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Theory of motion for monopole-dipole singularities of classical Yang-Mills-Higgs fields.
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In two recent papers, the general form of the laws of motion for point particles which are mul-

tipole sources of the classical coupled Yang-Mills-Higgs fields was determined by Havas, and for
the special case of monopole singularities of a Yang-Mills field an iteration procedure was
developed by Drechsler and Rosenblum to obtain the equations of motion of mass points, i.e., the
laws of motion including the explicit form of the fields of all interacting particles. In this paper we
give a detailed derivation of the laws of motion of monopole-dipole singularities of the coupled
Yang-Mills-Higgs fields for point particles with mass and spin, following a procedure first applied
by Mathisson and developed by Havas. To obtain the equations of motion, a systematic approxima-
tion method is developed in the following paper for the solution of the nonlinear field equations and
determination of the fields entering the laws of motion found here to any given order in the cou-
pling constant g.

I. INTRODUCTION

In recent years, the study of non-Abelian gauge theories
has been at the center of interest in elementary particle
physics. An early example of such a theory investigated
in some depth (which will be discussed in more detail
below) was that of the interacting mesic and electromag-
netic fields. A theory with some similar features which
was formally more satisfactory was proposed by Yang and
Mills in 1954,' and the structure of general gauge theories
was investigated by Utiyama. In 1964 Higgs proposed a
mechanism by which non-Abelian local gauge symmetry
could be broken without introducing Goldstone bosons,
and a few years later it was shown by 't Hooft that this
mechanism does not destroy the renormalizability of a
gauge theory.

Because of the great complexity of quantum-
mechanical investigations of non-Abelian gauge theories,
there has been renewed interest in attempts to gain infor-
mation about such theories by first studying their classical
counterparts, and several extensive reviews of these studies
are available. ' Our own interest in such studies arose
from two different motivations. First, one of us had been
investigating the problem whether a non-Abelian charge
can radiate away charge, and a preliminary investigation
of the corresponding classical problem seemed to indicate
that such a phenomenon cannot occur. Second, two of us
had investigated the classical equations of motion of point
singularities of interacting (nonlinear) mesic and elec-
tromagnetic fields for some time ' and had noted that
the methods developed could be applied to other gauge
theories such as the Yang-Mills field, and possibly to the
general theory of relativity.

These methods were recently applied to determining the
"laws of motion" of multipole singularities of arbitrary

order of the coupled Yang-Mills-Higgs fields' in close
analogy to a similar study of the nonlinear meson
theory. ' These laws, for any particular mass point, can
be determined exactly, and depend on the undetermined
fields due to other particles. To obtain explicit expres-
sions for these fields (i.e., determine the "equations of
motion"' ) is only possible by an approximation method.
Such a inethod was developed originally for the corre-
sponding problem in general relativity, ' and a similar
method was used to find the equations of motion of
monopole singularities of the nonlinear meson field. "
These equations of motion, to any given order n, can be
considered as integrability conditions of the field equa-
tions of the n+ 1st order, and only require an explicit
knowledge of the nth-order fields. These fields can be ob-
tained by various methods, most simply by that of Riesz
potentials, ' as discussed in some detail in Refs. 15 and
11.

Although this paper is in several respects closely analo-
gous to M and deals with a special case of the laws of
inotion obtained in H, no knowledge of those papers is as-
sumed. However, to facilitate comparison with the results
of those papers, we use the same notation. A brief discus-
sion of the fundamental field equations is presented in
Sec. II; the laws of motion are determined for particles
with mass and spin which are monopole-dipole singulari-
ties of the coupled Yang-Mills-Higgs fields. ' The deriva-
tion of these laws is outlined both to avoid the need for a
detailed study of H by the reader (where the necessity of
dealing with the problem of general multipoles obscures
the simplicity of the method used and the ease with which
the results can be obtained for the interactions considered
here), and in preparation for the following paper, where
we will determine the equations of motion.

