PHYSICAL REVIEW D VOLUME 3, NUMBER 4 15 FEBRUARY 1971

Comments and Addenda

The Comments and Addenda section is for short communications which are not of such urgency as to justify publication in Physical Review
Letters and are not appropriate for regular articles. It includes only the following types of communications: (1) comments on papers pre-
viously published in The Physical Review or Physical Review Letters; (2) addenda to papers previously published in The Physical Review
or Physical Review Letters, iz which the additional information can be presented without the need for writing a complete article. M anuscripts
intended for this section may be panied by a brief abstract for information retrieval purposes. Accepted manuscripts will follow the same
publication schedule as articles in this journal, and galleys will be sent to authors.

Torsion-Free World Lines in Curved Space-Time*

L. Karrov
Department of Applied Mathematics, The University of Sydney, Sydney, Ausiralia 2006

AND

W. RINDLER
Division of Theoretical Physics, The University of Texas at Dallas, Dallas, Texas 75230
(Received 9 November 1970)

A torsion-free world line is shown to correspond to a particle whose three-acceleration vector points in a
fixed direction relative to its Fermi-transported local inertial rest frame. In flat space-time this is equivalent
to the three-acceleration vector pointing in a constant direction.

OME time ago one of us proposed a definition of

what might be meant by the motion with uniform
acceleration of a test particle in curved space-time.!
That definition, which was arrived at by generalizing
the geometric properties of such motion in flat space-
time (“hyperbolic” motion), consisted in requiring
the world line of the particle to be torsion-free and of
constant curvature. More recently, Gautreau? has
shown—in essence—that this definition is equivalent
to requiring the particle to have a constant three-
acceleration vector relative to its Fermi-transported
local Minkowski rest frame. In physical terms, these
frames are a sequence of local inertial frames positioned
along the particle’s world line, such that the particle
finds itself momentarily at rest always in one of them,
and their base vectors are related by Fermi transport,
i.e., without rotation.

We now ask ourselves what is the necessary and
sufficient kinematic condition for a particle to have a
torsion-free world line without the extra requirement of
constant curvature. The condition turns out to be the
following: (A) The three-acceleration vector has a
constant direction relative to the Fermi-transported
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1 W. Rindler, Phys. Rev. 119, 2082 (1960). [A minor correction
should be made to that paper: Of the two conditions there labeled
(16), the second is in fact a consequence of the first and should be
omitted. For (14) implies (16) (i); conversely, if (16) (i) is multi-
plied by U, one finds, using the parenthetical remark following
(15), that a?=—A4,A4#; differentiating this expression absolutely
with respect to 7, substituting from (16) (i), and using 4,U#=0,
one deduces o?=const. ]

2 R. Gautreau, Phys. Rev. 185, 1662 (1969).

local inertial rest frame. In flat space-time this is
equivalent to the following condition: (B) The three-
acceleration vector has a constant direction relative to
any inertial frame. (It is perhaps in itself a reasonably
interesting result that the constancy of the direction of
the three-acceleration is a Lorentz-invariant property.)
The condition for a world line to be torsion-free is?

O

where 7=proper time, D/dr stands for absolute differ-
entiation, 4#=DU*/dr={four-acceleration, Ut=dx*/dr
=four-velocity, and a=(—g,4#4*)"?=proper accel-
eration; our metric has signature (———-) and our
units are chosen so that c=speed of light=1. (These
conventions agree with those of Ref. 1.) It was shown
in Ref. 1 that only two of the four equations (1) are
independent. Equation (1) is trivially satisfied in the
limit by 4#=0 (geodetic motion), as can be seen by
performing the differentiation and multiplying by o2
For later reference we note? that in any local Minkowski
frame

Ur=y(u,1), y2=1—u, 2)

and consequently
Ar=y(yutva, 7), )
where vy=dy/dt, u=three-velocity, and a=three-

acceleration.

