameters are determined

by the decay rates of the vector and the axial-vector
mesons. In our model, we get the following expressions:

I'(p— =)
1 /3— €)6\?/ f*
_ (_ 1+ )5) (f—>(m,,2-—4m,r2)3’2, (57)
12m? 4 4w
T(K*— Kr)

3 1 /3—(1—%e)6>2<f2>
C1em\ 4 drr
(MKZ"m1r2)2

3/2
X(mK*2+ _"2(mK2+m7r2)> , (58)

mK*Q
F(A1—>p1r)
= ! f2<inlz>3mp(%a2_1)1/z
24 47\ m?
X{(@*+4)[Zss—5+a(6—v)]*
+2a(2—a%) (6—7)[Z3s—6+a(6—7)]
+(@*—2)*(s—7)?%,

a=3[3—(mz/m,)*].

We determine the value of f2/4r by relating it to the
decay rate of the p meson into the lepton pair

Tp—It)= %ai’(ir—)— ﬁl:l —I—O(—m—:)] . (60)
w/ m, m,

From the experimental value?® T'(p — ete™)/T(p — all)
=(6.040.6) X1075, we get f2/4r=2.3+0.7. For defi-
niteness, we take f2/4wr=2.3 in the following. The
value of a; is obtained from the rates of VVP-type
decays:

(59)
where

8a1 2 2\ —1

INw— 7dy) = (Basm) <f—> (0.138) MeV, (61)
8a1 2 2\ —2

D0 29) = ™) C—) 246)eV.  (62)
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TaBrLe I. Decay widths in MeV for A, — pm, p — nm, and
K** — K as functions of the parameters v and 8. (/2/4r=2.3).

KAZUO YAMADA

3

TaprLe TII. The cutoff-independent term A of dmg in MeV
defined by Y (dmg);i=A~+B In(A2/mg*?), with i=1, 2, 12, and 3.

\\—5 12 14 16 18 20 22 24 N—28 12 14 16 18 20 22 24

—y -7\

T (A, — pm) 0.0 40 31 24 17 12 8 6 0.0 191 1.76 1.60 1.44 1.27 1.11 094
0.2 77 65 53 43 34 27 20 0.2 191 1.75 159 143 126 1.09 0.92
0.4 127 111 95 81 69 57 47 0.4 200 184 1.68 151 134 117 1.00
0.6 189 169 150 132 116 101 87 0.6 2.18 202 1.85 169 1.52 135 1.17
0.8 264 239 217 195 175 156 138 0.8 245 229 212 196 1.78 1.61 1.44

T'(p — mm) 94 102 110 119 127 137 146

T(K** — Kr) 45 50 55 61 66 711 77

The experimental value I'(w — 7%)=1.194£0.35 MeV,
combined with f2/4r=2.3, results in I'(7°— 2¥)
=9.242.7 eV, which is consistent with the observed
width 7.2+1.2 eV. Further, our y and § are related to
the ratio of the longitudinal and the transverse coupling
constant gz, and gr, respectively, in the 4, decay ampli-
tude. In the notation of Gilman and Harari,?
233—5+d(6—’7> 2

gL %0(23.3—5)+5—’Y

With our choice of /4w, the decay widths for 41— pm,
p— 7w, and K**— K are given in Table I. The
values of |gr/gr|? are given in Table IT (f?/4r=2.3). If
we assume that the 4, decays predominantly via the
A1 — pr mode, we have? T'(4;— pr) =95+£35 MeV.
This value gives an experimental upper limit for
T'(A1— pr). We also have T'(p — 7r) =125420 MeV,
I'(K* — Kr)=50.140.8 MeV,? and |gr/gn|?=0.64
+0.25.2¢ From Tables I and II, we see that it is difficult
to get over-all fits by choosing values of § and v if we
take the existing experimental values too seriously. The
experimental situation is still uncertain, in particular,
for the A;-decay data. Therefore the ranges §=(—1.4)-
(=2.0), v=0.0~(—0.4) would be acceptable. The sum
of (6mxk)s, (1#4), can be written from Egs. (51)-(54)
as follows:

gr|®

(63)

}: (6mK)Z=A +B ln(A2/mK*2) .

7=1,2,12,3

(64)

The cutoff-independent term A is shown in Table III.
The above ranges of § and v imply 4 =1.25-1.84 MeV

TaBLE II. Values of | gr/gr | 2 as functions of the parameters y and 8.

=5 12 14 16 18 20 22 24
-

0.0 117 101 085 0.66 045 025 0.07
0.2 139 1.28 1.7 1.03 089 0.79 0.57
0.4 1.54 145 1.37 127 116 1.05 092
0.6 1.64 157 150 142 134 125 1.16
0.8 171 1.66 1.60 1.54 147 140 1.32

28 F. Gilman and H. Harari, Phys. Rev. Letters 18, 1150 (1967).

247, Ballam et al., Phys. Rev. Letters 21, 934 (1968). The
corrected experimental value is cited in P. Horwitz and P. Roy,
Phys. Rev. 180, 1430 (1969), or in S. G. Brown and G. B. West,
ibid. 180, 1613 (1969). A more recent value obtained by Ballam
et al., |gr/gr| = (0.484-0.12) X (m4/m,), is a little smaller than the
value cited in the text. See J. Ballam ef al., Bull. Am. Phys. Soc.
14, 573 (1969).

and B=0.93-1.80 MeV. The value of B is not small
compared with that of 4. Therefore the whole expres-
sion for &mg is critically dependent on the cuotff mo-
mentum A. For the moment, we neglect the cutofi-
dependent term. This is equivalent to taking A=mg*
~0.9 BeV and the possible justifications will be given
in Sec. IV. The contribution of the vector-meson inter-
mediate state (dmg)s is determined by (a1/f?)2. Using
Egs. (55) and (61), with the experimental value® for
I'(w — 7%), we obtain

(6mK)4=0.34_0.09+°“° MeV. (65)

Thus our model for the kaon electromagnetic mass
splitting predicts, with A=mg* for the cutofi-dependent
term, émg =1.50-2.28 MeV for §=(—1.4)-(—2.0) and
v=(0.0)-(—0.4). Taking dmg>*t=-—3.94 MeV,?® we
get omgth —omge™®t=5.44-6.22 MeV. Note that we
cannot make dmx negative with any choice of A, if
A>mg*; because the coefficient of the cutofi-dependent
term is positive in the allowed ranges of § and v.

