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A sensitive search for neutrino oscillations involving v„v„, and v may be provided by measure-
ments of the ratio of the total interaction rates of upward- and downward-going cosmic-ray neutri-
nos within a massive (-10 kton) detector. Assuming mixing between all pairs of v„v@, and v„ the
experiment is capable of observing time-averaged probabilities (P„), and (P„,), of magnitude set

by mixing strengths corresponding to, e.g. , the d- to s-quark mixing strength, and of reaching the
limit hm;~—:

~
m; —mj

~

=10 eV, where m;, and mj are neutrino mass eigenstates, and P„and
I'„, are the probabilities for v, and v„, respectively, to oscillate into v, after traversing a distance
I.= diameter of the Earth. Possible ambiguities may be resolved through comparison of the ratios

N, /N„ for the upward- and downward-going neutrinos.

I. INTRODUCTION

Neutrino-oscillation experiments fall into two classes:
(i) "appearance" experiments in which a search is made
for the appearance of a given neutrino flavor in an in-
cident flux which initially did not contain that flavor (ex-
cept possibly as a small contamination) and (ii) "disap-
pearance" experiments in which a suitably normalized
measurement is made of the flavor content of a neutrino
beam after it has traversed a given distance to provide a
search for the disappearance of a fraction of a given neu-
trino flavor originally present at zero distance. In the
latter class, experiments sensitive to small values of b,rrt

are done with V, from reactors at the level Am & 10
eV (see Fig. 1), and may be done with v, from the Sun at
the level hm & 10 " eV . The strength of neutrino mix-
ing that is accessible in such disappearance experiments is
of magnitude sin 2a &0.1.

Use of detectors in deep mines and under the sea to
search for neutrino-flavor oscillations' employing the at-
mospheric, i.e., cosmic-ray, neutrino flux has been dis-
cussed extensively in recent years. The idea is attractive
because of the small value of neutrino mass difference
that may be explored by upward-going neutrinos which
traverse the Earth (see Fig. 2) after their production in the
atmosphere. Thus, for a full-wavelength oscillation

bm (eV )—:
~
mt —m2

~

-=2.5(E„(MeV))/L (m),
(1)

Am =2.5)&600/1. 3&10 eV =10 eV

where m~ and m2 represent neutrino mass eigenstates,
(E ) is the average incident neutrino energy, and
L =1.3X 10 m is the difference in distance ( —diameter
of the Earth) traversed by the upward- and downward-
going neutrinos.

There is an additional contribution to the relative
phases between different neutrino mass eigenstates besides
that due to the neutrino masses and mixing. This is due
to the different forward scattering amplitudes and resul-
tant different indices of refraction of different neutrino
flavors. This arises because the upward-going neutrinos
traverse a large amount of matter of substantial density.
The characteristic wavelength describing these matter-
induced oscillations is independent of the neutrino energy
E and is given by lo ——V 2m'/G~N, = (9.7 X 10
cm )/%„where N, =pE(Z/A)Np, „,s,d„denotes the
number density of electrons. For the Earth, pE varies
from -2 g/cm in the mantle to -5 g/cm in the core;
taking average values, pz ——3 g/cm and Z/A =0.5, we
obtain lo ——1.1&& 10 m=DE, where Dz is the diameter of
the Earth. Oscillations due to neutrino masses and mixing
alone ("vacuum oscillations") with wavelengths
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FICx. 1. Plot of the generalized mass parameter Am (eV ) vs

the generalized mixing parameter sin 2o, showing approximate
limits of present and expected neutrino-oscillation data from ex-
periments that measure the disappearance of neutrinos of a
given flavor from an incident beam. Also shown is the present
limit on v„-v, oscillations. [Taken from a paper by Lanon (Ref.
15).]

1„„=4mE„/
~

hm
~

&&lo would therefore be suppressed.
However, this condition does not reduce the sensitivity to
small b,m of the experiment described here. Since
lo-Dz, it follows that if l„„»lo, then also l„„»D@,so
that the experiment would not have been able to detect the
vacuum oscillations anyway. If l„„=l0, the matter-
induced oscillations can even enhance the effect for either
v or v. Thus, we find that a neutrino-oscillation experi-
'ment using cosmic-ray neutrinos is indeed sensitive to
hm &10 V.

