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Predictions for the cry' coupling, the pion charge radius (r + ), the q dependence of the pion
decay constant near q =0 [f„(0}],and the ratio y describing radiative pion decay are obtained in
the context of two related models: the constituent-quark model and a baryon-loop model with
nf ——2, 3, or 4 flavors. All these models lead to two relations among the four above-mentioned pa-
rameters, which are satisfied by the data. A sort of equivalence or duality for the two models is ob-
served, particularly for nf ——4.

I. INTRODUCTION

The m —+yy transition has played a relevant role in our
present understanding of hadron dynamics. It represents
one of the cleanest tests of the existence of three colors,
n, =3, for each current quark appearing in the QCD
(quantum chromodynamics) Lagrangian. Indeed, in this
theory the coupling constant (see below for notation) is
given by g~r —— n, e /12&—f, which is very close to the
experimental result for n, =3 and for the pion decay con-
stant fr=93 MeV. In the soft limit, the above result
comes exclusively from the lowest-order (quark-triangle)
diagram and is unaltered by radiative corrections. At the
phenomenological level of the constituent-quark model
one can assuine that the effects of the higher-order gluon-
ic corrections consist of converting the low-mass current
quarks into constituent (or dressed) quarks and that in this
context the lowest-order calculation makes sense. One
obtains g~r —— n, e g qq/12—m' mq, which coincides with
the previous successful result if one assumes the validity
of the Goldberger-Treiman (GT) relation at the quark lev-
el, f =mq /g qq, and a constituent quark mass
m& ——,

' M&»m . Even more phenomenologically, Stein-
berger in 1949 obtained a similar result working with a
single proton loop, i.e., with the simplest fermionic system
coupled to pions and photons consisting of three dressed
and bound quarks. He found

g~r = —e'g iviq/4+Me = —e'g~ /&+f

which coincides with the preceding expressions except for
the factor gz ——1.25 introduced in the last step through the
GT relation for nucleons. Finally, and completely in the
opposite direction, the myy anomaly could also be
relevant in the context of composite models for quarks
and leptons.

Leaving aside this last and more speculative question,
the ~~yy transition suggests the possibility that besides
the genuinely QCD analysis (the QCD phase, involving
current quarks and gluons) two other phenomenological
contexts could lead at least in some cases to equivalent
and satisfactory results. The purpose of this paper is to
discuss several physically relevant processes which are
reasonably well described by both a simple loop of constit-

uent quarks (the quark-model phase, involving quarks
dressed by gluon clouds) and a baryon loop [the hadronic
or PCAC (partially conserved axial-vector current) phase,
involving bound systems of quarks ]. As follows from the
preceding paragraph and due to the constituent-quark and
baryon mass relation m& ——,

'
M&, the equivalence between

the two alternative descriptions is possible only if the mass
parameters appear divided by the coupling constant,
mq/g qq or M&/g ~~, and the GT relation introducing
the PCAC constant f or graf can be used. For this
reason we restrict ourselves to the analysis of the processes
which share this feature. (Therefore we do not discuss
here the form factors of pseudoscalar mesons P for
I'~1+1 y and I'~1+1 decays, which are sensitive to
the internal mass circulating in the loop; this mass cannot
be eliminated by using the GT relation. ) In addition to
the m.~yy decay (which we briefly review in Sec. II),
there are three other relevant cases for which essentially
equivalent descriptions are obtained: the pseudoscalar-
meson charge radii ( ri ) (Sec. III), the difference
f~(m~ ) f (0) where f—is the PCAC constant (Sec. IV),
and the ratio y of the axial-vector to the vector form fac-
tor in the structure-dependent part of the n.~eve decay
(Sec. V). Our conclusions will be summarized in Sec. VI.

The external particles of the above processes are pseu-
doscalar mesons P (in most cases pions), real or virtual
photons A&, and virtual W bosons (or, equivalently, lepton
pairs 1v). The dynamics of these processes will be
described with lowest-order loops of quarks or baryons.
The basic interaction Lagrangians and coupling constants
are defined as

~simns= igI Pr544 ~—EM= e4r„4&"—

6
(1—g4 ~5)~~~l~i'(

where the internal-symmetry indices and the Cabibbo an-
gle have been ignored, g~ ——1 (g~ ——1.25) for quarks
(baryons), and gz, e, and G are usual Yukawa and elec-
troweak coupling constants. Notice that quarks and
baryons are treated as elementary objects with the simplest
interactions (e.g. , without anomalous magnetic moments).
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II. THE myy VERTEX

For completeness and also for further reference we will
briefly consider the well-known r +y—y transition. De-
fining the corresponding amplitude as

k„p,
FIG. 1. Diagram for P~yy. Continuous lines are always

quark (baryon) lines. A diagram with the two photons crossed
should also be included.