Since we are only dealing with the laws of motion in
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this paper, we do not have to consider any solutions of the
field equations, and in particular do not have to choose
between retarded and tiine-symmetric fields. Such a
choice will have to be made in the following paper, how-
ever, once the general approximation method has been
developed. The nonlinear field equations will be solved
there under the assumption of retarded fields by an itera-
tion procedure using the Riesz method (compare also Ref.
18). Because of the complexity of the calculations, this
will be done only for the ease of monopole interactions.
The results are given in integral form. In the absence of
Higgs fields and of spin, the results reduce to those ob-
tained earlier by two of us. '

Since the equations of motion resulting from the laws
of motion given here and the fields obtained in the follow-
ing paper are only approximate, we cannot follow the pro-
cedure used for linear theories 0 to obtain a general
action-at-a-distance formulation of the theory presented
here. However, it is still possible to obtain the approxi-
mate field-theoretical equations of motion with time-
symmetric interactions and the corresponding action-at-
a-distance equations of motion. The derivation is outlined
in Appendix C of the following paper

'@~~=0 if p+v ~

900 911 '922 = 'f33 = 1

%'e shall use the abbreviations

(2.1)

II. FIELD EQUATIONS AND LAWS OF MOTION

We consider a four-space with coordinates xi', Greek
letters taking the values 0,1,2,3, where x is the time coor-
dinate. Repetition of an index implies summation over
this range. The velocity of light is taken as unity. The
metric tensor gz„ is given by

2A4m'= —F F"—X2$2 1+VP X2

+4~p P ,'—F„—„'FI'" 4n—.j „A". (2.4)

Here

F~„=d~A„d~—~ gA~—h A„ (2.5)

is the field tensor of the Yang-Mills field expressed in
terms of its potentials A&, where g is a dimensionless con-
stant, and

F~ D~P—— (2.6)

D&4—:(8'—gA&h ) 4 (2.7)

for any vector in isospace; this operator satisfies the com-
mutation relation

is the Higgs field strength expressed in terms of the Higgs
potential P. The Lagrangian (2A) differs from the one
apparently first used by 't Hooft ' (apart from notation)
by the inclusion of Yang-Mills sources j „and by allow-
ing an arbitrary function V of P2:—P P times g2/X rath-
er than one proportional to P alone. It is understood that
this function does not contain a constant term, since the
term ——,

' X2$2 has been included explicitly in Eq. (2.4). If
that term alone is taken into account the constant X is in-
versely proportional to the range of the static force due to
the Higgs field, and proportional to the mass of the field
in the quantized version of the theory. The constant
g2/X in the argument of V is introduced to make it di-
mensionless through the factor 1/X and to allow the pos-
sibility of expansion in g in applications. p is the source
density of the Higgs field.

The "covariant derivative" Dl' is defined as

(2.2) (D"D" D"D")4'=—gF—""h 4 . (2.&)

All field quantities are taken as three-component vec-
tors in "charge space" or isospace, referred to a local set
of orthonormal vectors a,P,y as

4—:(Vi, +2, 'k3) =(a~i+ p+2+ pP3) . (2.3)

Scalar and vector products in isospace are denoted by a
centered dot and h, , respectively.

The Yang-Mills theory with a Higgs field can be ob-
tained from the Lagrangian [Eq. (H29)]

D„F""—g P A D "P =4m. j ",
D„F"+X P+FP =4m.p,

2 2
F 1~ X2~2V —g 4

2 Qpz X2

which can be written in the equivalent form

(2.9)

(2.10)

Variation of f Wd x with respect to the potentials
yields the field equations

UA" 8"„A" gB„(A"—AA") —g—A„A(B"A" 8"A" gA" AA—") gP A—D "P =4m —j ",
D"Dpf+X P+FP =4m p .