For comparison we show in Fig. 1 a summary of the
limits set by present and anticipated neutrino-oscillation
data using accelerator and reactor neutrinos. One sees
that the value of hm in Eq. (1) is roughly two orders of
magnitude smaller than the lowest limit on bm obtained
from the present neutrino-oscillation experiments in
which a search is made with reactor-produced v, for the
"disappearance" of a fraction of the incident v, beam, i.e.,
v, ~V„,v, . . . . In addition, as will be seen, the cosrnic-
ray neutrino-oscillation search is capable in certain cir-
cumstances of measuring strengths of mixing between
neutrino flavors about equal to that obtainable in reactor
experiments, viz. , similar in magnitude to the mixing be-

FIG. 2. Sketch of the experimental method. The neutrino
detector is located -2 km below the Earth's surface. Neutrinos
originate in the 10—20-km-thick atmospheric shell surrounding
the Earth. Neutrinos from near the zenith that intersect little of
the Earth's matter before interacting in the detector are called
down-going, N(dn). Neutrinos that have traversed a large frac-
tion of the Earth's diameter (DE ——1.3)& 10 m) and are observed
to produced upward-going interactions in the detector are called
up-going, X(up). Present limits on neutrino oscillations suggest
that such oscillations have a negligible effect on the down-going
atmospheric neutrino flux.

tween d and s quarks. It is of particular importance that
the cosmic-ray oscillation search is done primarily with v&
and v& (see below) because, to our knowledge, no other
neutrino-oscillation experiment searching for the disap-
pearance of vp or Vp is capable of reaching such a low
value of dm .

The primary obstacle to rea1izing the sensitivity
represented in Eq. (1) is the low flux of atmospheric neu-
trinos, for which the calculated spectra are shown in
Fig. 3. One type of experiment attempts to overcome the
low-flux obstacle by looking at upward-going muons pro-
duced by v& in the large volume of rock within muon
range of a buried detector. The differential neutrino flux
is slightly steeper than E„.The muon range R& is pro-
portional to E& E„(1—y), where——y =EH/E„and EH is
the energy of the hadrons produced in charged-current in-
teractions. Moreover, o„ is approximately proportional to
E„. Hence, the differential spectrum of parent neutrinos
of the observed upward-going muons is nearly proportion-
al to E„'up to the TeV range where both R& and o.„cut
off. This means that a very large interval of neutrino en-
ergies contributes to the muons actually observed. Conse-
quently, the relevant neutrino energies (1 to 100 GeV) in
such an experiment are significantly higher than that in
Eq. (1) ( —1 GeV). Preliminary results of this type of ex-
periment have been reported recently which are consistent
with no oscillation. This conclusion depends, however,
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FIG. 3. Calculated cosmic-ray neutrino spectra.

2.0

has already been done, is exploiting this technique as fully
as possible. The uncertainties of normalization mentioned
above would be largely removed by a measurement of the
angular dependence of muons arriving from below the
horizon. Because of the much higher neutrino energies,
however, the Am values probed would be significantly
larger than in Eq. (I) and correspondingly less interesting.

To obtain a statistically significant result on neutrino
oscillations using cosmic-ray neutrinos, it is desirable to
observe for an appreciable time interval interactions that
are contained in a sufficiently massive detector. The
detector must be capable of event reconstruction from
which the upward- and downward-neutrino fluxes can be
.extracted without ambiguity. This measurement now ap-
pears to be within reach given the new generation of
detectors aimed principally at searching for nucleon de-
cay, and, indeed, it significantly increases the physics po-
tential of such detectors. In this paper we discuss the na-
ture, possible outcomes, and limitations of a class of
searches for neutrino oscillations using cosmic-ray neutri-
nos in which statistical and systematic errors are small
enough to allow the sensitivity indicated in Eq. (l) to be
realized.

on a calculation that produces an absolute value of the ex-
pected muon rate which is compared with the observed
rate. It folds the primary cosmic-ray spectrum into
meson-production cross sections, meson and muon decay
distributions, neutrino-interaction cross sections, the
muon range-energy relation, and the detector acceptance.
A deficiency of observed v& interactions would signal neu-
trino oscillations.

Because of the large systematic uncertainties inherent in
this calculation, observation of a flux of upward-going
muons within a factor of about 2 of the expected flux, as
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FIG. 4. Neutrino cross sections and event rates versus energy.
The left-hand ordinate is the cross section per neutron for
quasi-elastic interactions and hvo times the cross section per nu-
cleon for single-pion production.