The only exception is gz for baryons, for which we adopt
the physical value gz ——1.25 as one usually does in this
type of model. '

A (u +yy—)= —ig

where ei 2 and k, 2 are the polarizations and four-
momenta of the photons, the m —+yy decay width is given

=(g~y) m /64ir. In our framework th
dynamics of the rr ~yy vertex, i.e., the g„yy coupling
constant, is simply given by the fermion loop of Fig. 1 and
its crossed version. For quarks q =u, d of mass m& and
charge eQ& one has

4.

A(m ~yy)=2n, e",e2+g~~~(eQ~)~ f Tr y5
' y„' y„(2m. ) —m, " + i m~— (3)

and, through Eq. (2) and the GT relation f =m~/g~,

e 2 2 gq e gq
2 2

geyy = nc 2 (Qu Qd
4m mq 4m mq

(4)4~'f. '

where gq =g~» ———Z~dd and mq-m„=md. Takingf =93 MeV, Eq. (4) leads to I (m~yy)=7. 64 eV in
good agreement with the experimental value
I (~~yy) =7 95+0 .55 eV..

For the nucleon-loop model one similarly obtains
e g~xw e

4m M~ 4H f
where the similarity (except for the additional factor
g~ ——1.25) with Eq. (4) is a consequence of the cancellation
of the color factor n, =3 with Q„—Qd = —,

'
in Eq. (4).

From Eq. (5), which only contains the proton-loop contri-
bution, one predicts a g && coupling constant which is
only some 20% larger than the experimental one. The sit-
uation is not improved when taking the contributions of
strange baryons into account, i.e., when including the
whole SU(3) baryon octet. One finds'

e gw F3(a)
4~
e 8w M~

z 1+(2a—1)4~' f. (6)

which for reasonable values of ~:—d/(d +f), ~ around—
tends to increase slightly the previous, small discrepancy.
The cancellation between the X+ and X contributions in
Eq. (6) at the SU(3) level is no longer true at the SU(4) lev-
el for the X, isotriplet. These particles, together with the
A, isosinglet and the ", isodoublet, should give addition-
al contributions —with a so-far-unknown sign —to g„z&
[other, double-charmed baryons belonging to the 20 repre-

I

sentations of SU(4), as well as baryons containing quarks
of heavier flavors, are expected to give negligible contribu-
tions to g~y due to their large mass]. As a result, the pre-
dictions for g~y in a ban on-l~p model are not vs dif-
ferent from those coming from the quark model and the
experimental data. In particular, it seem. s quite possible
that at the level of SU(4) one could recover the successful
quark-model prediction. Unfortunately, the present
knowledge of the coupling of charmed baryons to the pion
does not allow confirmation of this attractive possibility.

III. PSEUDOSCALAR-MESON CHARGE RADII

In our quark-model framework, the electromagnetic
(EM) form factor of a pseudoscalar meson P is given by
the triangle diagram of Fig. 2 (and its crossed one) to
which we refer for kinematics and notation. For a given
I', containing a quark l and an antiquark j with charges
eQI 1 (e & 0) and masses mi J, one has"

FIG. 2. Diagram contributing to the pion (kaon) electromag-
netic form factor. The crossed diagram should be included.
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2
gr ( 2)( + ')&—2n 2i Tz.. r Qt)

& & r5& r5&,

T

l~j
p~ —p

(7)

2
B~g

(»
4 mq

2
&c8

4 mq

=0.34 fm

5 5m
1 —— + 0 ~ ~

6 mq

=0.25 fm

where mq =mu=md, 5m =ms —mq —mq/3p g ~~uu~ and
the dots refer to (negligible) terms of order (5m/m~), or
higher. These results were first obtained by Gerasimov'
and by Tarrach, ' and are discussed in Ref. 11. They
compare rather favorably with the experimental data'

(r + ),„&,——0.46+0.01, 0.439+0.030 fm

(r ),„,=0.28+0.05 fm

where q =p' —p. In the soft limit and defining the EM
charge radius as

(rp )—=6&+p(q')/dq' ~,2 c

one immediately obtains

I

crossed diagram whose sign must be reversed. (Note that
this is not the case for the Echa'rge radius. For this
reason we do not consider (r 0 ) in this paper. ) There-
fore, our results turn out to be somewhat larger than those
predicted by the quark model, Eq. (8), and quite close to
the experimental values, Eq. (9).

