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A sample of E+mesons stopped in the CERN 1.i-m' heavy-liquid bubble chamber has been used to study
the Dalitz-plot density and the p+ polarization in E»+ decay and to measure the E&3+ and &,3+ branching
ratios. All three analyses are described in detail, and they are used, separately and combined, to study the
form of the strangeness-changing, semileptonic weak interaction. This is found to be consistent with a cou-

pling of vector currents and to be invariant under time reversal. The vector form factors are studied with a,

wide range of assumptions as to their possible four-momentum (q ) dependence, and the results of all three
measurements are in agreement. If X+ is 6xed at 0.029 (the average value from E,&+ experiments) and
if ( is assumed to be independent of q, then the result is p= —0.65&0.13. Assuming that f+ (q2) and ( (q-")

are both linear functions of q', a three-parameter fit gives X+——0.060~0.019, g(0) = —1.0~0.5
g(5.1m.2) = —0.97a0.20.

I. INTRODUCTION

~ 'HIS experiment is a high-statistical-precision study

of the three-body leptonic decays of the K+

meson s:
Kpg . K ~x' p p

+l3
E,3+: K+ ~ x'e+v.

* Now at Universite Libre de Bruxelles, Belgium.

In E»+ decay, the Dalitz-plot population density and
muon polarization have been analyzed, and the absolute
decay rate of each mode determined. These properties
have been studied previously in a variety of detectors,
and the difficulty in interpreting the results in a con-
sistent manner has often been discussed. ' In order to

' See, for example, J. W. Cronin, in Proceedzngs of the Four-
teenth International Conference on Higlz-Fnergy Physics, Pienna,
1968, edited by J. Prentki and J. Steinberger (CERN, Geneva,
1968), p. 28i.

io



MEASURF MENT OF THE E'„3+ DECAY PARAMETERS ~ ~ ~

extract the maximum of information from these decays,
the complete track of the charged lepton should be
observed, including the decay positron of the p+, and
both p rays should be detected and their energies mea-
sured. In addition, the p rays should be unambiguously
assigned to the correct origin, and the nature of the
charged secondary should be recognizable.

In most detectors these requirements are in convict
with the need to acquire high statistical precision. In
particular, the small statistical errors make it important
to select the correct events cleanly from the large back-
ground of other decay modes. This implies the observa-
tion of small-scale phenomena, for instance a m.-p,-e

decay chain, in a detector large enough to contain the
maximum-range muon from E»+ decay. Further, a
high p-ray conversion e%ciency can only be achieved
with a dense medium and a corresponding loss of mea-
surement precision. A good compromise was achieved
in the large heavy-liquid bubble chamber which was
available for this experiment.

A. Theoretical Framework

The study of the properties of the K&3 decays bears
upon the theories of the weak and the strong interac-
tions. In particular, one can test the dominance of the
vector coupling in this decay, its invariance under time
reversal, and the ability of different strong-interaction
theories to predict the behavior of the hadronic part
of the matrix element.

With the basic assumptions that the Langrangian is
generated by a local coupling of currents, and that the
two-component theory of the neutrino and p-e uni-
versality are valid, the generalized matrix element can
be written' in the form

~= (G/~)N. (p.) (~—Vs)

X(mxfa+,'ip(plr+P. )~fp+(p» P.)&f ]y~-
+&(fr/mx)~~. (Px)~(p-).&~~(—p~),

where fs, f+, and fr are, respectively, the scalar, vector,
and tensor form factors which express phenomenologi-
cally the contributions of the strong interactions. Any
of the form factors may be functions of q', the square
of the four-momentum transferred to the lepton pair.
The limits of q' are mP and (mx —m )'; hence in E„s
decay the physical region extends from 0.6m ' to 7.1m '.

The invariance of the Hamiltonian for the interaction
under time reversal requires that the form factors have
the same phase and that the component of lepton
polarization perpendicular to the plane of the decay be
zero. This polarization has been measured, in this and
other experiments, ' and is compatible with zero. There-

' For the notation, see Appendix A.
~ M. L. Longo, K. K. Young, and J.A. Helland, Phys. Rev. 181,

1808 (1969); D. Bartlett, C. E. Friedberg, K. Goulianos, and
D. Hutchinson, Phys. Rev. Letters 16, 282 (1966);16, 601 (1966);
R. J. Abrams, A. Abashian, R. E. Mischke, B. M. K. Nefkens,
J. H. Smith, R. C. Thatcher, L. J. Verhey, and A. Wattenberg,
Phys. Rev. 176, 1603 (1968).

fore in most of the following analysis the form factors
are taken to be relatively real.

With the aid of the Dirac equation, the matrix ele-
ment becomes

M = (G/~2N„(p„) (1 y—g)

X 2 p' mi+-f~+ (plr+p. )xr~]»( —pi),
where

2mxfs fr 2px (pi p.)—+f + —mi+
ml

m$
I'+ =f++

mg

All experimental evidence is consistent with a pure
vector coupling, and the absence of scalar and tensor
terms is reinforced by the results of this experiment
(see Sec. IV). In this case Ii~ reduce to f~, respectively.

Any property of the K&3 decays can be predicted from
a knowledge of the form factors. In this experiment
measurements were made of the following:

(i) the K„q+ and E,3+ absolute rates and their ratio,
(ii) the Dalitz-plot density in Z„3+,
(iii) the p+ polarization in X„3+.

Each of the measurements is used independently to
estimate the unknown parameters f+ and f The thre. e
results have been previously published in several
letters~; here the analysis is presented in greater detail
and the results of the three methods are compared and
combined.

The form factors f+(q') are expanded in the usual
manner:

/
f+(q') =f+(0)

I
~+~+

m. '

We write their ratio as

f (q')-
k(q') = —,— = &(0)+A=, , (l)

f+(q') m '
where A. =P(0)(X —X~) for small X+. It was always
found that the parameters $(0), A, and X+ used in the
linear expansions of f+(q') were correlated. However,
in each analysis it is possible (see Appendix C) to
represent a linear variation of $(q') by a pair of un-
correlated parameters $(q'=q~') and A or, alternatively,
$(0) and, f(q'=q~') The value . of q+' depends essentially
on the experimental method used to determine t, but
also on the kinematical cuts which have been made.
It is therefore diferent not only for the three analyses
described here, but also it may diGer in two experiments
both determining, for example, the p+ polarization.
However, this procedure does not remove the correla-
tions between X+ and the other parameters. When the

4 X2 Collaboration: J. Bettels et al., Nuovo Cimento 56A, 1106
(1968);T. Kichten et al. , Phys. Letters 27B, 586 (1968);D. Haidt

. et al. , ibid. 29B, 691 (1968);29B, 696 (1968).
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statistics of an experiment permit only a one-parameter
fit (constant g) then the quantity actually determined is
(= t(q33). It should be remarked that q3,.' is not, in gen-
eral, the average q' value of the events analyzed.

In the present experiment,

(i) the measurement of the E»+/E, 3+ branching
ratio determined $(3.9m ') as a function of X+ (Sec. II);

(ii) in the Dalitz-plot density analysis (Sec. III 8) a
three-parameter Gt was possible using X~ and. the un-
correlated variables $(0) and &(6.8m ');

(iii) the result from the p+ polarization deterinina-
tion (Section III C) is independent of X+ and is ex-

pressed in terms of the uncorrelated variables &(0) and

g(4.9m.').

For the interpretation of the results, it is also useful
to decompose the hadronic part of the matrix element
into two amplitudes' corresponding to spin-parity 1
and 0+; these are related to two form factors f+ and f,
respectively, with

Keeping only linear terms in the q' developments of
f(q')»d f+(q')

gf
2

&(s') f(0)()+=&

g2

f+(c') I+(0)()+&+=
m~'

If f (0) is finite, then f(0)=f+(0) and, apart from
normalization, the form factors can be described with
only two parameters, which can be taken as (X,X+) or,
to be more conventional, as X~ and g(0), with

g(0) = P. X+)P(m—x3 m')/m—35 .(2)

The linear development of f(q') and f+(q') implies, in

fact, that X =0. The results of all three methods will

be also given in this presentation, which will be referred
to as the "f,f+" parametrization.

B. Exyerimental Conditions

In thc present exposure a beam produced in an in-

ternal target in the CERN Proton Synchrotron (PS)
was brought to rest in the 1.1-m' heavy-liquid bubble
chamber, placed in a magnetic Geld of 1.9 T and Glled

with freon C3F3C1 (density 1.2 g cm ', radiation length
25 cm);'4. 5&&103 E+ mesons were stopped, with an
average of seven per picture. The chamber is a cylinder
of diameter 110 cm and depth j.i0 cm and, it was
arranged that 70% of the E+ stopped in a zone of about
15 cm radius around the center of the chamber.

5 g. D. Lec a,nd C. S. %u, Ann. Rev. Nud. Sci. 16, 471 (1966).

II. DETERMINATION OF BRANCHING
RATIOS AND DECAY RATES

The branching ratios Ep3+/E„+, E»/+,E+
E,3+/E, + have been determined. The ratio between
thc Icptonlc modes ls used undcI' thc assumptions of
p-e universality and a vector coupling, to establish a
relationship between the parameters Q, g(0), and lL.

This ratio is given by

z(~,~(o),x) = P(E„3)

r(E„)

In order to study the properties of E„3+decay more
fully, completely detected events are required. With
the above conditions a large fraction of the muons
from E„3+ decay (maximum range 48 cm) stopped in
the chamber and their decay positrons were observed.
The average conversion probability of a y ray was 70%
and the error on its energy determination, averaged
over all dip angles, was about 25%. A measurement of
the y-ray energies is needed only to choose between the
two possible xo momenta obtained from the kinematical
constraint equations when the directions of the y rays
are introduced. The above accuracy is sufficient to select
the correct solution in 96% of the cases and the 3-' mo-
mentum is known, after fitting, to 6 MeV/c. Thus a
sample of about 30 000 completely detected, well-mea-
sured E„3+events are expected.

For the determination of the E»+/E, 3+ branching
ratio, the detection of the decay p rays was not required,
and the identification of the events was based solely on
the appearance of the charged secondaries. The highest-
energy positron from E,3+ decay curves in the magnetic
Geld such that its "maximum displacement" from the
E+ decay point is 45 cm for nondipping tracks. As will
be described, in the determination of the decay rates
and branching ratio, the loss of very high-energy
positrons was avoided, either by imposing a very small
decay volume for the X+ or by a potential path cut.
A clean sample of E~3+ was obtained using a range cut.
The small remaining contaminations, due mainly to
in-Right pionic decays, could be accurately estimated;
the final 3.-p-e decay chain was clearly visible in 60%
of the cases when a, 71.+ came to rest and decayed, and
such events were used to determine the contamination.

In all parts of the analysis which follows, the small
statistical errors make it important to reduce the
systematic errors arising mainly from the backgrounds
caused by other decay modes. Unless the nature and
diect of a background could be precisely determined,
it was removed by restricting the analysis to selected
configurations. Such cuts were applied whenever the
resulting loss in statistical accuracy was more than
compensated for by the reduction of systematic un-
certainties. This explains why the samples used are
substantially smaller than the number of events
available.
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FIG. 1. Estimated background of pionic
events as a function of the p+ range.
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where pi=p(Z, Zi, f+,f ) is the Dalitz-plot density
and the integrals are performed over the respective
Dalitz-plot areas. If, in order to avoid backgrounds,
only selected parts of the Dalitz plots are used, then a
partial branching ratio R'(X+, f(0),A) may be defined.
It should be stressed that no approximation is required
when R' is used to determine a relationship between
the unknown parameters X+, $(0), and A. Indeed, a
given number of events in a background-free region
will provide a more accurate determination, due to the
smaller systematic errors, than the same number spread
over the entire energy interval.

In order to compute total decay rates it is necessary
to convert E.' into E. This, however, requires a knowl-
edge of the Dalitz-plot density distribution, i.e., of the
form factors involved.

A. Experimental Procedure

Two points are essential to the measurements of
decay rates: unambiguous event identification and well-
known detection eKciencies. In an attempt to meet
these requirements, the following method of analysis
was adopted in this part of the experiment.