II. DISCUSSION

A. Geometrical considerations

A straightforward geometrical construction (see Fig. 2)
suffices to show that the upward and downward
geometries are symmetric if the detector itself is up-down
symmetric. For every downward-going trajectory of zen-
ith angle in the interval 0 to 0+de there is a correspond-
ing upward-going trajectory in the same solid angle. For
each neutrino type, there is an effective angular-dependent
height of production h (8) above the level of the detector
measured along the extension of the chord of length L.
The acceptance a of the detector of area A is, for
downward-going neutrinos,

az„——2nh sin8d8(A/h )

and for upward-going neutrinos

a„~=2m.(h +L) sin8d8[A/(h +L) ] .

Since a„„=aq„for each (9 the geometry is completely sym-
rnetric, even if the zenith angle and energy dependences of
v, and v„are significantly different.

Even though the geometries are symmetric, geomagnet-
ic effects on the neutrino spectra are not. For a detector
at a high-latitude site, upward-going neutrinos are
suppressed relative to downward-going neutrinos by some
25/o because the mean geomagnetic cutoff is significantly
higher for the primary cosmic rays that give rise to the
upward-going neutrinos. The uncertainty in the calcula-
tion of this effect may limit the ultimate sensitivity of a
neutrino-oscillation search based on measurements of
N„,(up) and N„,(dn). However, it is in principle possible
to check the calculation empirically by measuring the
geomagnetic effects in detectors located at very different
latitudes. This limitation is numerically less important
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for the ratios (N, /Nz)„~ and (N, /N&)d„Thus, study. of
those ratios may have the advantage of achieving a superi-
or self-consistent oscillation limit.

B. Comparison of (N, /X„)„p and (X, jX„)d~

We have investigated the characteristics of neutrino-
induced events in a 10-kton detector to determine the
event rates and the resolution relative to the direction of
the incident neutrinos. (See Cortez and Sulak, Ref. 2.) To
simulate events in the detector, several ingredients are
necessary, including the neutrino flux and the charged-
current cross sections. The atmospheric neutrino spectra
for v, and v& are given in Fig. 3. It is also assumed that
v/V= 1.2. The zenith-angle distribution of the fluxes was
taken from Ref. 4; roughly, the flux decreases by 25%
from Oz ——90' to Hz ——O'. The vz charged-current cross
sections near 1 CxeV are well known. ' The energy depen-
dence for elastic scattering and 5( —', ,

—', ) production are
shown in Fig. 4, as well as the product of flux and cross
section. Clearly, the dominant signal for the oscillation
experiment is expected to be v„+n ~p +p and
ve+n +e +
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,
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FICi. 5. The correlation between the angle of the charged lep-
ton relative to the incoming neutrino and the energy of the
charged lepton in vn ~p p.
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The correlation between the direction of the charged
lepton and the incident neutrino is shown as a function of
the lepton total energy in Fig. 5. In this calculation, the
Fermi motion of the nucleons is assumed to be that
characteristic of carbon or oxygen, with Py ——220 MeV/c.
To ensure that the angular correlation between the outgo-
ing charged lepton and the incoming neutrino is sufficient
to sense an up-down asymmetry, a cut at -0.3 GeV in to-
tal lepton energy is necessary if the recoil nucleon is not
measured. Events with this cut have the angular distribu-
tion of Fig. 6 and mean correlation angle of 45'. Al-
though this energy cut would eliminate half of the events
from the data sample, the rejected events would have low
energies and would therefore be more susceptible to back-
ground contamination and to misidentification. After the
charged-lepton-energy cut, the mean neutrino energy of
the accepted events is -0.7 GeV. The apparatus resolu-
tion in angle for the charged lepton must be sufficiently
sharp ( &20') to preserve any up-down asymmetry. Also,
the energy resolution of the detector must be good enough
( & 15%/~E) so as not to smear the energy cut signifi-
cantly.

If one neglects any asymmetry due to the geomagnetic
field, the ratios N, /N„expected under the simplest oscil-
lation hypothesis are as follows. For no oscillations
X, /N& should be about —,

' whether initiated by upward-
or downward-going neutrinos. Assuming maximum mix-
ing, both upward and downward %,/X„ratios will be
unity if v, ~v& oscillations exist with l„„&&100km. If
100 & l„„&13000 km with maximum mixing then
X, /N& ———,

' for downward events but %, /K& ——1 for up-
ward events Thus, for. v, ~v„oscillations with maximum
mixing the statistical power of a 20-ktonyr exposure with
the cuts mentioned above would yield a 4a. difference be-

NEUTRINO- LEPTON ANGLE
FIG. 6. The distribution of the angle between the charged

lepton and the incident neutrino after a total energy cut of 0.3
GeV on the charged lepton in elastic scattering.
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tween (N, /Nz)„~ and its expected value for 10 ~&hm2
&10 eV, where up is defined by Oz &90. Gther spe-
cial cases, e.g., v, do not mix but v& and v do, are dis-
cussed in Sec. II C.