IV. DISCUSSION

The most troublesome problem in the present ap-
proach to the mass splitting is the appearance of the
cutoff-dependent term. Previous authors?® have treated
this term by choosing a suitable cutoff so as to reproduce
the experimental dmg, or by imposing the condition
that makes the coefficient of the cutoff-dependent term
vanish. These procedures are not applicable to our case
because the coefficient of the cutoff-dependent term is
positive. Even if the coefficient were negative (e.g.,
8=+=0), it only means a different choice of the method
of extrapolating the field-algebra result (¢=0) to the
high-energy virtual process (¢ —), and so we think
it unattractive. A physically acceptable result should not
be sensitive under minor changes of the extrapolation
method, which depends on the parameters é and y. A
different extrapolation method gives a different coeffi-
cient of the cutoff-dependent term. Thus the success of
the calculation of the on-shell pion electromagnetic
mass splitting due to Gerstein ef al.! should be ascribed
not to the smallness of the coefficient of the cutoff-
dependent term, but to a relatively low-cutoff momen-
tum, A= (vector-meson mass). This is a possible justi-
fication for taking A=mg* in our calculation of émk.
Further, as was noted by Scott,?® the empirical ‘“double-

2% See, for example, K. Tanaka, Nuovo Cimento 60A, 589

(1969).
2 D. M. Scott, Phys. Rev. 187, 2153 (1969).
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pole” form of the nucleon form factor would suggest an
effective cutoff in the range of the vector-meson masses.
This would be another reason for taking A=mg=*.
For the range B=0.93-1.80 MeV taken in Sec. III,
BIn(A%?/mx+?) takes values of (—0.29)-(—0.56) MeV
for A=m, and 0.22-0.43 MeV for A=m,. It is difficult
to estimate realistic error bounds. The uncertainty lies
partly in the determination of § and v, and partly in the
dynamical assumptions including the value of A. From
the above discussion we believe, perhaps too optimis-
tically, that the result for émx given in Sec. I1I is correct
within 1 MeV. Finally we mention the contribution to
dmx from the high-energy virtual processes. In place of
the tadpole dominance, the pole dominance in the angu-
lar momentum plane has been used as a possible explana-
tion of the octet enhancement.??® The estimation due to
Buccella ef al. of the high-energy contribution from this

PHYSICAL REVIEW D

viewpoint gives (—5.7)-(—7.1) MeV as the sum of the
subtraction and the asymptotic contribution.* When
combined with the low-energy contribution obtained in
Sec. III, the above value well reproduces the experi-
mental émg. Thus we conclude that the low-energy
approach as employed in the present work offers a
reliable method of calculation only for the low-energy
contribution, and that the octet-enhancement mecha-
nism cannot be made to appear in any reasonable way
within the low-energy approach.
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Infinite-component wave equations giving rise to a linear mass spectrum and to families of parallel linear
trajectories are considered. A general discussion is given of invariant equations for wave functions belonging
to SL(2,C) representations and the mass spectra that arise are examined. The simplest possibility corre-
sponds to a higher-derivative equation that gives a linearly rising timelike spectrum that is free of con-
tinuum spacelike solutions. Discrete spacelike solutions are absent for the simplest choices of the SL(2,C)
representation. The currents and the commutators among the current components are calculated by setting
up for the higher-derivative equation a Lagrangian formalism and a quantization procedure based on the
action principle. An explicitly factorized model is considered, with respect to the internal symmetry group,
and possible nonfactorized extensions are examined. A typical feature of the current commutators is the
appearance of Schwinger terms which, besides satisfying known general requirements, also appear in com-
mutators between time components of currents. An alternative interpretation of the physical system in terms
of a bound-state equation is presented. The interpretation, in terms of a bound system in two space dimen-
sions, leads to a extension to three space dimensions, again formulable as an infinite-component wave
equation. The system describes a family of parallel linearly rising trajectories spaced by one unit of angular
momentum. No continuum spacelike spectrum is present, and discrete spacelike solutions are absent for
physical choices of the representation of the internal spin group.

I. INTRODUCTION

15 MARCH

NFINITE-COMPONENT wave equations have
been widely discussed in the literature.!:? They have

1 The results described in the present paper were summarized in
R. Casalbuoni, R. Gatto, and G. Longhi, Nuovo Cimento Letters
2, 159 (1969); 2, 166 (1969).

appeared of interest also in connection with Gell-Mann’s
program of saturation of current commutation rela-

? For general references, see Y. Nambu, Phys. Rev. 160, 1171
(1967); C. Fronsdal, ibid. 171, 1811 (1968); L. O’Raifeartaigh, in
Proceedings of the Fifth Coral Gables Conference on Symmelry
Principles at High Energy, edited by A. Perlmutter ef al. (Benjamin
New York, 1968); R. C. Hwa, Nuovo Cimento 56A, 107 (1968);
56A, 127 (1968).