The identification of E» and E.3 events was based
solely on the characteristics of the charged secondary.
Thus no corrections for y detection eKciencies are re-
quired. A fiducial volume cut for the E-decay points or a
potential path cut on secondary tracks assured a 100%
geometrical detection eKciency. In these conditions,
E,3 events are subject to only relatively small back-
grounds and no cut on the positron energy spectrum
has been applied. Muon (and pion) candidates have
been accepted only if their range was between 10 and
20 cm (152.1&8„&178.4 MeV). This part of the spec-
trum is expected to be the least contaminated by back-
grounds, as is illustrated in Fig. 1. In Fig. 2, the frac-
tion ef E» decays selected is seen to be practically inde-
pendent of the shape of the muon range spectrum. It
amounts to (29.2&0.3)%.The small uncertainty quoted
allows for a wide variation of the parameters involved.

l. E~eet Selection

About 15% of the 61m was scanned twice for X+
mesons which, from ionization, appeared to decay at
rest into a single charged secondary. The secondary
was required to stop into the chamber or otherwise
undergo an interaction in Right producing no visible
prongs.

The events were classi6ed as follows:

Both muon and pion events were accepted only if
their secondary showed no scatter greater than 20'
(measured in projection).

Positron events. The positron was recognized as a
track with minimum ionization along its entire length,
showing characteristic spiraling, bremsstrahlung, or
8-ray production.

Ambiguous events. In a few cases the secondary could

TmLE I. Numbers of recorded events.

Quantity determined

Initial sample'
E„3/g ratio
E,g/y ratio
E„3/E,3 partial ratio

12 372
11811

7169

1618
1505

~ ~ ~

1398

E,3

7587
~ ~ ~

4385
6652

a After the cuts on muon range and on the lepton dip angle ((45').

Muon events. The muon event was identified by its
decay positron and by the absence of a visible m-p, -e

decay chain. It is clear that some pionic decays will
fall into this category.

Pion events. The pion was identified by a clearly
visible vr-p-e decay chain. These events enable a correc-
tion to be made to the background to E» decay arising
from the pionic E-decay modes. They were also used
to determine the momentum spectrum of E+ mesons

decaying in Right but erroneously classi6ed as decays
at rest.
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Fio. 2. Percentage of E„3events in the interval 152.1(I'„&178.4
MeV as a function of P+, &(0), and A.

not be unambiguously classified. Two types of am-

biguity have been distinguished:

(a) There existed a kink on the secondary which
couM either be attributed to a positron scattering or to
the decay of a pion or a muon. After cuts, mainly on
dip angle (see next section), only seven such events
remained. Of these, two had a track length between 10
and 20 cm to the possible decay point. These events
could be neglected in comparison with the total number
of events recorded (see Table I).

(b) The secondary disappeared in flight. This could
be either due to a positron annihilation or to a w+ inter-
action producing no visible prong.

~ decays were noted in addition to the event topologies
described above. This decay mode, leading to three
charged secondaries of short range, is easily recognized
and was used to normalize the E&3 decay rates.

Z. Geometrical Cuts

IC„3 sample

Fo
Type of correction correction

E,3 sample

Type of 0
correction correction

m.+ taken as p,+'
E„&(Edecay in flight)
E 2 (m. decayin flight)

Total

—7.8+0.8
—0.5&0.5
—7.6&0.6
—2.6&0.5

—18.5&1.3

e+ annihilation

decays
E„3decays
E,;, radiative
Total

+1.9+0.2
—2.3&0.4
—0.5~0.2
—1.0+1.0
—1.8&1.1

w K 2 apd p' with X decay in flight, K~~&, and K~2 at rest with a x scatter.

After measurement the following cuts were applied
to the events.

(a) Events were not accepted if the E+ had a dip
angle greater than 0.8 rad or if the E+ scattered in the
10 cm prior to its apparent decay point. These cuts
greatly reduced the backgrounds or misclassifications
due to E+ decays in Qight and to scatterings on the E+
or on the secondary.

(b) To avoid difficulties of recognition in the case of

steeply dipping tracks, only secondaries with dip angle
less than 45' were retained for the final analysis.

TABLE II. Corrections to the recorded E„3and E,3 samples.

(c) In order to determine the E„3+/E,+ and E,I+/E, +
ratios, fiducial volume cuts, ensuring 100%%uo geometrical
detection eKciencies, were applied to the E+ decay
points. The distance from the E+ decay point to the
chamber wall was required to be greater than 45 cm for
positron secondaries and 25 cm for muon secondaries.
This latter value followed from the already mentioned
range cut on pion and muon secondaries (10.0&range
&20.0 cm). For the measurement of the E„,+/E„+
branching ratio, a potential path cut was applied to
the charged secondary, muon as well as positron. More
specifically, a secondary track has been retained only
if the entire track of the highest-energy positron from
IC,3+ decay at rest, produced at the same point and in
the same direction, would have been inside the visible
volume of the chamber. Furthermore, this hypothetical
positron was assumed to lose its energy by ioniza-
tion only.

Af ter double scan and af ter cuts, each event category
had a scanning efficiency greater than 99%. The
numbers of events, before and after the fiducial volume
and potential path cuts described above, are recorded
in Table I.

3. Corrections

Table II summarizes the various corrections which
were applied to our E„3 and E,3 samples. These were
estimated in the following Inanner.

a. E'„3 samp/e. The muon emitted when a sr+ comes
to rest in C2F&Cl is not always observed, as its range
is only 1.7 mm, and so a stopping 7r+ may be frequently
mistaken for a p+. Most of the pionic background is
removed by the requirement that the muon range
should be between 10 and 20 cm (Fig. 1). However,
there remains a background from rare or "in-Qight"
pionic decays; these are enumerated below. A small
source of background is due to E» decays in Qight and
to radiative E» decays (E„„„).The corrections were
determined as follows:

(i) Stopping s+. To correct for the contribution from
stopping m+ with no subsequent visible m-p, -e decay
chain, use was made of the recorded pion events with a
range between 10 and 20 cm and a visible decay chain.
Such events are due to radiative decay (E ~), to E 2

and v-' events in which the E+ decayed in Qight, and to
E 2 decays with a small scatter on the x+. The prob-
ability of observing a x-p-e decay chain has been deter-
mined using pion secondaries from E & and r decays
at rest; it was found to be (60&2)%.The contribution
of such backgrounds to the selected muon sample was
estimated to be (7.8&0.8)%.

(ii) w+ decays in Right. The magnitude of the back-
ground arising from E 2 decay at rest with the m. de-

caying in Qight was obtained from a Monte Carlo calcu-
lation. The number of E ~ events generated was
normalized from the number of v decays observed.
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Taking the events with a total track length between
10 and 20 cm and with a projected. angle between pion
and muon less than 20', the correction is P.6&0.6)%.

(iii) E+ muonic decays in flight. The muon from
Ep2 decRy ln Qlght CRn have R l'ange less than 20 CIIl if
the E+ decays with a momentum greater than 218
MeV jc.In order to correct for such decays, the momen-
tum spectrum of E decays in flight which appear to
occur at rest has to be known. This spectrum was
determined experimentally from the kinematics of E 2

decays in Sight. In Fig. 3 the events with secondaries
identified as pions are displayed in a scatter diagram.
Thc I'Rngc of thc pion ls plotted vcI'sus thc cosine of its
laboratory emission angle with respect to the kaon;
curves correspond to lines of constant E moInentum.
E 2 decay in flight of momentum less than 300 MeV/c
can only populate the lower part of the diagram, while
7' decays in Qight can only contribute to the upper part.
Events arising from the E ~ mode and from E 2

decays at rest with a x+ scatter will be distributed iso-

tropically in angle. Subtracting such events, the con-
tribution from E 2 decays in flight can be estimated.
Correcting for the fact that only secondaries with R

range between 10 and 20 cm were selected and taking
into account the m.-p-e visibility, the E-momentum
spectrum shown in Fig. 4 is obtained. The fraction of
E» decays in Qight in our sample of "at-rest" decays
is (2.0&0.5)%. The corresponding contribution of E„2'
decays in Right to the E„~ sample is (0.5+0.5)%.

CPI0
CJ

06 e

~ 0

Limit

c Q2.0
I/)

~~
I~

E

g -02.
0

~309
250

~ 200

L0
~ -0.6-
0
0

-1.0 k

)0 12 14 16 18 20
Pion range (t:rrt)

FIG. 3. Scatter diagram of events with secondaries identified as
pions; the lines in the lower half of the plot refer to E 2 decays
with the indicated X+ momenta. The curve "r' limit" is the line
above which all secondaries from r' decay in Bight must lie, cal-
culated for aQ E+ momenta up to 300 MeV/c.

e 400.

o 300

t00 150 200 250 300
K rrtomentum (Mev/c)

FIG. 4. Momentum spectrum of X+ decays in Bight
which appear to be at rest.

(iv) Radiative E„2 decays. The background from
E„„~was estimated to be (2.6&0.5)%. The uncertainty
is due to a lack of knowledge as to how much "structure
terms" and inner bremsstrahlung contribute to the
decay late.

b E,3 sa.mpk. Co'rrections were applied for positron
annihilations in Right, for 7- and E„3decays with short
undetectable secondaries, and for radiative E.3 decays.

(i) e+ annihilation. Secondaries disappearing in fhght
without producing visible prongs can be interpreted
either as positrons or pions. For those events showing
no characteristic positron signature, a search has been
made for y rays pointing to the annihilation point. In
Fig. 5 the distribution of the cosine of the angle of
emission of the y rays with respect to the interacting
sccoIidRIy ls shown. Thc dlstIlbutlon ls pcRkcd signifi-
cantly in the forward direction. The Rat tail is due to
the decay y rays from x"s produced ln x+ charge-
exchange reactions, while the peak is identified as
arising from positron annihilations in Qight. Talking
account of the events without a visible y ray and of the
scanning c%cicncy, which for this type of event is only
(84+5)% after double scan, the correction becomes
(1.9&0.2)%.

(ii) E„m decays with an undetected p+-e+ transition.
Such events could be confused with R K,3 decay if the
decay positron of the muon is collinear with the direc-
tion of the stopping muon and if the ionization change
is not seen. The very small number of ambiguous events
with a visible kink allows us to neglect this background.

' D. E. Neville, Phys. Rev. 124, 2037 (IN'); only inner brems-
strahlung terms h@vq been taken.
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FIG. 5. Distribution of the cosine of the emission angle of p rays
associated with secondaries disappearing in Right.

(iii) r' and E» decays. These decays can be rnis-
takenly classi6ed as a E,3 decay. For v.' events this
occurs in the following cases:

(1) the s-+ is very short and not seen, and the p+-e+

transition is not detected;
(2) the s.+ is long enough, but the rr+-ir+ and ii+-e+

decays are collinear and mistaken for a Quctuation in
ionization;

(3) the s.+ is emitted in the direction of the stopping
E+ with an energy such that the change in ionization is
too small to allow the observation of the E+-z+ transi-
tion. Furthermore, the p+-e+ decay has to be unseen.

Sy a careful study of similar ~+ configuration in r
decay, the proportion of such events in v-' decays is
found to be (6.6&0.8)%, and the contamination in
the X,s sample is then computed to be (2.3&0.4)%.

For E» decays, the background is due to the same
type of events, but with the x+ replaced by a p+, and
without the constraint on the x+-y+-e+ chain which does
not exist. We have thus to determine the probability
that the p+-e+ transition is not seen as a function of the
p+ energy. This probability is obviously very close to
unity for ranges smaller than 1 mm and has been
estimated as (20&10)% for a lr+ from s-+ decay, i.e.,
having a 1.7-mm range. Weighting the E» energy
spectrum with these probabilities, we obtain that
(0.8&0.2)% of the X» decays can be confused with
K,s, which gives a (—0.5&0.2)% correction on the
E,3 sample.

(iv) Radiative E,s. The correction 'was based on
theoretical calculations by Ginsberg' with f+ assumed
to be constant. Weighting with the Dalitz-plot density
and integrating over the whole Dalitz plot gives a small
correction to the total X,s decay rate: —(1&1)%.An
error of 100% was assigned to take account of the un-
certainties in the calculation.

r E. S. Ginsberg, Phys. Rev. 142, 1033 (1966).

After background subtractions, the partial branching
ratio defined as E'=I'(E», 152'.1(E„(178.4 MeV)/
F(K.s) is found to be

E' =0.174&0.007.
The error contains the statistical error (0.006) and

the uncertainties in the corrections (0.004). As men-
tioned above, R' can be used to establish a relationship
between X+, P(0), and A. Figure 6 shows the variation
of $(0) with A for different values of E' with X+ fixed
exactly at its present "world-average" value for E+
data of 0.029.' In the region of our experimental value,
the relationship between P(0) and A. is, to a good
approximation, linear:

$(0) a()i+,R')+bA

Substituting this relationship into Eq. (1), we find
that there is a value of q' at which $(q') can be deter-
mined independently of the slope A:

$( bm ') =—a(X+,R').