N, (up) =Np(dn)Pp, +N, (dn)(1 P,p), —(2)

where N, (up) and N&(up) are the numbers of upward-

C. Comparison of N«t{up) and N«, {dn)

Although it is desirable to measure the interaction rates
of both neutrino types v& and v, (and V& and v, ) over all
solid angles in the detector, and to compare the ratios
(N, /N&)d„and (N, /N&)„~, this procedure for atmospher-
ic neutrinos is statistically limited. Furthermore, sys-
tematic problems may exist in measurements of
(N, /N& )„z and (N, /Nz )d„ that cancel for the sums
(N, +N„)„~ and (N, +N„}d„. In some fraction of the
events, identification of the incident-neutrino type may be
confounded by the n's in v„-induced neutral-current chan-
nels, e.g., v&+n~vz+n+m. , v&+p —+v&+p+a, as well
as in charged-current channels, v&+ n ~p +p +m, in
which the muon range is very short. Even in a sophisti-
cated massive detector the distinction between electromag-
netic showers produced by an electron and a photon can
be accomplished only with limited efficiency (roughly one
photon in five is likely to be misidentified as an electron).
For these reasons we now explore experiments based on a
simple comparison of total upward versus downward
flllxes.

Measurement and comparison of the total rates,
N«t(up) =N, (up)+N&(up) and N„,(dn) =N, (dn)
+N&(dn), has the following advantages: (i) The compar-

.ison can be made with greater statistical significance to al-
low relatively small oscillation probabilities to be ob-
served, and (ii) the systematic uncertainties should be in-
herently smaller and more tractable. Thus, using the
fluxes shown in Fig. 3 in the energy region above 600
MeV, and assuming a 10-kton detector exposed for one
year, we find the total number of observed downward-
going-neutrino interactions within the angular interval
ez & 60' [N„,(dn)] to be about 300 per year, assuming a
solid angle of m sr." In the absence of any geomagnetic
effect the flux of upward and downward neutrinos
(without neutrino oscillations) would be identical, i.e.,
1 —N«, (up)/N«, (dn)=0. For simplicity, we make this
assumption in the following discussion. Later, we illus-
trate in the tabulation of examples for oscillations among
three flavors how the geomagnetic correction will affect
the results at a typical high-lattitude site.

We consider several illustrative cases of possible neutri-
no oscillations that might be observed in an experiment
measuring N„,. The examples are organized as follows:
(1) two-flavor oscillations, (2) oscillations among three fla-
vors, and (3) oscillations involving more than three fla-
vors. We devote most attention to the case of three fla-
vors in Sec. IIC2.

I. v~(vp)~v~(V~ ) 01llg

Assuming the flux of downward-going neutrinos is
unaffected by oscillations, we can write immediately

going (v, +V, )- and (v&+v&)-induced events observed in
the detector; N, (dn) and N&(dn) are the corresponding
numbers of downward-going events. P,&=P(v&,L

~
v„O)

is the probability that a v& appears at a distance L for a v,
present at the flux origin. Assuming CP invariance, Eqs.
(2) yield directly

N«, (up) =N«, (dn) . (3)

It follows then that there are two possible explanations for
the result in Eq. (3). If it is observed, either (a) there are
no oscillations between v, and v& within experimental er-
ror, i.e., P(v&,L

~
v„O)=P(v„L

~ v&, 0) &&1, or (b) oscilla-
tions do occur, but only between v, and v&. In this case
only the difference between (N, /N„)„~ and (N, /N„)d„
can demonstrate the existence of oscillations.