8 Reference 1, Eq. (14) (i).
4 See, for example, W. Rindler, Special Relativity (Interscience,
New York, 1966), Egs. (4.14) and (4.15).
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To interpret Eq. (1), we now write A*=aV* (assum-
ing a3%0), where V* is a unit spacelike vector, which
must be orthogonal to U* since A* is so. Equation (1)
implies that

DV+
dr

But this is precisely the condition for the Fermi trans-
port of V# along the particle’s world line.® Relative to
an orthonormal Fermi-transported tetrad of which
Ve forms the first base vector and U* the fourth, 4#
thus has only a first component, a. Relative to the corre-
sponding local inertial frame, a always points in the
x direction, for, in virtue of Eq. (3), A* reduces to
(a,0) in any local Minkowski rest frame. The necessity
of our condition (A) is therefore established. Its suffi-
ciency also follows from Egs. (4), read in reverse order;
for if a has constant direction in the Fermi-transported
local Minkowski rest frame, the unit direction V*# of
A* is Fermi transported, whence

=qUt=—a14,A’UF=—V,A’U*. 4)

Dy*
dr

= —V,A'Ur=—a 4,4’ Ur=aU*,

and Eq. (1) is satisfied.

It is evident that, when augmented by the require-
ment a=constant, condition (A) amounts to the
constancy of the three-acceleration relative to the
Fermi-transported local rest frame. This recovers
Gautreau’s above-mentioned result.

Simple examples of torsion-free motion in curved
space-times—apart from the trivial case of geodetic
motion (A#=0)—are provided by arbitrary radial
motions in all spherically symmetric metrics of the form

ds?=Adr— Bdr*—Cr*(d9*+sin?6d¢?)

where A, B, and C are functions of { and 7 only.
Schwarzschild space and the Friedmann cosmological
models are cases in point..

The special case of flat space-time is most easily
discussed @b initio. For this purpose we shall use the
fact that Eq. (1) possesses a general solution of the form

U#=L# coshf-+M* sinh , 5)

o— / adr ©)

and L* and M* are parallelly propagated unit vectors,
timelike and spacelike, respectively, and orthogonal
to -each other. This is easily seen by introducing the

5 J. L. Synge, Relativity: The General Theory (North-Holland,
Amsterdam, 1960), p. 15.

where
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variable §= fadr into Eq. (1), whereupon the latter
reduces to D*U*/d6*=U*; and this evidently has a
solution of the form (5). The metric requirements on
L* and M* become evident on setting §=0 in Eq. (5)
and in the equation derived from it by the operation
D/d6. We also note that the functional form (6) of 6
is implicit in Eq. (5): It can be obtained by absolutely
differentiating Eq. (5) with respect to = in order to
get A*, and then calculating o?=—A4,4~.

Let us now specialize to flat Minkowski space-time
(,3,2,¢). Then L* and M* will simply be constant. From
Egs. (2) and (3), we have

Ar—yUr=+*(a,0). ™)

Thus if the motion is torsion-free, substitution from
(5) into (7) yields

@,0)=oLr+yM+ ®)

for some functions ¢, ¥ of 7. Consequently, ¢L*
+yM*=0; L*#£0 since L* is timelike, and thus
¢=—y¢(M*/LY). Substituting this back into Eq. (8), we
find

M4

a"=1//(M"—
L4

L) i=1,2,3

i.e.,, a is a multiple of a constant three-vector, as

asserted in (B).
To prove the converse, let us assume

a=yb, [b=constant and unit, y=y(¢)].

Integration then yields
u= / Ydtb+d, (d=constant)

=Xb+p, (p-b=0), ©)
where X=fydi+d-b and p=d— (d-b)b. Consequently,
Y i=1—u?=1—-X2—p2. (10)
We now define
Le=(1—p)"(p,1), M+=(b,0),
so that L,L*=1, M, M*=—1, and L,M*=0. Then,
using Eq. (9) in the second step, we have
Ur=v(u,1)=y(Xb+p, 1) =v(1—p*)!2Lr+yXM*.

Because of Eq. (10) we may put yX=sinhf, v (1 — p?)1/2
=coshf. The motion thus satisfies Eq. (5), and conse-
quently also Eq. (1); in other words, it is torsion-free,
as we wished to prove.

We want to thank Dr. R. W. James of The University
of Sydney for useful comment.