Ke find b = —3.9 and the result is

t(3.9m ') = —0.72&0.21 for X+=0.029.

The value b remains unaffected when X+ is varied over
reasonable limits and so the most general statement of
our result is to plot the function aP,+,R') = $(3.9m ')
for the experimentally determined value of R' and for

R'
A

P g g 0 0
0.2

0.1

0.0

-0.2
—2.0 -1.0

$(o&
1J0

FIG. 6. R'{$(0),A) for X+=—0.029; the shaded area represents
our experimental result.

C. Rubbia, in Proceedings of the Topical Conference on %eak
Interactions, CERN, 1969, p. 227 [CERN Report No. 69-7
(unpublished) g.

Since the E„3,E,3, and r rates are measured relative
to each other, they need no correction for decays in
flight apart from the fact that only a fraction of the
muon spectrum has been observed; the correction for
this is negligible.

B. Results
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various X+, this is shown in Fig. 1. There is a second
solution at $= —6.5 which is rejected by the polariza-
tion and Dalitz-plot data.

Our branching ratio measurement can also be inter-
preted assuming P =0, and Fig. 8 shows the result in
terms of X+ and &(0).

From R' the total E„3/E,3 bran'ching ratio E can be
calculated making use of Fig. 2; it is

R=0.596&0.025,

where the error includes an uncertainty in the ratio of
R' to R: (29.2~0.3)%.

The individual leptonic branching ratios have been
determined:

F(E„3)/F(r) =0.503~0.019,
F (E,3)/I'(r) =0.850~0.019.

0.05

0.00 '

—2.0 -1.0 0.0

III. K„a+ ANALYSIS

Besides the measurement of the branching ratio
E„a/E, ', we have carried out two further investigations
of the E» form factors by studying, for E» decays,

(1) the density of population of the Dalitz plot, and
(2) the polarization of the muon.

-1.2
R' =Q.170

Taking the r+ branching ratio to be (5.57~0.04)% of
all E+ decays, ' we determine the branching ratios of
each leptonic mode relative to all decays to be

P(E„g)/F(all) =2.80&0.11%,
I'(E. )/I'(all) =4.73~0.11%.

Alternatively, using the 7+ partial decay rate' of
(4.51&0.03) X10' sec ', the partial E&3+ decay ra'tes are

F(E„3+)= (2.27+0.09) X10' sec '

I'(E,3+) = (3.83&0.09) X10' sec '.

(0)

Pro. 8. E.'(((0),X+) for X =0; the shaded area represents
our experimental result.

These analyses require that the kinematics of the decay
are well known, which is only possible for complete
E„3events in which the p+ stops inside the chamber and
the two p rays from the x are visible. With our experi-
mental condition, 25% of the E» decays present
satisfy the above criteria.

In Sec. III A, we describe the procedure used to
obtain a pure sample of fully reconstructed E» events.
Sections III 3 and III C are devoted to the studies of
the Dalitz-plot density and of the muon polarization,
respectively, under the assumption of a pure vector
interaction. The possible contribution of scalar or tensor
terms is considered in the next part of the paper.

A. Selection of Events

All the available pictures ( 6X10') were scanned
for E+ decay at rest in the mode E+-+ &'p++ (E„B).
A decay is classified as a E„3candidate if it satisfies the
following criteria:

-0.8

C41=

cn -0.6E

-0.2

0.0
0.00

I

0.02 0.04

R' = Q.175

R~ =0.180

0.06

(1) There are two measurable y rays pointing un-
ambiguously to a common E+ vertex on all three views;

(2) the ionization of the E+ track is consistent with
a stopping particle;

(3) the charged secondary undergoes no scattering
with a projected angle greater than 20', stops in the
chamber, and decays into a positron visible along its
entire length.

To ensure a good visibility of events, the E+ stopping
point was required to lie in a Mucial volume in the
central region of the chamber dined as follows':

r~&47 cm, —80&a~& —30 cm.
+

Pro. 7. The function u(X+,R') =g(3.9m ') for various
values of A, + and 8'.

' Particle Data Group, Rev. Mod. Phys. 41, 109 (1969).

The dip angle of the E+ track had to be less than 45'
so that the ionization could be well observed and the

'0 The coordinate system used is described in Appendix A.
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contamination of E+ decays in flight reduced. The p+
dip angle had also to be less than 72' so as to ensure
good measurement conditions and muon-positron dis-
tinction. The scanning eSciency was determined by a
partial rescanning (60% of the available film) to be 61%
for the first scan and 73% for the second scan.

The retained events were measured and processed
through a chain of programs for geometrical reconstruc-
tion and kinematical fitting. The directions of all tracks
are well known; typical errors on dip and azimuthal
angles are of the order of 30 mrad. The range of the
stopping muon is determined with 2%%uo precision and the
momentum is deduced with an error, mainly due to
straggling, of 3%. The momenta of y rays and p-decay
positrons are determined from curvature following the
Sehr-Mittner method"; hence these measurements are
affected by large errors ( 25% for y rays) due to
fluctuations caused by multiple scattering and
bremsstrahlung.

Assuming the E+ to be at rest, using all measured
quantities (momenta and directions of the p+ and of
the two p rays) and including the 7ro constraint, a two-
constraint (2C) fit has been applied to the E» candi-
dates. Apart from the &-ray momenta, the values of the
variables are not much displaced by the 6t due to their
relatively small measurement errors. If one assumes p~
to be unknown and considers the well-measured quanti-
ties as Axed, one is left with a zero-constraint fit. This
generally leads to two solutions for the m' and p-ray
momenta. A correct discrimination between the higher-
and lower-energy p rays is sufficient for the precise
determination of the kinematics of a particular E»
event. Errors on the fitted z momenta, taking into
account the 3% error on the p+ momentum, are
around 6 MeV/c.

Even for a pure sample of E» events, the results may
be biased by the kinematical reconstruction when

(1) the choice between the two solutions is wrong,

(2) the association of the p ray to a E+ decay point
is incorrect.

The 6rst possibility may occur for badly measured

p rays. The second may be due to the presence of
ambiguous origins or spurious p rays. To reduce these
biases, a 6rst selection of events was made with the
following criteria:

(1) The X' of the E„3 (2C) fit was required. to be
less than 6,"and the invariant mass of the two p rays
had to fall in the interval 45—225 MeV (this corresponds
to 3 standard deviations from the central value of 135
MeV). These cuts eliminated 8% of all events, many
of which were badly measured.

"I.. Behr and P. Mittner, in Proceedings of the Informal Meet-
ing on Geometry Programs for Heavy-l. iquid Bubble Chambers

I CERN Report No. 63-23, 1963 (unpublished) g.
"In several groups this cut was made using the difference

between the measured y-ray energies and their values calculated
from the OC Gts.

(2) The conversion distance was required to lie
between 1 and 50 cm; this rejected 17% of the events.
The lower limit is necessary for a good determination of
the y-ray direction, and the upper limit reduces the
contamination of spurious p rays.

The frequency of the choice of the wrong kinematical
solution was estimated by Monte Carlo methods to be
of the order of 4%. These events do not significantly
affect our final results.

An examination of Ep3 events with a third pointing
p ray showed that as many as 11%of the 2y-E» candi-
dates might contain a spurious p ray. Only 50% of
these wrong p rays still appear to be pointing after
measurement. Monte Carlo calculations, which gen-
erated spurious p rays from various sources, show that
20%%uo of these give a E„3 fit. Hence the background of
such events is at most 1%%uo. Such events could be
particularly disturbing in the Dalitz-plot density
analysis, but the cuts introduced for the purpose of
this study further reduce the background to 0.3% so
that no significant influence of these events on the
results is expected.

It is equally important to check that the E» sample
is free from background due to other decay modes. The
major source of background comes from the modes
E & and ~' with E+ and m+ decay at rest, where the
~+ has no visible ~-p-e decay chain; this characteristic
decay configuration was only visible on about 60% of
stopping ~+. However, these backgrounds a6ect only
limited intervals of the p+ range spectrum, since the
~+ range is 31.75 cm in E 2 decay and less than 10.4 cm
for 7-' decay. Therefore, events with p+ range I-„ falling
either in the zone 1.„&10.4 cm or around the E 2 value
(29.5(L„(34cm) were discarded. This important cut
left 10 900 events, and the selected region of the Dalitz
plot is dined by

152.7 MeV&E„&199.0 MeU,
211.7 MeU& L+„.

These events were fitted to the E 2 hypothesis, and re-
jected when the X' probability of this Qt was greater
than 0.1%. After all these cuts, the contamination due
to E 2 and 7' decays at rest is negligible.

The remaining sources of background are

(i) E„3 and E~2 decays with E+ decay in flight, and
(ii) E 2 with E+ decay at rest and the m.+ decaying

in fhght with a (sr+,p+) angle less than 20'.

For Ep 3 and E 2 decays with E+ de cay in Right, the
probabilities to fit the E„3 at-rest hypothesis are 40%
and 15%, respectively. The E+ momentum was taken
to extend up to 250 MeV/c as indicated by the results
of the E»/E, 3 branching-ratio study (see Sec. II), and

by the E+ momentum distribution of events fi.tting
only the E 2 decay-in-flight hypothesis. In the regions
of the Dalitz plot finally selected for muon polarization
or Dalitz-plot density analysis, the contribution of E„3
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and IC„2 decays in Bight arc estimated to bc of the order
of 1% and 0.3/o, respectively.

For a E 2 with E+ decaying at rest and ++ decaying
in flight with a (Ir+, sl+) angle less than 20', the prob-
ability to fit the X» hypothesis is high (84%), but these
events are localized. in a region of the Dalitz plot corre-
spolldlllg to R (Ir,»tl+) Rllglc of thc ol'clcl of 180 ~ Bllt lt
will be seen that for the purpose of the polarization
analysis we require that ~P P„~&0.9'/; with this cut
the contamination is lowered to 0.25/o of the I».„s
events. In the Dalitz-pIot density analysis, an even
more strict cut is applied, imposing 155&8„&197MCV
and 155&8 235.MCV, so that in this case the back-
ground due to such decays is reduced to less than 0.1%.

B. Dalitz-Plot Density

g. General Coesideratiwss

II. Analytic expression for density The .partial de-
cay rate of a E+ into a 7r' with total energy between
E and E +dE, and a p+ with total energy between
E»» Rllcl E»»+dE»», 18 pl opol'tlollal to the fllnctloll
p(E»»»E»»» $»1»+)dE'»»dE»» wlllC11 18 defined 111 AppCllcllx B.

If the q' dependence of the form factors can bc
neglected, then

(i) lines of equal population density are parts of
hyperbolas; these are shown in Fig. 9 for two values of $;

(ii) the Ir' spectra at fixed sl+ energies are linearly in-
Creaslng funCtlOnS Of Err'

(iii) the muon spectra at fixed 7r' energies are parts of
pal RbolRS.

The erst two statements are slightly modified if R slow
q' dependence of the form factors is introduced, since q'
is related to E by

$+ = 0.00

J~ =0.03
= 0.06

1

200 250
E~ (MeV)

I'IG. $0. Modification to the H spectrum at I~'„=180 MeV
(assuming P = —1) when small X+ values are included.

For example, Fig. 10 shoes the alteration to the
theoretical mo spectrum when small values of X~ are
included.

b. ProMem of parasitic solution If the . analysis were
restricted to the study of the mo spectra at fixed p+
energies, each spectrum after normalization would de-
pend on one parameter only (its slope), which is 8,

lladl'Rtlc function of $. Tlllls R pRIR81'tlc sollltloll ls
present, and Fig. 11 shows that this false value of $
depends only weakly on the y+ energy. This suggests
thRt thc parasitic solution may Rppcar cvcn ln Rn
analysis of the m' spectra, at several muon energies.

However, each pRLRbollc p+ spectrum Rt R fixed m

energy dcpcnds on two paiamctcrs after normalization,
and thus two different values of $ never lead to the
salnc spcctlulll. Fol example» thc posltloll (E»»)»»»»»x of
the top of the parabola is a linear function of $:

(E„),„.=-', (mx —E )+I (m„'/mlr) (1—() .