(2.11)

(2.12)

Equations (2.9) or (2.11) imply

D„(j "+J ")=0, (2.13)
4n. J ":gP AD"P—

with

(2.14)

where the charge-current density associated with the
Higgs field is given by D„J"=gP hp (2.15)
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as a consequence of the field equations. It should be noted
that the "continuity equation" (2.13) involves covariant
derivatives, and thus does not have the same simple physi-
cal meaning as the continuity equations encountered, e.g.,
in electrodynamics and continuum mechanics.

It is clear from Eqs. (2.9), (2.14), and (2.15) that the
classical Higgs field P generated by a pointlike source
produces (in the non-Abelian case, as discussed later) an
extended Yang-Mills charge distribution with correspond-
ing dynamical effects in close analogy to the electromag-
netic effects of the charged meson field considered in M.
The effective size of such a charge distribution is deter-
mined by the magnitude of the constant X

The energy-momentum tensor can be obtained from the
Lagrangian (2.4) by standard methods as

4n Tj""=F".F" ,' rj&"F ——Fi'+ ,' rI&"g2P—~

DAF„„+D„F„A+D„FA„—0

following from the definition (2.5) yields

(2.17)

(2.18)

We shall be concerned with X particles, which are taken
as mass points with intrinsic dipole moments, with coordi-
nates zf(r; ), where wi is the proper time of the ith particle,
defined by

dpi =—('gp+ZPdzg )

The corresponding matter energy-momentum tensor is
taken as

T~ = g f lpga—(r;)5 (s; )+r)i[pe""(r;)5 (s; )]Jdgi,

(2.20)

(2.16)

A straightforward calculation, using the field equations
(2.11) and (2.12) and the Jacobi identity (also called Bian-
chi identity)

where

s; =x z;(—r;). (2.22)

Similarly, we take as the source densities for the Yang-
Mills and the Higgs field

j "—= g f IQ;(r;)5'(s; )+D [S';'(r;)5 (s; )]Id',

(2.23)

p—= g f IS;(~;)5 (s; )+Dp[S~(~;)5 (s; )]Id';,

(2.24)

respectively, where Q";, S;, and S;,S~i are the monopole
and dipole moments of the sources for the Yang-Mills and
the Higgs field, respectively. It should be noted that, un-

like Eq. (2.20), Eqs. (2.23) and (2.24) involve the covariant
divergence D& rather than the ordinary divergence appear-
ing in Eq. (2.20).

Either as a consequence of the general theory of relativi-

ty ' or as a postulate we have a differential conservation
law for the total energy-momentum tensor

(2.25)

To obtain the laws of motion we use a method described
some time ago, ' which is a development of one due to
Mathisson. " We multiply Eq. (2.25) by a function g„(x~),
substitute the expressions (2.20), (2.18), (2.23), and (2.24),
and integrate over all x to obtain

(2.21)

are the matter monopole and dipole moments, whose exact
form will be determined below, 5 is the fourfold product
of 5 functions, and

g f I (p," d~5 +p~""B»5 )+D"p [S;5 +Dp(S~5 )]+F~'[Q&5 +Dp(S f'&5 )]Jgg~;d x =0 . (2.26)
l

Similarly' ' ' ' we multiply Eq. (2.13) by a function g(xi'), substitute the expressions (2.15), (2.23), and (2.24), and in-
tegrate over all x to obtain

y f ID,[Q,"5+D,(S', 5')]+g. gh[S5+Dz(S~5 ))),.gdwd x=0. (2.27)

Here g„and g are completely arbitrary except for vanishing at the limits of the r; and x integrations.
Because of its simpler structure, we shall first consider Eq. (2.27). We can remove the covariant derivatives from the 5

functions by successive integrations by parts. Because of their form (2.7) all terms in (2.2'7) involving such derivatjves
contain mixed triple vector products; due to the propert1es of such products the D s can be treated just 11ke a s 1n these
integrations, except that due account has to be taken of their order because of the commutation relation (2.8). Thus we
obtain