IV. q2 DEPENDENCE OF f
Our alternative approaches can be similarly used to cal-

culate the slight q variation from q =m „(where f
takes its physical, on-shell value) to q =0 (where f can
be deduced from the GT relation). This variation is
linked to the well-known discrepancy of the GT relation,

b.,„i„——1 —(f~g~~~/M~gg)=0 06+0.01, .

and represents a substantial fraction of this 6%. Indeed,
the traditional attempts to explain this discrepancy are
based on the variation in q of the m.NN form factor and
predict ' 5=0.01—0.03. Therefore, there seems to be
room for a second effect, associated with the q depen-
dence off~, in such a way that

1 —f (0)/f (m )=0.04. (13)
When turning to the alternative baryon-loop approach

one has simply to reinterpret our main Eq. (7). In a two-
flavored world, one would have

In our context, this effect has to be attributed to the q
dependence of the diagram in Fig. 4.

At the constituent-quark level a simple evaluation leads
immediately to

while the inclusion of the third, strange flavor allows us to
write

2

(r + )= 2G2(a),
1P 4~2 f 2

2 2

G3(a) = 1+4(1—a) 2 + —,aM~ 4 M~

Mg MgA

0.35 2 )

M
+(2a —1)

M=
(12)

and similar expressions for (r + ). The values predicted
for (r + ) and (rz+ ) at the SU(3) level, and for reason-
able values' of a:—d /(d +f), 0.5 & a & 0.8, have been
plotted in Fig. 3. One observes a striking stability
(r + )-0.34 fm and (r + )-0.28 fm very close to
the quark-model predictions, Eqs. (8). The inclusion of
the charmed (and heavier) quark(s) has the effect of in-
creasing moderately these predictions. Indeed, any addi-
tional baryonic contribution to Eq. (12) brings a positive
sign which comes from the appearance of the square of
the coupling constant to the pseudoscalar meson and the
fact that only positive baryons couple to the photon in the
diagram of Fig. 2, while the negative ones couple in the

0.30

O.25

0.5

k k I

0.6 A.7 O.S

ix =&/(0+f'

FIG. 3. Predictions for (r +2) and (r + ) as a function of
u = d/(d +f) in an SU(3) baryon-loop model.
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The experimental situation is not accurate but all the re-
sults give quite consistently

~—O 3 or g ~+2 (18)

FICJ. 4. Diagram contributing to m —+Iv.

n I
1 —f.(O)/f. (m. ') = ', , =O.O29

24m. f (14)

The theoretical situation is much more confused and the
different predictions' ' cover a very wide range of
values.

In our context the axial-vector form factor Fz is closely
related to our previous evaluation of the pion charge ra-
dius. Similarly, the vector form factor is deducible via an
isospin rotation from our result for g rr. Therefore, we
can readily obtain a relation between y, (r ), and g~r
which is valid in the soft-pion limit and for all the models
so far discussed. This simple relation is

for mz »m, n, =3, and the usual values of m and f .
This result compares rather well with the value quoted in
Eq. (13) and represents a success for the three-colored-
quark model. A similar evaluation and result can be ob-
tained for the variation of the IC decay constant fx. But
the large K mass and the uncertainties associated with the
CxT relation for kaons do not allow for a meaningful com-
parison with the data.

Turning now to the nucleon-loop or SU(2) model, one
readily obtains

2 2

1 —f (0)/f (m )= z
—0.014,

24 f (15)

which is only a fraction of the required value, Eq. (13).
The effects of strange baryons are exactly the same as in
the case of (r + ) i.e., one has to multiply Eq. (15) by

G3(a) given in Eq. (12). As a result, our prediction has
the same a dependence shown in Fig. 3 and, in particular,
is stable around the physical value of a= —,', with

1 —f (0)/f (m~ )=0.024 . (16)

1 —f (0)/f (m )= 6m (r + ), (17)

which is a universal relation for all the cases discussed in
this paper (the quark model and the baryon model with
any number of flavors). It is very well verified by the data
quoted in Eqs. (9) and (13).