Therefore the analysis of the p+ spectra at Axed xo

energies yields a unique value of t. Unfortunately, the
p+ energy spectrum Is less scnsitlvc to R valiatlon of
$ than the»r' energy spectrum, but it is reasonable to
expect that in the complete analysis of the d.ensity the
parasitic solution will appear as signi6cantly less likely.

c. Precision of dcscrnunation of $. If a total number
of g events has been found in the complete area of the
Dalitz plot, it is useful to study how the distribution of
these events through the Dalitz plot is modi6ed when
$ 18 cllallgccl T11C llull. lbcl' AE of cvellts falllllg lnsldc R
small area AS=DE d,h„of the Dalitz plot is given by

s»(E E )IIIE gE
AX=iY

J'p(PI. ,E„)dE.dE„
I

155 197
E (MeV)

FIG. 9. Curves of equal Dalitz-plot density for )=0 and (=—1.
The oblique straight lines show the position of the top of the muon
spectra. The analysis has been con6rmed to events within the
rectangle shown.

where the integral is taken over the complete Dalitz
plot.

The sensitivity of the various parts of the Dalitz
plot 111 tile dctcl'1111I1Rtlon of $ call be illustrated bv
computing for each elementary area 65, the quantity
8f which will produce a change in AE equal to the
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Fzo. 11. Assuming g= —1, then an analysis of the x' spectrum
at various fixed muon energies yields both the correct solution
I'solid line) and a parasitic solution (dashed line} whose g value
varies slowly with the muon energy.

statistical uncertainty on 6Ã:

c)(61V)
bg=g~Ã.

8$

The values of ()& have been calculated assuming
X=10' and ]=—1 and looking for the number 6Ã of
events falling inside small areas 85=10&(10MCV'
throughout the Dalitz plot. Figure 12 shows lines of
equal values of 8$; despite its small population, the

155

155 197
E~ (MeY)

240

I'xo. 12. Sensitivity for P determination of various regions of
the Dalits plot (see text); a low value ot jet I indicates an accurate
determination.

low-A region of the plot appears to be the most sensi-
tive in the determination of (.

Z. Deterr)tir(ation of Detectiog EPciettcy

Having selected a sample of events free from back-
ground, we need to know the probability to observe
each event detected in the chamber, which may be
written as

p(E- E.; &,) +) XR(E- E.t) &D(Est) XD(Evs) Xe(E.)I'=— I

J J ( ) p(E- E.; 5)(+) && e(E.) I:f(")R(E- Err) &&D(Evt) XD(Evs) dE7(jdE.dE.

In this expression,

(i) p(E,E„; f,)(~) is the I »+ Dalitz-plot density.
(ii) R (E~,E~t)dEvt is the probability for a )r of energy

E to decay into two y rays of energies Err (within dE~))
and E~2=E —E~~. Its form is independent of E~
(uniform spectrum) and can be written after normal-
ization as

R(E,E~()dEV t dE~ t/p, ——

where p is the 7r' momentum.
(iii) D(Evt), D(E„s), and e(E„) are, respectively, the

probability to observe in the chamber y rays of energy
E~~, E~2, and a muon of energy E„.

(iv) The total normalization is such that (s) is the
useful area of the Dalitz plot and (s') is the possible
range of energy for a y coming from a m.o with energy
E; if there is no cut on the p-ray energy, then.

l(E--p-)«, &-,'.(E.+p.).
This cxprcsslon of thc plobablllty density of an cvcnt
will be used further to construct the likelihood function.
Several remarks can be made about the form of the
expression written above:

s'}
R(E,Er t)D(Er t)D(Ere) dE7t

represents the detection probability of a m' of energy
E . Consequently, the denominator of (3) can be re-
written as

p(E,E„;(,X+)e(E„)e'(E )(tE,dE, .

a. Mstots detectors probability e(E„).We have defined
a sample of events for which the geometrical detection
probability of the muon is unity, i.e., for which all
muons stop inside the useful volume of the chamber.

(1) The probability of observing the muon and both
rays will be correctly written as e(E„)XD(E&t)

XD(Ers) only if no correlation exists in the detection
of these particles.

(2) Owing to the manner of normalization, it is clear
that the detection eKciencies D(L~'~) and. s(E„) need
only to be known within a factor.

In the expression for the probability (3), the integral
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This was achieved by simultaneously dining a smaller
fiducial volume for E+ decays and cutting the upper
part of the p+ spectrum; the E+ decay volume is a
cylinder of radius 30 cm and height 40 cm, and the
maximum muon energy is 197 MeV, corresponding to
a range of 28.0 cm. These values were chosen so as to
maximize the number of remaining events (4642).
The muon scanning efficiency was found to be inde-
pendent of the length of the muon. Furthermore, this
fiducial volume cut provides an average potential path
for p-ray conversion which is independent of the energy
of the muon.

b. y ray detect-ion egciency D(E~). The y-ray detec-
tion eKciency depends upon the materialization prob-
ability, the scanning efficiency, and the measurability
of the electron-positron pair. Several methods can be
used to determine the over-all detection efficiency:

(i) For the E„3 events', the angular distribution of
the p rays in the x' rest frame must be isotropic at all
x energies. This property enables an unnormalized
p-ray detection probability to be estimated, but it is
not very sensitive and was used only as a check upon
the other methods.

(ii) A sample of 6400 K 2 decays with one or two

p rays has been measured and fitted. In these events the
monoenergetic x' produces p rays with a uniform energy
spectrum and the relative y-ray detection probability
is given directly by the shape of this spectrum, which
is shown in Fig. 13. However, it is not certain that the
losses are identical for these events and for the E»
sample.

(iii) On the E„3 events themselves, additional in-
formation can be used, namely, the conversion-length
distribution of p rays of a given energy. This method
proves to be the most satisfactory and its results will be
used in the further analysis. For each energy interval,
the total number of p rays produced is

using the sample of E 2 events described above, making
the assumption that the E„3 sample is subject to the
same small losses. Averaged over p-ray energy, the
correction amounted to 3% due to unmeasurable y rays
and 1% due to scanning loss. The latter figure was ob-
tained from the E 2 events with one recorded p ray
by predicting the direction of the second y ray from
the kinematical constraint and then making a special
search for this p ray. For the energy range retained in
the Gnal E» analysis, 50 to 195 MeV, a linear correc-
tion to eo wa. s applied, decreasing from 6% at low
energies to 1% at high energies. The absolute y-ray
detection probability D(E„), deduced from Eq. (4) by
this method, is shown in Fig. 14.

For the retained energy interval, 50(8~&195 MeV,
a straight line, D(E~) =D(0)(1+PE~), fits the data
well, with P=(2.3+0.6) GeV '. The parameter D(0)
does not enter the analysis as only the relative detec-
tion eKciency is needed.

As a check, the conversion length method has also
been applied to the sample of E 2 events described above
in point (ii). The results appear in Fig. 13 and should
be compared with the relative p-ray detection prob-
ability derived from the energy spectrum of the same
p rays. Both methods agree except for low values of
7-ray energy (20(E~(40 MeV). Although the ob-
served discrepancy could be explained by a statistical
Quctuation or by a loss of events with only one con-
verted low-energy p ray, it has been decided, for safety,
to discard all events having a p ray with an energy less
than 50 MeV. A consequence of this cut is that the
maximum p-ray energy in the E» sample is 195 MeV.

The s' detection efficiency e'(E,) has been computed,
integrating the function D(E~) shown in Fig. 14 over

800-
" - Q.5

ape &&~»'dt,

D(E7) =N, (EV)/Nr(E, ). (4)

(This provides an absolute value of the over-all detec-
tion eKciency, whereas the other methods discussed
gave only relative values. )

where E~ is the average energy in the interval, p(E„)
is the reciprocal of the theoretical materialization
length, and m, is a normalization coefficient. If N, (E~)
is the number of observed p rays in the energy interval,
then the y-ray detection probability is

600-

o 400—

200-

~ ~
~ ~

100

- 0.4

-03
D{E&}

- 0.2

- Q.t

0.0

In order to compute Nr(E~), the normalization coeffi-
cient mp is calculated. from the number of observed
p-rays with a conversion length between 1 and. 10 cm,
with a small correction for the losses which are present
even at such short distances. This correction was found.

E {May}

I xo. 13. The y-ray detection eKciency from E 2 events. The
points show the absolute detection efIj.ciency determined from the
conversion length method. The solid histogram is the p-ray energy
spectrum from events with one or two y rays normalized, for the
purpose of comparison, in the last Gve bins.
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FzG. 14. The absolute y-ray detection probability from IC»
events using the conversion-length method.

the allowed energy range for each value of the x' energy.
This leads to the curve given in Fig. 15, which shows the
absolute m detection efficiency as a function of energy.
The quick fall observed between 145 and 155 MeV is due
to the 50-MeV cut on the energy of the p rays. Since
the determination of f is very sensitive to the shape
of the x' spectrum for the lower values of the m' energy,
all events with E smaller than 155 MeV have been
removed from the analyzed sample. In the accepted
zone of the Dalitz plot, the relative variation of the z
detection efficiency never exceeds 10'po.

The final sample, after all cuts, consists of 3240
events.

3. Form-Factor Analysis

The analysis has been carried out using maximum-
likelihood methods. Several kinds of distributions have
been studied, for which the meaning of (s), the area over
which the normalization is taken, is different. In forming
the likelihood function 2, the muon detection eKciency
is left out of the expression (3) since the events have
been selected so that e(E„) is unity. The likelihood func-

tion is defined from

(p-po)'-
g(),X+,

' p) = exp
20p

,(E.',E„'; t,z,)D(E„*',P)D(E,2',P)

nil events J J&sI p(E»E&& f&Q)e (Ev&p)dEvdEe

The exponential factor is included to allow for the un-

certainty in the parameter P describing the relative
y-ray detection eKciency, Ps and, oe being its most
likely value (2.3 GeV ') and the error (0.6 GeV '), re-

spectively. The optimum values of the form factors are
found by maximizing the function Z(P,X~), which ls

itself obtained by maximizing Z($,X+,' P) with respect
to p at each value of ($,+), i.e.,

az(p, x+, p)
g(~, Z, ) =g(~,Z+., P'), where --- — — — — =0.

~p

0.24 P
I I

In practice it is more convenient to work with the
logarithm of Z.

a. 3IINon spectra at fixed Ir' energies A. first step in
the determination of the form factors is the analysis
of the muon energy spectra at fixed ~ energies; this has
the advantage of being independent of the m' detection
eKciency and avoids the problem of the double solution.
A maximum likelihood analysis has been performed on
the sample of 4347 events remaining after the applica-
tion of all the above cuts apart from the one on the
p-ray energy which is not necessary since the events
have been selected so that the muon and pion detection
efficiencies are uncorrelated. Also, since only the muon
spectra are studied, then terms in the likelihood function
due to the m detection efFiciency can be dropped and

p(E-'E.*
& 4)

InZ„= Q ln-
ell events J p(Ev' E„' $ g+)dE„

where the normalization integral is taken from 155
to 197 MeV.

From the Dalitz-plot density expression it follows
that the likelihood function Z„at fixed pion energies is
independent of the factor f+(ll2) and hence of X+. The
likelihood plot of the two remaining parameters A. and

j(0) is shown in Fig. 16. As expected, no parasitic solu-
tion appears on this plot. The sensitivity to the q varia-
tion of $ is low; if $ is assumed to be constant (A. =O),
the result is

0 6 +1.2

b. Total density analysis in intervals of g2. The second
step is a total density analysis, dividing the Dalitz plot
into tl2 bins and supposing $ to be constant in each band.
The advantages are the quasi-independence of the re-
sults on the x' detection efficiency. It is essentially an
attempt to check the hypothesis of the linear q' de-
pendence of $. In each band (AE,),, the likelihood
function 2; defined by Eqs. (5) and (6) was computed.
Taking bins of constant width dq'=m ', the result,
which is almost independent of X+, is shown in Fig. 17

Q.22-

0.20-

OJ8

I

i75 t95

E~( HeV )

I

235
I

215l55&35

FIG. 15. The wo detection efficiency in E'» events. The curves
limiting the hatched region represent the detection eKciencies

(6) computed from the extreme variations of the y-ray detection
probability allowed within 1 standard deviation,
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FrG. 16. Muon energy spectra analysis at fixed 7f.0 ener~mes. The
curves show the 1- and 2-standard-deviation contours of the two-
parameter logarithmic likelihood function.

for Q equal to 0.029. It is clear that with our statistics
it is impossible to check accurately the hypothesis of
linearity. The best fit for a straight line has a prob-
ability of 32%.

c. Total density analysis. The preceding methods use
only part of the available information. As a third step,
the variation of density with the energy of both the
pion and the muon through the entire selected part of
the Dalitz plot has been studied. The analysis was per-
formed with the 3240 events remaining after cuts.