It is instructive to note, however, that in alternative (b},
if time averaging of P,&

——sin 2a sin 1.27Lhm /E„ is ap-
propriate, then Eqs. (2) become

N, (up) = [N&(dn) —N, (dn)] —, sin 2a+N, (dn),

N„(up) = [N, (dn) —N„(dn)] —,
' sin 2a+N„(dn),

(4)

where sin 2a is the strength of mixing between v, and v&.
If sin 2a &0.1 (as suggested by the reactor data in the re-
gion of b,m & 10 in Fig. 1) then using sin 2a=0. 1 and
the expected values of N, (dn) and N„(dn) for a 10-kton
detector, " one finds N, (up)/N&(up) =0.60. Compare
this with N, (dn)N„(dn)=0. 56. The difference is less
than the statistical error on either of the ratios, which re-
flects the difficulty of reaching a definitive conclusion
from measurements of the ratios N, /N„.

N«, (up)=N«, (dn) —N, (dn)(P, ),—N&(dn)(P&~), .

(6)

Here (P„),—:(P(v„L
~
v„O)) time average, (P„,),= (P(v„L

~ v„,O) ) time average, etc. Equation (6) shows,
as expected, that the only oscillations which contribute to
the diminution of the sum of the incident v, (v, ) and v&

(V&) fiuxes are those to v, (v ). Consequently comparison
of N«, (up) and N«, (dn) in a cosmic-ray neutrino-
oscillation experiment leads to a measurement of the
linear combination N, (dn)(P«), +N&(dn)(P&~) „if there
are only three oscillating neutrino flavors.

To evaluate (P„), and (P„), requires knowledge of
the lepton mixing matrix U, which it is the aim of the ex-
periment to determine. Here we estimate possible out-
comes of the experiment for certain possible mixing ma-

2. V, (V, )~v„(v„),v (V,); v„(v„)~v,(v, ),v,(V,)

Again, if the flux of downward-going neutrinos is unaf-
fected by oscillations, we may write directly

N, (up) =N&(dn)(P&, ),+N, (dn)(1 —(P,z), —(P«), ),
(5)

N„(up) =N, (dn)(P, „) +N„(dn)(1 —(P„,) —(P„) ),
or
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TABLE I. Values of time-averaged probabilities (P„)„(P„,)„and (P,„),calculated for the various three-flavor mixing schemes
discussed in the text. The angle 5 in Eq. (13) is taken to conserve CP. Statistics are for a 10-kton yr exposure (Ref. 11). B =0 means
geomagnetic field off and A&0 assumes that there is a 25% geomagnetic suppression of upward fluxes. In both cases, 6 is defined
so that 5+0 indicates neutrino oscillations: b,«,= [N«, {up)/N«, (dn)]0 —[N«, {up)/N«, {dn)],„~, and h, ~„=[N, (up)/N„(up)], „~,—[N, {up)/N„(up)]0 where the subscript 0 denotes the values expected in the absence of oscillations.

Model

Mann-Primakoff (Ref. 1)
Wolfenstein (Ref. 13)
Kobayashi-Maskawa (Ref. 14):

8]——11', 82 ——13', 03——15', 5=0'
0) ——11, 82 ——13', 83——15', 6=180'
L9 ) —82 —83—13', 5=0
9]—02 —83—13, 8= 180'

(p..),
0.17
0.33

0.0043
0.011
0.005
0.014

0.33
0.33

0.0024
0.33
0.000 18
0.30

& p.„),
0.33
0.33

0.006
0.059
0.091
0.083

0.27+0.07
0.33+0.06

0 +008
0.21+0.09
0 +0.08
0.20+0.09

B&0

0.20+0.06
0.25+0.07

0 +0.08
0.16+0.08
0 +0 08
0.15+0.08

0.62+0.16
0.44+0.14

0.05+0.07
0.34+0.11
0.07+0.07
0.33+0.12

B&0

0.62+0.19
0.44+0.16

0.05+0.08
0.34+0.14
0.07+0.09
0.33+0.13

trices in the case that there are n =3 generations of lep-
tons (the case n &3 is treated in Sec. IIC3). We list the
results for each case in Table I with statistics appropriate
for a 10-kton yr exposure. " We tabulate
= [N«, (up)/N«&, (dn)]o —[N«, (up)/N«, (dn)] and
b,,/&= [N, (up)/N&(up)] —[N, (up)/N&(up)]c, where the
subscript 0 denotes the result expected in the absence of
any oscillation. Significant deviations of 5 from zero
would indicate significant oscillation effects.