V. y RATIO IN RADIATIVE PION DECAY

The ratio y =Fz (0)/Fv(0) between the axial-vector and
vector form factors describing the m.~evy decay at
t =(p —qr) =0 has been measured by several groups
and analyzed in the context of different models. ' '

One can easily convince oneself that this value is increased
when adding a fourth (and other) flavor precisely by the
same amount that increases (r + ), in spite of the extra

coupling to the photon, appearing only in the latter case.
Therefore, in our real world with four relevant flavors the
variation off predicted by a simple baryon-loop model is
again rather consistent with the numbers quoted in Eqs.
(13) and (14).

Comparing the results of this section and Sec. III one
easily deduces

(19)

and predicts

y=l 35 (20)

VI. CONCI. USIONS

We have discussed a set of four experimentally known
physical parameters describing some transitions of pseu-
doscalar mesons (mainly pions) in the context of two
parallel approaches. One is essentially the constituent-
quark model and the other a baryon-loop model where the
fundamental multiplet of baryons plays the role played by
the quarks in the previous one. Both approaches are
clearly phenomenological and are expected to be of in-
terest for our set of low-energy processes where QCD
(which is possibly related to our models) cannot be ap-
plied.

For all these models we obtain two simple relations,
Eqs. (17) and (19), connecting the four parameters con-
sidered here: the m yy coupling, the pion charge radius
(r + ), the q dependence near q =0 of the pion decay
constant [f' (0)], and the ratio y=F&(0)/Fi (0) describ-
ing the structure-dependent part of +~eve. These two
generic relations are fully compatible with the available
experimental information.

The constituent-quark-model approach, apart from the

when the experimental values of f„, (r ) fEq. (9)j, and
I (m. ~yy) are introduced in the right-hand side (RHS) of
Eq. (19). Since, according to Secs. II and III, the experi-
mental values for I (~ ~yy) and (r ) are obtainable in
the context of the baryon-loop model with nf =4, the
value quoted in Eq. (20), y=1.35, is also the prediction
for y in this model. Similarly one recovers the quark-
model prediction, '

y = 1, when the quark-model values of
(r + ) and g rr, Eqs. (4) and (8), are used, and the

nucleon-model prediction, ' y =gz /3 =0.42, when the
corresponding values (5) and (10) are introduced in the
RHS of Eq. (19). The agreement between our generic pre-
diction (20) and the positive experimental solution (18)
seems again rather satisfactory. Note also that Eq. (20)
shares some similarity and seems to be a simplified ver-
sion of the relations that one predicts in the context of dif-
ferent schemes inspired in current algebra. '
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well-known result for the m.yy anomaly, predicts values
for (r + ) and (rx+ ) only slightly smaller than the ex-

perimental ones. Because of the fulfillment of our generic
Eqs. (17) and (19) this represents a seemingly small predic-
tion for f ' (0) and the known result y = 1 which is smaller
than y,+„~,-+2 (or larger than y,„~,——0.3). However,
this set of predictions can hardly be considered as unsatis-
factory due to the simplicity of the model and the absence
of adjustable parameters.

Qn the other hand, the predictions of the baryon-loop
model are sensitive to the number of flavors, nf =2, 3, or
4, carried by the baryons with a not too large mass. The
myy coupling turns out to be somewhat larger than the
experimental value for nf ——2 or 3, but the model can be
easily adjusted to give the right answer for nI=4 The.
m+ and K+ charge radii are predicted to be too small for
nf ——2, very similar to the quark-model values (i.e., only
slightly smaller than the experimental ones) for nI ——3 and

reasonable values of ct, and are somewhat increased (and
hence close to the experiment) for nf 4.——Consequently,
Eqs. (17) and (19), lead, for nf =4, to larger predictions
for f' (0) and y thus improving the quark-model results.

It is quite remarkable that our two parallel approaches
lead to reasonably similar predictions, in particular, for
the most reasonable number of relevant flavors, nf =4.
Numerically this is a consequence of the cancellation of
the factor n, =3 and that coming from the fractional
quark charges with other factors related to gz and SU(nf )

parameters, and also of having restricted ourselves to the
set of processes where the use of the GT relation at the
quark or baryon level allows for the suppression of (quark
and baryon) couplings and masses. It is interesting to ob-
serve the rough equivalence or dual character of the two
phenomenological approaches, which suggests that they
could (hopefully) be derived from a unique theory such as
QCD.
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