The likelihood function defined by Eqs. (5) and (6)
has been computed; the normalization integral is made
over the accepted energy ranges (155&E„&197MeV,
155&E„&235MeV).

As foreseen, when searching for the set of three param-
eters maximizing the likelihood function, one finds two
solutions. The most likely values are

+=0.055&0.025, $(0) = —0.5&1.6, h. = —0.04&0.24.

These values fit the Dalitz-plot density observed with
a X' of 36.8 for 28 degrees of freedom. The quoted errors
give the uncertainty on each parameter computed from
its marginal distribution, i.e., evaluated independently
of the others. They are obtained by subtracting 0.5
from the logarithm of the maximum value of the likeli-
hood function, and include the small contribution of
the uncertainty on the x' detection efficiency.

The result of the three-parameter fit is shown in
Fig. 18(a).The 1-standard-deviation surface resembles a
very thin oblique ellipsoid, showing that the parameters
$(0) and h. are strongly correlated.

Figure 19 shows contours of the same logarithmic
likelihood function on a scale large enough to include
the parasitic solution. For X+=0.055 this solution

10-

0.0—

-1.0-

\

4 \

e
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I''IG. 17. I'otal density analysis in bins of g . The best linear fit
is shown and has a y' of 4.7.

appears as a ridge displaced. by 6$(0)~—3.0 with re-
spect to the "principal solution" shown in Fig. 18(a).
The most likely values of this second solution are
$(0) = —1.5 and A= —0.35, but at that point the likeli-
hood function lnZ is lower by 8.6 with respect to the
first solution, the corresponding ratio of probabilities
being 2&(10 '. If larger values of 'A+ are allowed, the
difference decreases but the absolute value of A. becomes
very high; for X+ 0.1 both solutions reach approxi-
mately the same probability, but the parasitic solution
is at A= —0.8. So far, these values can be considered
as unreasonable. Furthermore, any solution of this
type is ruled out by the results of the analysis of the
muon energy spectra at fixed pion energies described
above. Further discussion is therefore limited to the
more likely solution.

For each X+ value, j(0) and A can be replaced by un-
correlated parameters (see Appendix C) that can be
taken as $(0) and $(6.8m„') as illustrated in Fig. 18(b).
The most likely values are

X+
——0.055&0.025, $(0) = —0.5& 1.5,

P(6.8m ') = —0.08&0.50.

The variation of the result for $(6.8m ') with X+ can be
well approximated by the linear expression

$(6.8m ') = —19++0.20

if the range of A+ is limited to between 0.02 and 0.05.
This expression emphasizes the strong X+ dependence

of our $ determination. If X+ is fixed at 0.029, the value
obtained from a compilation of previous E+ experi-
mental data, ' one gets"

X+=0.029, $(0) =0.2&2.0, $(6.8m ') = —0.35+0.21.
The corresponding X' is 38.6 for 29 degrees of freedom

(an increase of 1.8 compared to the optimum three-
parameter fit with one more degree of freedom).
"Since X+ is fixed, only two parameters are fitted, and the error

in g(6.8m„'), which is strongly correlated with )+, becomes much
smaller.
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FzG. &8. Three-parameter analysis of the Dalitz-plot density in terms of (a) X+, &(0), and A; (b) )+, $(0), and ((6.8m '). The contours
are drawn for several values of X+ and give the limits of the volume inside which there is a 68/z probability of finding the three parame-
ters simultaneously. This volume is defined by (lnZ„„—ln) &1.8.

Finally, 6xing P =0, the two-parameter likelihood
function for $(0) and Q is shown in Fig. 20. The vari-
ables are correlated; the most likely values are

$(0) = —1.1&0.5, X+ ——0.050&0.018.

~ ~ I
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FIG. 19. Two-parameter plot in terms of ((0) and A, of the
logarithmic likelihood function for the complete Dalitz-plot
density analysis, assuming X+——0.055 and showing the parasitic
solution. Equal-likelihood contours are drawn, lnZ having been
normalized to zero at its maximum value. The five contours shown
would correspond, if P(0) and A were normally distributed, to the
1-, 2-, 3-, 4-, and 5-standard-deviation levels.

C. Muon Polarization

In E» decay, the polarization 6' of the muon is total.
The expression for {P, given in Appendix 8, is a function
of the kinematical variables (E,E„) and of the ratio
f(q') =f (q')/f+(q') only. Hence ((q') can be estimated
from the polarization measurement without any as-
sumptions for the q' dependence of f+(q'). In the
following analysis, the results for the two parameters
$(0) and A need no knowledge of Q or X . However,
the parameters are related by A=/(0)(X —X+); thus
a constraint on one of them (for example k =0) can
lead to a determination of the other P,+).

A measurement of the component of the muon
polarization perpendicular to the decay plane, odd
under T and proportional to Im), allows a direct test of
the validity of time reversal invariance in weak
interactions.

In this experiment, a sample of fully reconstructed
E„3 events, with two converted y rays and a stopping
muon, is available. The positron produced in the p+
decay can be used as a polarization analyzer, and the
p polarization at each point of the Dalitz plot can be
studied. This study obviously requires no knowledge
of the Dalitz-plot density, and hence the estimation of

$ by this method does not depend on the muon or
pion detection eKciencies.

1. Method of Analysis

In the absence of a magnetic field, the distribution in
momentum and emission angle of the positron with
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FIG. 20. Two-parameter plot in terms of g(0) and P+ of the
logarithmic likelihood function for the complete Dalitz-plot
density analysis, assuming g —=0.

respect to the polarization vector $' is given by

—=x'(3 —2x)L1—n(x) (e 6')]
dxd(e (P)

100 150 E (t,tl~y) 250

whcI'c s ls thc I'atlo of thc posltlon momentum to its
maximum possible value and where

n(x) = (1—2x)/(3 —2x)

is the asymmetry coeKcient.
From distribution (7), we can construct the likelihood.

function

lnZ= Q ln(1 —n(x)$e"(P(E 'E ' $))) (8)
all events

where, as described in Appendix A,

tp= tpzp+tprt+rp~.

The likelihood function can be maximized either with
respect to the polarization components O'1„5'T, and.
(P& or, alternatively, as a function of $.

In the presence of a magnetic field, directed along B,
only the polarization component parallel to the mag-
netic field is conserved and expression (8) becomes

lnZ= Q ln(1 n(x;)(ei B)E+(E,')Eu'i —0) Bj). (9)
all events

FIG. 21. Variation over the Dalitz plot of the polarizati. on vector
for three values of $. The circles represent, in each region, the
expected errors in the determination of & ('1 standard deviation),
assuming a central value of (=—1 and taking a sample of events
comparable in size to this experiment.

the events with small pion energy carry a high weight
lI1 thc analysis.

Z. Determination of Effective Asymmetry Parameter n

In the likelihood expression the CGective asymmetry
coefiicient n(x;) should be calculated for each event
with the measured positron momentum, but in practice
it has been replaced by its mean value because of the
large measurement errors on the momentum of the
positron. The theoretical mean value is 0,~= —0.33,
but as some low-energy electrons are lost or unmea-
surable, the CGective 6 is expected to be different. In
order to estimate this last value we have used samples
of E„2 and E„,events.

For a magnetic field as high as 1.9 T, depolarization of
the muon due to ionization or to muonium formation
can bc neglected.

Figure 21 illustrates the variation of the polarization
~ector as a function of (E,E„)and of $, which is taken.
to be independent of g'. The expected precision of the
measurements are also represented and. it is seen that

"A. Buhler, T. Massam, Th. Muller, M. Schneegans, and
A. Zichichi, Nuovo Cimento 39, 812 (1965);39, 823 (1965).

~ ~

Q( - -0/0

0,0
0 -20 -60 -80

Z (em)

I Io. 22. Variation of the asymmetry parameter K with the
depth of the muon stopping point.
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FIG, 23. Kinematical cuts applied for the polarization analysis.

Firstly, for a sample of 6000 E„~+ events ((Pz, = —i)
we find a= —0.36&0.03. Secondly, if iz as well as $ is
left as a free parameter in the likelihood function, it is
found that u and P are uncorrelated and that the
optimum vahle is

(x = —0.40+0.04.

For the fina, l calculation the a,symmetry parameter n(x)
in expression (9) has been replaced by n= —0.40.

-0.5-

I'xc. 24. Polarization analysis: 1- and 2-standard-deviation con-
tours of the logarithmic likelihood function in Re) and Ilng.

FIG. 25. Variation with E of the expected polarization, averaged
over the regions of the Dalitz plot retained in this analysis. The
circle represents the 1-standard-deviation contour in the lil elihood
function for ((Pl.) and ((Pg).

3. Solrccs of Systematic Bias

From expression (9) it is clear that the two possible
sources of bias are the following:

(i) An incorrect estimate of kinematical variables
leading to an erroneous determination of 6' or a back-
ground due to another decay mode falsely classihed as
a E„3event. As has been discussed above in Sec. GI A,
the general cuts imposed on the E„3sample reduce such
biases to very small effects.

(ii) A nonsymmetric detection efficiency in the vari-
able (e 8) which would modify the normalization of
the probability density appearing in expression (9).
This asymmetry can be due to an effective loss of decay
positrons or to an incorrect measurement of (8 8).
Events with very steeply dipping tracks (~is 8

~

&0.95
or I e B

~

&0.95) and events in which the muon stopped
in the extreme regions of the chamber (z„(—80 cm;
s„&—10 crn) ha, ve been removed from the sample. The
electron angular distribution has been studied as a
functloI1 of the IHuon stopp1ng po1nt alld no asymmetry
due to bad positron detection or measurement was ob-
served. The parameter o. depends critically on the posi-
tron detection eS.ciency and this parameter was eGec-
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FIG. 26. Polarization analysis: the most
probable value of ( in each g' interval for
this experiment and for the experiment of
Cutts et al, Ref. 16.

2

3
this experiment

Cutts et al.

4
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tively independent of the depth in the chamber at which
the muon stopped, as is shown in Fig. 22.

Several cuts, supplementary to those already de-
scribed in Sec. III A, were introduced for the muon
polarization analysis.

a. Cut on angle (p,p„). If the angle Q between p„
and p„ is close to zero or 180', the decay plane and
hence the muon polarization vector are not well deter-
mined. In order to avoid such configurations, a cut

~
cosP I (0.97 was introduced.
b. Low er border of Datits plot From a stu. dy of Fig. 21,

one can easily deduce that the polarization of the muon
varies very rapidly with $ and with (E,E„) near the
lower border of the Dalitz plot; a small measurement
error may thus introduce a large error in P in this zone.
Taking our mean errors of measurements into account
(see Sec. I), events falling in a zone of 10 MeV above
the lower border of the Dalitz plot were rejected.

The three kinematical cuts, on the muon range the
angle between the muon and pion, and the Dalitz-plot
lower border are shown in Fig. 23.

After all cuts, we keep 5964 E„3events, fully recon-
structed and having a well-visible p+ ~ e+ decay.

4. Eesmlts

The following results were obtained from a maximum
likelihood analysis of polarization of the muons in the
final sample of events.

a. Constant form factors.

(i) Normal polarization (P~ and imaginary part of $.
The form factor ratio $ is a complex number if no time-
reversal invariance is postulated. The result of an
analysis in terms of Re) and Im( is shown in Fig. 24.
The errors on these parameters, which are uncorrelated,

are obtained from their marginal distributions. The
result is

Re) = —1.0&0.3,
Im )= —0.1&0.3.

This value of Img corresponds to a mean value of the
polarization normal to the E»+ decay plane of

6'~ = —0.03&0.09.

This result is consistent with T invariance, as was a
previous, less accurate, experiment using the muon
polarization in charged EC decays. "Three such experi-
ments for EL,' decay also reach this conclusion, ' in one
case with a better accuracy.

(ii) Polarization in the decay plane and the real part
of $. Assuming that the interaction is invariant under
time reversal, then the most likely value of $, assumed
to be constant, is

$ = —1.0&0.3.

The corresponding average values of the polarization
components in the decay plane are

(Pl.=0.95+0.09,
o'& ———0.29m 0.09.