Existing neutrino-oscillation searches and experiments
attempting to detect the effects of neutrino masses and

mixing in weak nuclear and particle decay' place con-
straints on the form of the matrix U. These depend, how-
ever, on the values of the relevant neutrino masses (or
differences of masses squared). For sufficiently small
masses, commensurately large mixings are allowed. As il-
lustrations, consider mixing matrices with large off-
diagonal elements (which thus implicitly require appropri-
ately small

I
b.m

I
). First, ' we look at

~'

(v,
I
vi) (v

I vz) (v
U—:(v~ I

vi) (vp I v2) (v~ I
v3)

vi& ( v
I
vz) & v,

from which, using for the time-averaged case of interest
here,

(P„„&,= g I (v„I vj & I',

where ri, g=e,p, r and j=1,2,3. We find

(P„),= —,
' and (P„,),= —,

' .

1 I 1

(v Iv)= 1 w w*
3

1 w w

w =exp(2mi/3) (10)

yields

Alternatively, choosing the matrix' (which violates CP
invariance, unlike other choices here)

—1/v 2 0 I/W2
I/O 3 1/W3 1/v 3

I /v 6 —2/v 6 I /v 6
Finally, we consider the general lepton mixing matrix,

pararnetrized in a standard manner

cosOi sln8 icos83

( vv I vI, ) = —sin8icos82 cos8icos82cos83+sin82sin83e'

—sln81sin82 cosO&s1n82cos83 —cos82s1I183e

sinO] sin83

cosO) cos82sin83 —S1n82cos83e

COSO~sin82sin83+ cos82cos83e

(12)

The values (P, ), and (P&, ), resulting from four sets of
angle choices which are CP conserving and involve rota-
tions all of magnitude of the Cabibbo angle are given in
Table I.

For the CP-violating mixing matrix of Wolfenstein, '

one finds

N„,(dn) 3
(13)

For the general Kobayashi-Maskawa matrix with
Cabibbo-size rotation angles'" this quantity (Table I) can
be as large as
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Nt. t(up)

N„,(dn) 5
(14) 1.0 '. D

for 5=180'. Equations (13) and (14) suggest that, if either
of these cases is a reasonable approximation to the actual
neutrino mixing matrix, the cosmic-ray neutrino-
oscillation search described here (10-kton yr exposure)
should yield a positive result with statistical significance
of about 3 standard deviations.

Assuming 0& ——02——03——13' and 5=~, we note that the
Kobayashi-Maskawa matrix also yields (P,&),=0.083,
which, in conjunction with (P„),=0.014, tends to keep
N, (up)=N, (dn). On the other hand, the relatively large
value of (,P&~)l, diminishes N&(up), so that in this particu-
lar example the ratio (N, /N„)„v is statistically different
from (N, /N& )d„, as is N„,(up) from N„,(dn).

In the presence of a 25% geomagnetic suppression of
upwarrd neutrinos (as is roughly appropriate for the north-
ern U.S.A.) the ratio N;(up)/N;(dn) =0.75 for i =v„v&,
or v, +v„ in the absence of any neutrino oscillations. The
uncertainty in the calculation of N;(up)/N;(dn) will have
two components: (a) the uncertainty in the calculation of
the neutrino flux itself in the presence of the geomagnetic
field and (b) the further uncertainty that arises from fold-
ing the energy-dependent, modulated neutrino flux with
the energy-dependent acceptance of a particular detector.
Detailed estimates of the resulting uncertainty in calcula-
tion of the geomagnetic effect for particular detectors
have yet to be made. For purposes of illustration we arbi-
trarily assume +20%%uo uncertainty in the effect, so that for
the examples in Table I the up-down ratios in the presence
of the geomagnetic field are taken to be 0.75+0.05.

The geomagnetic field will dilute any effect of neutrino
oscillations differently for (N, /N&)„v vs (N, /N&)d„and
for N„,(up) vs N„,(dn). For the former, since both N, (up)
and N„(up) are affected similarly, the geomagnetic
suppression of upward fluxes simply increases the relative
statistical uncertainty as indicated in Table I. Gn the oth-
er hand, the geomagnetic field causes N«, (up)/N«, (dn)&1
even in the absence of oscillations. Thus, the field affects
the central value of this ratio as well as the uncertainty.
Moreover, the error in the measurement of 4„,has a con-
tribution from the uncertainty in the magnitude of the
geomagnetic correction which needs to be carefully deter-
mined.