These results are illustrated in Fig. 25 which shows, for
our E„3 sample, the variation of the expected average
polarization components as a function of $.

b. Study of q' dependence of $. In order to study the
variation of $ on the four-momentum transfer to the
lepton system, we have subdivided our sample into

"A. C. Callahan, U. Camerini, R. D. Hantman, R. H. March,
D. L. Murphree, G. Gidal, G. E. Kalmus, W. M. Powell, C. I .
Sandier, R. T. Pu, S. Natali, and M. Villani, Phys, Rev. 150, 1153
(1966).
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slices of q. The results are shown in Fig. 26 in which
we have also drawn for comparison the results of
another experiment" measuring the E„3+muon polar-
ization. No strong deviation from linearity appears to
exist and a erst-order development of P(q') LEq. (1)j
does not appear to be unjustified. Making a two-param-
eter lilt;eiihood analysis in terms of $(0) and. A, the
result is

((0)= —0.6&1.1, A= —0.07&0.35.

i(((p}
+2

+0.5
I

( b')

)t((0)
-+2

Contours of the likelihood function are shown in Fig.
27(a); the correlation observed can be removed by
parametrizing f(q') in terms of $(0) and $(4 9m,.') as is
seen in Fig. 27(b).

The results of a two-parameter 6t to the muon
polarization data are thus best expressed as

$(0) = —0.6+1.1, $(4 9' ') = —1.0&0.3,
or, alternatively, as

p(4.9~.') = —1.0+0.3 X= —0.07~0.35.

A11 of the results quoted above need no assumption as
to the value of Q.

%ith the assumption X =0, the polarization mea-
surements have been analyzed in terms of ((0) and Q.
As can be seen from Fig. 28, the result is a linear rela-
tionship between the parameters.

I'ro. 27. Polarization analysis: two-parameter logarithmic likeli-
hood functions showing the 1-standard-deviation contours for
|,'a) the parameters (I'0) and A; (b) the uncorrelated parameters
g(0) and $I'4.9' ').

pendence. The vector coupling will be considered to
be always present with possible admixtures of scalar or
tensor terms, but not all three types simultaneously.

A. Search for Scalar Contribution (Rr ——0)

In the matrix element, $ and Rs appear only in the
linear combination $+(2nzx/mi)Rs. Thus, when E„3
decay only is analyzed (p+ polarization or Dalitz-plot
density) the measured, quantities are ),+ and

IV. SCALAR AND TENSOR COUPLINGS

The preceding analysis has been performed in the
frame of the V—A theory. If no hypothesis is made
about the nature of the currents, the more general
matrix element has the form described in the Introduc-
tion, which is formally identical to the one obtained for
pure vector interaction, but with f+ and )=f /f+
replaced as follows:

$+2 Rs = &-L-9.3Rs.

The branching ratio (R involves E~~ and E,3 decay
and it is given by

S„($+9.3Rs, Q)
8,=

S.(Rs', ) ~)

I

O

(&+
-"'z,),

0.96

where Rs =fs/f+ and Rr fr/f+ may be q'——dependent.
The number of parameters involved is such that,

despite our large statistics, a complete analysis with
all form factors and their q' dependence would be mean-

ingless. A possible q' dependence of f+ will be main-

tained (X+NO) but g, Rs, and Rr wiH be considered. as
constant, each form factor fs(q'), fr(qm), f (qm), and

f~(q') thus being supposed to have the same q' de-

"D. Cutts, R. Stiening, C. %'iegand, and M. Deutsch, Phys.
Rev. Letters 20, 955 (1.968).

GOO
-22

l
-1.0

((Ol

I'ro. 28. Polarization analysis: two-parameter logarithmic likeli-
hood function for &C,'0) and X+, assuming X =0. The dashed line
represents the almost Qat ridge which is the maximum.
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Orily Eq', and not P, enters into the E.3 term in the
denominator, and the branching ratio gives a relation-
ship between $ and. EB which is different from the
linear relation (10) from the E„,analysis. An addition
of the analyses therefore leads to a determination of
Rs' or ~Es~ and, in general, to two values of $ owing
to the uncertainty in the sign of Rq. Figure 29 shows,
for various hypotheses concerning X+, the 1-standard-
deviation zones in the (Es, j+9.3Rs) plot obtained
from an addition. of the E„3polarization and Dalitz-plot
likelihood functions and branching-ratio measurement.
The determination of E.8 is not very accurate, due to the
fact that the two zones are nearly parallel; 5, being a
function of Rs' then dS,/dRs vanishes at E8=0 and,
in both equations (10) and (11),it can be shown that

00 '-

(c) R+- 0.029

/
/

//

/
/

l I I

i

0,0
I

-0.5-1.0
+93 Rs

i

-0,S 0.0

( b) ~p-0.060
T

J' g J'
J'

/

/
/

(

The results are as follows:

FxG. 29. The 1-standard-deviation bands are shown for the
branching ratio (dashed linc) and for the combined Dalitz-plot
and polarization data (full lines) assuming that (a) X+=0.029 and
(b) X+=0.060, its optimum value.

(1) For Q fixed at 0.029, then, as illustrated in
Fig. 29(a), restrictive relationships provided by the polarization

~Z
~

=0.08~0.07. and branching-ratio analyses. The three likelihood,
functions have been added. The result found. for ET is

(2) If X+ is also allowed to vary, then the best fit, strongly X+ dependent, as illustrated in Fig. 30. The
shown in Fig. 29(b), is obtained for best 6t is obtained for

E&——0.00a0.15, P= —1.0a1.5, X+——0.060a0.020.

RB being zero, only one value for ( is obtained. As usual
the errors quoted have been obtained. from the marginal
distribution of each variable and so, for this experiment,
the upper limit on ZB is 0.15 at the 68% con6dence level.

X+——0.060a0.025, E,=0.00a0.22, $= —1.00a0.65.

The upper limit within 68% confidence for Er is 0.22.

3. Search for Tensor Contribution {Rs——0)

It will be seen that most of the information about the
presence of a tensor term R& is provided by the Dalitz-
plot distribution.

The sample of 3240 events used for the Dalitz-plot
study has been analyzed by a maximum likelihood
method with three parameters (, Rr, and X+.

The most likely set of values is

Q =0.05&0.02, Rr ——0.05&0.25, $ = —0.75+0.5.

The E„3 polarization and, the branching-ratio mea-
surements individually add very little information on
R~. Essentially they each provide an approximately
linear relationship between the permitted. values of P
and E&,which may be expressed, respectively, as

/+2. 5Er = (—1.0+0.3)

$+2.1Er (—0.40&0.20) —10—+—.

0„0

-0.1

--0.2

-0.3
0

-3' t

0.00 0.02 0.04 0.06 0.08

However, theresultonE. obtained. from the Dalitz-plot * ' ( ~ " ' ~ " ~ "" ' " "+'
(b) corresponding values of the natural logarithm of the likelihood

analysis can be improved by taking into account the
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TABLE III. Values of ( measured in this experiment for )+———0.029.

Method of analysis

Muon polarization in E„3+

X„8+/E,3+ branching ratio
E„3+Dalitz plot

Combined result

—0.72&0.21—0.35&0.21
—10—19

—0.65+0.13

One-parameter fit

d$/dg+

—1.0 +0.3

Two-parameter 6t
Uncorrelated parameters

$(o.om ') = —0.6 +1.1
$(4.9' ') = —1.0 ~0.3
g(3.9~.2) = —0.72+0.21
g(o.om ') = —0.2 ~2.0
~(6.8~.2) = —0.35a0.21
g(o.om ') = —1.2 ao.5
g(5.1m ') = —0.65~0.13

0
0—10—20

—19
+5—11

C. Conclusions

We find no evidence for the existence of scalar or
tensor currents, confirming earlier experiments. The
most accurate previous limits for either coupling have
come from studies of E,3+ decav. For the scalar cou-

pling, Bellotti et ul." obtained a limit Rq&0. 18 with

90% confidence, a little more accurate than that quoted
here. For the tensor term our limit, derived almost en-

tire]y from the E»+ decay, is slightly more accurate
than that of Botterill et a/. ,

' who quote R&&0.58 with

90% confidence.
A more complete survey of earlier work on this topic

has recently been presented by Rubbia. '

V. CONCLUSIONS

In this section the discussion is restricted to vector
contributions to the matrix element, which is assumed

to be T invariant. Other types of coupling were con-
sidered in Sec. IV and the polarization measurements
reported here and elsewhere show no evidence for
T violation. The results of the three methods of analysis
are combined and compared with other experiments
and with theoretical predictions.

A. Combination of Results of this Experiment

It has been seen in the previous sections that each
separate method could provide a rather accurate result
for $ at one point in the q2 interval, but rather poor in-

formation about the slope of the q' dependence. Our aim
in this combined analysis is to exploit all the informa-
tion on the g' variation of form factors contained in our
data. Nevertheless, the evaluation of the parameters
describing the form factors will be complicated by the
strong correlations which appear, especially between g

and li+. Consequently the results are studied in four
stages: with no assumption for the shape of $(q'); with

Q fixed; with X+ free to vary; and, finally, in the
"f,f+" parametrization (I =0).

-2

I

2
t I

3 4

1. No AssNmption for Shape of g(q')

Some information about the q' dependence of the
form factor ratio $(q') can be obtained without any
assumption about the shape of this dependence. As ex-
plained in Secs. III 8 and III C, this can be accom-
plished by dividing the Dalitz plot in ~' energy (or q')
bands and searching for a constant $ in each band. The
polarization result is independent of X+, and the Dalitz-
plot data, analyzed in this manner, is quasi-indepen-
dent; the addition of these data is shown in Fig. 31.
The best fit under the assumption that $ is constant is
obtained for

$ = —0.82&0.16

FrG. 31. Determination of g in q2 bins obtained from the addition
of polarization and Dalitz-plot data.

and has a X' probability of 4%. If a linear q' dependence
of $ is introduced, then the best fit, shown in the figure,
has a probability of 18% and is parametrized by

~'I E. Bellotti, E. Fiorini, and A. Pullia, Nuovo Cimento S2A,
1287 (1967).

D. R. Botterill, R. M. Brown, A. B. Clegg, I. F. Corbett,
G. Culligan, J. McL. Emmerson, R. C. Field, J. Garvey, P. B.
Jones, ¹ Middlemas, D. Newton, T. W. Quirk, G. L. Salmon,
P. Steinberg, and W. S. C. Williams, Phys. Rev. 1'74, 1661 (1968).

((5.2m ') = —0.82&0.16 il =0.25+0.11.

This analysis is obviously not suKcient to prove the
linearity of $(q') but it permits it to be adopted as the
simplest hypothesis.
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FIG. 32. Over-all fit of the results of the three methods, for &+——0.029. (a) g as a function of q', showing the five experimentally de-
termined points and the best linear~'fit. The inner hyperbola provides the~&1-standard-deviation error on $ at each value of q~ (one-
parameter fit). The outer hyperbola is the envelope of all the linear fits to P(q') which are within 1 standard deviation of the best fit
(two-parameter fit). (b) Contours of the"over-all likelihood function obtained by addition of the likelihood function for each method. The
point at q'=13.4m ' in (a) and the dotted line in (b) represent the Callan-Treiman prediction; see text.

Z. X+ Fixed

Table III summarizes the results for $ described in
the preceding sections, under the assumption that Q
is exactly equal to its world average value of 0.029.
These are quoted in each case both for a constant $ and
for a $ varying linearly with q'. The values of d$/dQ,
evaluated at X+=0.029, are also given and they show
that any deviation of Q from its presently accepted
value could appreciably vary the results of the branch-
ing-ratio and Dalitz-plot experiments.

If $ is assumed to be constant, the mean value is

$ = —0.65&0.13 for X~—=0.029.

The X' of the fit is 2.94 for two degrees of freedom. If $
were constant, then the probability that the X' exceeds
2.9 is 23%. Therefore, for +=0.029, the hypothesis
that t be constant is in reasonable agreement with
our data.

If a q' dependence of j is looked for (two-parameter
fit), then either addition of the three likelihood. func-
tions or the 6t of a straight line to the data displayed
in Table III lead to the results shown in Fig. 32. The
best values for the parameters $(0) and h, are

$(0) = —1.2&0.5, A. =0.11&0.09 for X+=0.029,

where the errors give the uncertainty on each parameter
computed. from its marginal distribution (see Appendix

D). In terms of uncorrelated. parameters, one gets

$(5.1m ') = —0.65&0.13, 4=0.11+0.09 for Q=—0.029.

The X' probability for this fit is 55%.

TAax,z IV. Values of ( measured in this experiment
for X+=—0.060.

Method of analysis

Muon polarization in E„3

E~3+/J, 3+ branching ratio
E„3+Dalitz plot

Combined result

Uncorrelated parameters

&{0.0nz„'}= —0.6 &1.1
$(4.9m ') = —1.0 &0.3
({3.9m ') = —1.03&0.21
g(0.0~.~) = —0.5 +1.5
g(6.8m ') = —0.88&0.21
g{o.om ') = —1.0 a0.5

((5.1&e ') = —0.97~0.13

3. Q Free

%e can go further in the analysis by leaving free the
parameter Q in order to estimate its value. Such a
three-parameter analysis was previously described in
Sec. III 3 for the Dalitz-plot data alone. The addition of
the three likelihood functions allows a more accurate
determination; the branching-ratio measurement pro-
vides a direct constraint between the three parameters,
and the polarization result, although itself independent
of X+, influences the fit due to the correlations between
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Fzo. 33. Over-all Gt of the results of the three methods, for ~+——0.060. See the caption of Fig. 32.

X+, $(0), and h.. The best values of the three param-
eters are

$(0) = —1.0&0.5, h =0.01&0.11, X+——0.060&0.019.

In terms of uncorrelated parameters, the above result
can be quoted as

$(5.1m ') = —0.97&0.20, A. =0.01&0.11,
A.+.=0.060~0.019.

For the optimum value X+=0.060, the results on $ ob-
tained from the three methods are displayed in Table IV
and shown in Fig. 33. The errors on $(0) and A in Fig.
33(b) are smaller than those quoted above, since they
are computed assuming a fixed value +=0.060. There
is an excellent agreement between all three experiments.

However, it should be stressed that both P(5.1m ')
and it are strongly correlated with Q. Figure 34 illus-
trates how the optimum values for these two param-
eters vary as Q is changed.

0,0

-0.5-

E
LA

-1.0

0.1 0

0.00

- -0.10

As was described in the Introduction, the model in
which f(q') and f+(q'), the form factors corresponding
to 0+ and 1 spin-parity amplitudes, are taken to have
a linear q'-dependence, is equivalent to setting ~ =0.
Kith this restriction, the addition of the likelihood
functions from the three methods of analysis leads to
the function shown in Fig. 35. The best estimation is

$(0) = —0.98&0.23 Q =0.049&0.011 with X —=0.

The parameter A. , describing the q' dependence of
f(q2), is related to ((0) snd X+ by Eq. (2). Substituting,
we obtain

-1.5 I I I l

0.02 0.04 0.06 0.08

FIG. 34. Combined analysis: the dependence of $(5.1' '}
and A on the value of X+.

X = —0.030&0.012 Q =0.049&0.011.

These two parameters are almost uncorrelated.
Summarizing the results presented above, and in

particular Secs. V A 2 and V A 3, we can conclude that
the values of P obtained in this experiment by the
three methods of analysis (branching ratio, Dalitz plot,
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0.10
TAM,E V. Determinations of ( from p+ polarization.

0.05-

Decay Authors

Cutts et al. , Ref. 16
This experiment
Auerbach et al b

Abrams et al. '
Helland et al.d

—0.95+0.30—1.00+0.30—1.2 +0.5—1.6 &0.5—1,75 0.g+0.~

a Results arith an error of less than or equal to 0.5 are quoted.
b L. B.Auerbach et a/. , Phys. Rev. Letters 1T, 980 (1966}.
e R. J, Abrams et u/. , Phys. Rev. 176, 1603 (1968}.
~ J. A. Helland et a/. , Phys. Rev. Letters 21, 256 (1968).

0.00 I

g (o)

FIG. 35. Combined analysis: plot of the logarithmic likelihood
function for ((0) and X+ when X =—0, obtained from the addition
of the functions shown in Pigs. 8, 20, and 28,

B. Comyarison with Previous Resu1ts

The results of form factor analyses in E decay have
been frequently reviewed. ' ' "They have led to much
discussion due to the fact that the value of $ obtained
from polarization measurements (about —1) was in
disagreement with the quoted values determined from
the branching ratios. The few Dalitz-plot density
analyses were not accurate enough to bring signi6cant
additional information.

In this experiment, the self-consistency of all three
methods appears in Sec. V A and the combined result
agrees perfectly with all available polarization data, .
%C thus disagree with most of the currently published
values for the IC„s/E, s branching ratio, and the Dalitz-
plot analysis confirms that ( is negative.

'|A'e will now compare our data to the most accurate
results obtained. separately with each method, from E+
and Eo decays, which must be described by the same
folIQ factoIS lf thc AI = 2 lcptonlc I'ulc ls valid. A IQO1c
complete survey of earlier data may be obtained from
the above-referenced review articles.

1. I'olurisati on Measurements

The most recent and accurate experiments have
been performed. with counters or spark chambers,

W. J. W1llls, ln I'rocee~M gs of the @A~el~erg «nternaAon
ference on Elementary I'artt'cles, 1967, edited by H. Filthuth
(Interscience, New York, 1967), p. 273.

and. polarization) are completely compatible. Reason-
able agreement between all the data is obtained with a
value of X~ around 0.030 and with ( constant. However,
better fits are produced. when

(a) X+ is held at this value and a linear q variation
of $ is introduced;

(b) X+ is allowed to increase to about 0.060, even if

$ is constant.

Z. BfGnck&lg-EQti 0 DeteftÃi net'/ons

The more accurate of the previous measurements of
the branching ratios are summarized in Tables VI and
VII for E+ and EI,' decays, respectively.

Examination of the E+ data shows that the ratio of
the leptonic rates measured in this experiment is the
lowest ever reported and, with its small error, is several
standard deviations below the previous averaged value.
This drop may be better understood when the separate
leptonic decay fractions are compared.

The various reported ratios for the electronic mode
E,3+ are in excellent agreement; only one experiment
of the ten difFers by more than 1 standard deviation
from the mean value, and our result reproduces the
previous average almost exactly. The E,3+ mode is the
only important E+ decay mode with a positron in the
final state and it is relatively free from background. .

TABLE VI. E+ three-body leptonic branching ratios.

Authors

Taylor et al.b
Roe et al.+

Shaklee et al.~
Borreani et al.'
Bisi et al. '
Callahan et al s'

Auerbach et al b

Bellotti et al. '
Garland et al.j
Botterill et al."
Zeller et al. '
This experiment

Ega jEea +pS jr fetal Ere /Etotsl

2.8 +0.4
5 0 +0.5'i
4.7 +0.3
5.0 +0.35

0.63 ~0.10 3.0 a0.5

0.703+0.056
0.753+0.076

0.80 &0.10
0.667+0,017
0.81 +0.13
0.596+0.025

3.50+0.15
2.82~0.19
3.82&0.32

3.5 ~0.25
3.28' 0.11.
3.5 &0.6
2.80+0.11

4.02+0.21
4.97+0.16
5.2 +0.5
4.4 ~0.4
4,92a0.21
44 ~04
4.75~0.11

s Determinations with an error greater than 0.6 are omitted; some of these
ratios have been computed from a quoted value of &is+/&&+ or If:&3+/&f 2+
u»ng Kg+/K+total = (5.57 &0.04}%and K 2+/Z+tota& = (63.65 +0.3)%s S. Taylor st sL, Phys. Rev. i14, 339 (1939).

e B. P. Roe et a/. , Phys. Rev. Letters 7, 346 (1961).
d F. S. Shaklee et a/. , Phys. Rev. 136, B1423 (1964).
e G. Borreani et a/. , Phys. Letters 12, 123 (1964).
& V. Bisi et a/. , Phys. Rev. 139, B1068 (1965}.I A. C. Callahan et a/. , Phys. Rev. 150, 1153 (1966).
h L. B.Auerbach et a/. , Phys. Rev. 155, 1505 (1967).' E. Bellotti et a/. , Nuovo Cimento 52A, 1287 (1967).
& R. Garland et u/. , Phys. Rev. 167, 1225 (1968).
& D. R. Botterill et a/. , Phys. Rev. Letters 21, 766 (1968}.
& M. E. Zeller et a/. , Phys. Rev. 182, 1420 (1969).

using E+ and Eo decays. The results summarized in
Table V have been obtained with hypothesis that P is
constant. The agreement between the two E+ measure-
ments is excellent. The EJ.' results tend to be lower
but the difference is not statistically significant.
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TABLE VII. E'I.o leptonic branching ratios. '

Authors

Hopkins et al.b

Basile et al.'
Budagov et al.d

F.vans et al. '
Beilliere et al.f

E„30/E,30

0.81 a0.08
0.62 ~0.05
0.71 +0.05
0.648~0.030
0.71 a0.04

& Determinations with an error greater or equal than 0.10 are omitted.
b H. W. K. Hopkins et al. , Phys. Rev. Letters 19, 185 (1967).
o P. Basile et al. (private communication).
d I. A. Budagov et al. , Nuovo Cimento 57A, 182 (1968).
e G. R. Evans et al. , Phys. Rev. Letters 23, 427 (1969).
& P. Beilliere et al. , Phys. Letters 30B, 202 (1969).

3. Dots-P/ot DerIsity

Very few statistically important experiments have
been carried out using this method: The x spectra at
fixed muon energies have been analyzed by Callahan
et a/. "with 444 E»+ decays observed in a heavy-liquid
bubble chamber, and recently by Kijewski' using 2041
E»+ decays in spark chambers. Carpenter et a/."have
given a result for the E»0 total Dalitz-plot density with
137i events. The comparison between all these results
is diKcult because the definition of the fitted parameters
and the hypotheses generally made to reduce their
number vary with the authors. Furthermore, the strong
correlation between $ and X+ makes it necessary to
choose a value of X+ when quoting a result on $, and

this choice differs from one experiment to another. We
compare in Table VIII the results derived from these
publications for various one- and two-parameter fits.
It must be stressed that some of the results in this table

0 P. K. Kijewski, Ph. D. thesis, LRL Report No, UCRL-18433,
1969 (unpublished).

"D. W. Carpenter, A. Abashian, R. J. Abrams, G. P. Fish.er,
B. M. K. Nefkens, and J. H. Smith, Phys. Rev. 142, 871 I', 1966).

Given this and the above experimental consistency,
there can be little cause to doubt the result.

The ratios for the muonic mode E„3+ show dis-
crepancies considerably greater than their quoted errors.
In trying to understand this spread in the measured
values, it is important to remember that 90% of all E+
decays involve a single charged particle which is either
a muon or a pion, and that only about 1 in 30 of such
decays is E»+; background problems are much more
serious. In this experiment much attention was given
to these difhculties. Only a small fraction of the film, that
of best quality, was used; the scanning eKciency was

very high and the consistency between the seven
laboratories of the collaboration was completely satis-
factory. The geometrical and kinematical cuts used and
the size of the chamber ensured that all events in the
analyzed momentum interval were recorded and that
the background was reduced to 18%. Equally im-

portant, the background corrections could be accurately
determined. Many of these could be computed in several
ways and, even if overestimated by a factor of 2, would
still leave a result significantly lower than the previous
values.

were not originally quoted by the authors concerned
but have been derived by ourselves for the purpose of
comparison. Such values are indicated by a footnote.

Comparing the various columns of the table, it is
evident that the correlations between X+ and $ are
similar in the various experiments.

When a q' dependence of f is allowed (X %0), then
it appears generally (Carpenter et, a/. , Kijewski, this
experiment) that the result can be expressed as an
accurate determination of g at a value of q' close to
7.0m 2, and a poor determination of $(0).For k+ =0.029,
the combination of the three values gives

$(7.0m ') = —0.4&0.2,

with a X' of 2.28 for two degrees of freedom. This leads
to quite a good probability that the three experiments
are internally consistent (33%). Comparison between
other columns of Table VIII is not so good, but there is
no evidence of a real disagreement.

4. Gerlera/ DisclssiorI,

It was shown above that the values of t determined
in this experiment by the three methods of analysis are
compatible. The polarization and Dalitz-plot measure-
ments agree with previous work, and so this compati-
bility is clearly attributable to the low value determined
for the branching ratio. We discuss briefly what the con-
sequences will be if the previous high values of the
branching ratio prove to be correct.

(a) Alinost any set of $ values can be explained if a
sufficiently erratic variation of g with q' is postulated.
However, such rapid variations are not experimentally
proven (see, for example, Figs. 26 and 31 of this paper).

(b) If a linear q' dependence for t is assumed, then
it has been shown that each method of analysis mea-
sures $(q') effectively at a particular q' value (approxi-
mately 4, 5, and 7m ' for branching-ratio, polarization,
and. Dalitz-plot measurements, respectively); these q'

values should be similar for different experiments. The
three results depend differently on X+, as is shown in

Table III. A study of the measured values shows that,
even for a high branching ratio, the 6t is improved if
values of X+ greater than 0.030 are considered. On the
other hand, if X+ is about 0.030, no value of h (the q'

dependence of &) will significantly improve the fit.
(c) If ii-e universality is not valid, then the apparent

t value determined from the branching ratio will differ

from those from the E» analyses, in a manner which

depends on the breakdown.