3. Oscillations among four neutrino flavors,
each capable of oscillating into the others

A general result applicable to this case (but with CP
conservation assumed) has been obtained implicitly in a
paper by Frampton and Rlashow. They form, for atmos-
pheric neutrinos, the two-dimensional plot (see Fig. 7)
N&(up) vs N, (up), assuming Nz(dn) =2N, (dn)= 1. ' They
identify the following quantities in that plot: (a) a given
line as the locus of values of N„(up) and N, (up) corre-
sponding to two-flavor v, -v& mixing, and (b) a given area
as containing all paired values of N~(up) and N, (up) cor-
responding to three-flavor v, -vz-v mixing. Paired values
of N„(up) and N, (up) that lie outside the three-flavor area
indicate the existence of a fourth neutrino flavor. The re-
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FIG. 7. Plot of N„(up) vs N, (up) after Frampton and
Glashow (Ref. 2). The ratio N„(dn)/N, (dn) is taken to be 2:I,
and N«, (dn) to be 1.5. The four allowed regions of interest are
as follows. (I) The point A corresponds to no mixing of v„or v, .
Departure from this point requires a nonzero neutrino mass.
(II) The line AB corresponds to N=2 flavor v„-v, mixing.
Departure from this line signals a third neutrino flavor. (III)
The region ABCDA corresponds to N =3 flavor v„-v, -v, mixing.
Departure from this region reveals the existence of a fourth neu-
trino flavor. {IV) The allowed domain ABEOI'A corresponds to
arbitrary mixing of any number (N —+op) of neutrino flavors.
This limit follows from the Schwarz inequality and unitarity.
The region outside the three-flavor area may be subdivided into
two parts, one of which (shown crosshatched) contains paired
values of N„(up) and N, (up) that all satisfy the condition
N«t(up)/N«t(dn) & 3 . At a high-latitude site the upward fluxes

will be scaled down somewhat by geomagnetic effects {see Ref.
6).

gion outside the three-flavor area can, in turn, be subdi-
vided into two parts: one part (-20%) in which the
values of N&(up) and N, (up) are correlated such that
—, &N„,(up)/ N«, (dn) &1.0 and a second part (-80%),
shown shaded in Fig. 7, in which the correlation between
N, (up) and N„(up) satisfies N„,(up)/N„, (dn) & —', .

It follows then that four-flavor mixing, if it exists at all,
might (4 to 1 odds) yield a statistically significant, detect-
able reduction in the ratio N«, (up)/N«, (dn) of magnitude
equal to or greater than that possible in the three-flavor
case.

III. SUMMARY

In this paper we have explored complementary disap-
pearance experiments that may be carried out with v, +V,
and vz+ v& from cosmic-ray sources at the level of
Am & 10 eV and sin 2a &0.1. The experim. ents have
the following advantages: (1) they are the only experi-
ments to our knowledge that are capable of searching for
the disappearance of vz and v& at the lim. iting value
hm & 10 eV, (2) because they measure the quantities
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N„,(up) and N„,(dn) as well as N, /N„(up) and
N, /Nz(down) they are relatively insensitive to systematic
errors, (3) the experiments are capable of observing time-
averaged probabilities (P„),and (P&, ), of magnitude set
by mixing strengths corresponding to, e.g., the d- and s-
quark mixing strength, and (4) although the experiments
rely on the upward-going neutrinos (see Fig. I) traversing
a substantial fraction of the Earth s diameter, their sensi-
tivity is not limited by matter-induced oscillations. The
principal disadvantage of the experiments is that they re-
quire a very massive (-10-kton) detector in which the
neutrino interactions must occur and be contained. The
detector must be well enough instrumented to distinguish
clearly upward-going from downward-going neutrinos.
Also the detector must be located underground (-2000 m
of water equivalent) so that the number of interactions ini-
tiated by cosmic-ray muons is reduced to a value substan-
tially less than that on the Earth's surface. To obtain suf-
ficient statistical precision, the data-taking period must be
a minimum of one year, and a careful correction for

asymmetry induced by the geomagnetic field must be
made.

The very massive detectors intended to search for pro-
ton and bound-neutron decay, which are now and soon
will be in operation deep underground, have limitations in
carrying out these experiments. Namely their sensitivity
to low-energy leptons and their ability to distinguish elec-
trons from muons may not be sufficient. Nevertheless, if
these limitations can be overcome, the results could place
an upper bound on b,m about three orders of magnitude
lower than the upper bound that can be obtained from any
corresponding experiment using accelerator-produced neu-
trinos.
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