(d) There may be small contributions from scalar
or tensor currents. It was shown in Sec. IV that in. this
experiment the upper limit on either of these couplings
is small. It is also significant that when both X+ and R;
(i=S or T) were left free in the likelihood analyses,
then in each case the optimum fit was fourid by in-

creasing X+ and keeping R;~0.
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TAarK VIII. The results of Dalitz-plot analyses.

One-parameter fits Two-parameter fits

Authors

Number
of

Decay events )I+=X =0 X =O, Z =0.029

0) 06a08b
$(0)=0.2+0.4

Kijewski~ I+ 2041 $= —0.3&0.3 $ (0)= —1.0~0.3

This experiment E+ 3240 g =0.4+0.2 ((0)= —0.5+0.2

Carpenter et al.' El,' 1371 $= 1.2+0.8
Callahan et al.' E+ 444 $ 0.7+0.4

free, X+=0.029

g(7m..~) =0.5W0.8b

$(7.1m ') =—0.8+0.4
p(0) = —1.2, ,+3 4

g(6.8m.2) = —0.35+0.21

$(0) =0.2&2.0

g =0, X+ free

) =0.00+0.035

((0)=0.72+0,60
X =0.009~0.025

g(O) = —0.5+0.8
X+=0.050+0.018

g(0) = —1.1a0.5

a D. W. Carpenter et at. , Phys. Rev. 142, 871 (1966).
b The figure quoted has been calculated from the published results.
e A. C. Callahan et al. , Phys. Rev. 150, 1153 (1966).

P. K. Kijewski, Ph.D. thesis, LRL Report No. UCRL-18433, 1969 (unpublished).

C. Comyarison with Theory

Many theoretical calculations have been made to
predict values of the form factors and their q' depen-
dence; these involve dispersion relations, current algebra,
and superconvergent sum rules. Some authors predict
values of f+ at unphysical points, while other theories
depend on parameters whose values are not well known.
We therefore limit this discussion to a few general re-
marks. Several comprehensive reviews exist," and the
intention has been to present the data in suf6cient detail
so that any required numbers can be extracted.

(1) Many theories in all classes make the assumption
that the 0+ and 1 amplitudes are dominated by single
poles corresponding to the hypothetical ~ and the well-
known E'*(891).The latter requires

X~——(m./mx*)'= 0.024,

a value rather close to previous measurements.
As quoted above, for this experiment

X = —0.030&0.012 Q =0.049+0.011.

A negative value for X is incompatible with the
dominance of the 0+ amplitude by a single pole. Further,
our high value of Q, considered with the recently
reported experiment of Botterill eI, a/. ,

23 who find

X+=0.045~0.015, suggests that in the 1 amplitude also
the agreement with the model is not so good as was
previously claimed. In this context, Lo,'4 using an
analogy with the nucleon electromagnetic form factors,
has suggested that the form factors may have a "dipole"
structure.

(2) Using current algebra, Calla, n and Treiman"
~'S. Weinberg in Ref. 1, p. 253; C. Callan in Ref. 8, p. 263;

M. K. Gaillard and L. M. Chounet, CERN Report No. 70-14,
1970 (unpublished).

"D. R. Botterill, R. M. Brown, A. B. Clegg, I. F. Corbett,
G. Culligan, J. Mch. Emmerson, R. C. Field, J. Garvey, P. B.
Jones, N. Middlemas, D. Newton, T. W. Quirk, G. L. Salmon,
P. H. Steinberg, and W. S. C. Williams, Phys. Letters 318, 325
(1970).

~ S. V. Lo, Nucl. Phys. B'7, 68 (1968).
~5 C. G. Callan and S. B. Treiman, Phys. Rev. Letters 16, 153

(1966).

derived the relationship

f++f-=Fx/F (12)

where Fz and P are the decay constants for the two-
body leptonic decays of the E and z mesons, and where

f+ are evaluated at the unphysical point m '=0,
g'=m~'. With the help of a smoothness assumption,
such as partial conservation of axial-vector current
(PCAC), one can argue that Eq. (12) should be good to
within 10% at the real pion mass, but there still exists
the problem of extrapolating beyond the physical q
region. If f+(q') is linear up to q'=mrr2, then Eq. (12)
can be written"

1.23
](mrs') = - — — —1.

1+X+mrs'/m. '

"The value 1.25 is taken from B. Renner, in Proceedings of the
Lund Internati onal Conference on Elementary ParticLes, Lund,
1969, edited by G. von Dardel (Berlingska, Lund, Sweden, 1969},
p. 223.

~7B. d'Espagnat and M. K. Gaillard, Phys. Letters 2SB, 346
(1967).

» S. Fubini and G. Furlan, Physics 1, 229 (1965).

This point is shown on Figs. 32 and 33 for +=0.029
and +=0.060, respectively; in both cases, if $ can be
extrapolated then the prediction is satisfied.

In the physical region, as is apparent from the review
paper of Weinberg, "all of the straightforward applica-
tions of current algebra predict values of $ which are'

small in magnitude and slowly varying; this is in con-
tradiction to the results of this experiment.

(3) Finally we note a calculation by d'Espagnat and
Gaillard, "who extend the Fubini-Furlan sum rule'8 by
assuming that the "SU(3) leakage" matrix elements
are negligible for finite q'. They derive an expression
for the 0+ term, f(q'), which, in a linear approxima-
tion, leads to X= —0.019, in agreement with the value
measured in this experiment. However, as the authors
appreciate, the correction to $ due to leakage terms
cannot be zero, but its magnitude and sign are diKcult
to estimate.



36 HA I DT et al.

D. Cabibbo Angle

The measurement of the E,3+ absolute decay rate
(Sec. II) provides an estimate of the Cabibbo angle
relative to the vector transition for meson decays 8&~.
The rate is given by"

r (E,3+) =sin'8rir(1+3. 707K+) X7.42 X 10' sec '

where sin8y = f+(0) sin8; here 8 is the "bare" Cabibbo
angle and f~(0) = 1 in the limit of exact SU(3).

From the measured rate P = (3.85+0.09) X10' sec '
one obtains

sin8v = (0.229~0.003)(1+3.707&+)
—'»,

and so

sin8r =0.218&0.004 for k+ =0.029&0.010
=0.206&0.006 for Q =0.060&0.019.

The corresponding axial-vector angle is given by the
two-body leptonic decay rates of the kaon and pion.
One obtains' sine~~ ——0.2655~0.006, where 0~ is re-
lated to the "bare" Cabibbo angle by

tan8~~ ——(Fir/F ) tan8.

Combining these results then, to a good approximation,

Fx/F f+(0) = 1.23&0.02 for X+
——0.029&0.010

=1.30&0.03 for +=0.060&0.019.

This ratio is one in the limit of exact SU(3).
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APPENDIX A: NOTATIONS AND SYMBOLS

We denote by ~ the decay E+ —+ ~+~+~ and by v'

the decay E+~ 7t-+m'~'.

prr =four-momentum of X+,
y~ = three-momentum of E+,
E~ = total energy of E+,
Tz =kinetic energy of E+,
m~ =mass of E+,

&idem for s., v, f+ (p+,e+) .

The square of the four-momentum transferred to the
lepton pair is

q2 = (px —p )'= (p~+p„)2; in the A+rest fra'me,
q'=mx'+m ' 2mrrE„—.

E '=E '"—E, where E '"=(mz'+m ' m')/2mx-
is the maximum pion energy in the E+ rest frame.

5' =polarization vector for p+.

P =p./lp. I,
ri = (p Xp„)/~p Xp„~, unit vectors defining a refer-

ence frame for a E„3event.
t =PXn,
e =unit vector along emission direction of p-decay

positron,
O'L, ——(P.p = longitudinal polarization of muon,
6'z =6't= transverse polarization of muon,
(P~ =g.8=normal polarization of muon.

The coordinates (x,y, s) of space points are given with
respect to a right-handed set of axes. The s axes passes
along the central axis of the cylindrical chamber, parallel
to the mean magnetic field and to the optic axes of the
three cameras. The origin is at the glass-liquid interface
so that points in the chamber correspond to negative
values of s. We define r= (x'+y')'"

APPENDIX B: X„3 DECAY KINEMATICS

1. Dalitz-Plot Density

This is obtained from summing over spin states and
introducing the kinematical constraints that four-
momentum be conserved. In the rest frame of the
decaying E+,

O'.V
p = —A ~F+)'+8 Re(F+*F )+C(F

dE dE„
=

) F~ t, '(A+8 Re +C [ /
'),

where"

g=F /F
A =mx(2EiE, mrrE ')+mP(iE ' —E.), —
8=mP(E —-'E ')

C=-',mt'E '.
'0 For pure vector coupling, ™~ g =f /f+.
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2. p+ Polarization in X„+
It has been shown3' that in any decay configuration

the p+ is completely polarized and that the direction of
polarization is uniquely determined. by alone":

h ){0)

with

(p. p.)(E.—~.)
+Im(")rex(p )&p„),

rN„)p„f'

at(")= (esx'/m„) L2E„+(Re —1)E '],
aa( ) =mxt+(Re —1)mxE„+t4m„'(1—2 Re"+ i i').

I'IG. 36. Geometrical de6nition of qP= —tana. ; from an el1ipse of
equal value of the lihelihood function in the frame [f{0)gg.

When q dependence of $ is described with the param-
eters $(0) and. 4, lines of equal value of the likelihood
function —for example, the 1-standard-deviation con-
tour —appear as obbque ellipses in the [$(0),Aj frame.
These parameters are not independ. ent, and cannot be
accurately determined simultaneously; it is thus more
useful to express the linear q dependence of $ in terms
of a pair of uncorrelated parameters.

There is an in6nity of such pairs; they can be formed.
from any two linear combinations of $(0) and A,

xt=atg(0)+br'. =at&(br' '/at),
x2 at&(0)+bah——=a2&(b2re '/at),

such that the directions xt =0 and x2= 0 in the L)(0),Aj
frame be parallel to a set of conjugated diameters of
the ellipses. For simplicity in this analysis, one of the
parameters is always taken to be either g(0) or the slope

d&(q')
A=

d(q'/m. ')

and the point $(qe') uncorrelated with this parameter is
sought. In the erst instance, the linear q' dependence
of )(q') is parametrized by two points, $(0) and $(qt2),
on this line while in the latter it is parametrized by one
point f (qmt) and the slope A..

Referring to Fig. 36, qg' and q2' are given by the
equations

q'/m '= —tann (t',=1 2)

where tan e; are, respectively, the slopes of the conju-
gated, diameters of the ellipse with respect to the
$(0)=0 direction (h.—axis) and the A.=O direction
Lf(0) axtsj. Clearly at&aa, and. thus qt'&q2', but if
the ellipse is very elongated. , as is always the case in

~'N. Cabibbo and A. Maksymowicz, Phys. Letters 9, 352
(1964).

this analysis, then the two values lie very close. This
means that $(qe'), where

q*'=-:(q '+qa'),

is almost uncorrelated, with both $(0) and g.
Furthermore, $(q') is most accurately determined at

the point q' = qam, and, if $ is assumed. to be independent
of q', the value determined is $= $(q2t).

APPENDIX D. COMPUTATION OF ERRORS
FROM LIKELIHOOD PLOTS

The following considerations do not depend on
whether the parameters are correlated or not, but they
assume a Gaussian shape for the likelihood function.

For a one-parameter likelihood analysis, the 1- and
2-standard-debat~on hmxts are obtained by subtrac-
tion, respectively, 0.5 and 2.0 from the maximum of the
logarithm of the likelihood function.

In a two-parameter analysis, the (—1.14) and (—3,10)
contours dehne the areas inside which the true values
of both parameters have, respectively, 68% and 95%
probability to lie simultaneously. The uncertainty on
one of the parameters, when it is estimated indepen-
dently of the other, is given by its marginal distribution
obtained by integrating over all values of the other
variable; this is equivalent to projecting the (—0.5)
contour onto the corresponding axis.

%'hen three parameters are estimated, the volumes
(in the three-parameter space) inside which the three
parameters lie simultaneously with 68% and 95%
probability are ellipsoids, the surface of which is dined
by subtracting, respectively, 1.8 and 3.9 from the maxi-
mum value of the logarithm of the likelihood function.
But when each parameter is estimated independent/y
of the two others, the error is obtained by projecting
the (—0.5) ellipsoid onto the corresponding axis.