X f [ Q 'D ~+S DD 4'+'g(4 ~S ) f g(D g h P+ g—AD P).S;]5 dv;d x =0 . (2.28)

We can now carry out the x integrations, which yield

g f [—Q,"D„g+S ".DpD„g+. g(P AS; ) j g(Dpg hg+g'RDp—g).S~r]d~;=0, (2.29)
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where it is understood that all quantities are to be evaluated at z; (r; ).
Because of the arbitrariness of g' and its derivatives the coefficients of jand of each of its derivatives must vanish

separately. However, this rule cannot be applied to Eq. (2.29) as it stands. We first consider the term S f' ".D~D„g. We
introduce the four-velocity of the ith particle,

dzI'
V1 = ~ V1ViPd 7'1.

and note that

(2.30)

v;"D„ql=u;"B„ql—gv;"A„h ql =
d11

DQ—gV,."A„h, 0 —=
d~

(2.31)

for any vector in isospace. Breaking up the dipole moment S~" in components parallel and perpendicular to the four-
velocity in the first index as

S~'"=uW "+'Si"" 'Si""u. =01 1 1 1 & 1 1P

we can write the second term in the integral (2.29) as

f S~"-D D„/dr, = f T,"uPDqD„g dr;+ f *S~"D~D„/dr;

= f T," (D.g)dr, + f *SP"D,D„gdr,
1

(2.32)

DT"= —f D /dr;+ f *S~"D D„/dr;, (2.33)

using Eq. (2.31) and a subsequent integration by parts. Therefore the term originating in vfT; does not contribute to the
coefficient of the second derivative of g, but only of the first one; thus DT; /dr; can be absorbed in the as-yet-
undetermined Q,"without loss of generality, i.e., we can take

T1=0 .

Now we break up *Sp into

'S~"=SE~~+S [~l, S I~"~v,,=S I~"lv,,=o,

(2.34)

(2.35)

where the parentheses and square brackets, as usual, denote symmetry and antisymmetry, respectively, of an index pair.
Then we have

S~g'" DpD~g = —,S,'&.(DpD„+D„Dp)j+ —,S~(+) (DpD„D„Dp)g—
= —,

' S,'~'(DpD„+D~p) g —,
' gS g~~"i (F~R —g ), (2.36)

where the last equality follows from Eq. (2.8). Thus the vanishing of the coefficient of the second derivatives of g only
requires

s,'~'=0.
Now we similarly break up Q,"and S,". into components parallel and perpendicular to v;„:

Q,"="Q,"+Q;v;", 'Q,".u;„=o,

(2.37)

(2.38)

However, without loss of generality we can take

S1 =0 (2.39)

(2.40)

by the same argument as used above to arrive at Eq. (2.34). Inserting Eqs. (2.38) and (2.39) and the term remaining from
Eq. (2.36) into (2.29) we obtain, using (2.31),

r

f —Q,". .D„g—Q;. ——gS;~ (F h g)+g(P RS;).g —g(D gh P+gRD P). S; dr; =0,d'7-

where we have omitted the summation over i, since g and its derivatives can be chosen so that (2.40) must hold on each
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world line. [This fact was already used implicitly in arriving at Eq. (2.35).] Using Eq. (2.39) in the last product and
making use of the properties of the mixed triple vector product, we can write Eq. (2.40) as

f Q—,".D„g Q;.— —2g(SI~" AFp„).g+g(P AS; ) g —g((b A S; ) Dpj g—(Dqg A S;).g dent ——0. (241)
Tl

In the second term the r; derivative can be removed from g by an integration by parts. Requiring the coefficients of g
and Dzg to vanish separately yields the conditions

'Qf=gg A'S~ (2.42)

and

=g( —,S(~ ) AFp„+S; A P *S~—ADpg) .
Tg

(2.43)

Equation (2.43) determines the time variation of the non-Abelian charge Q;, while Eq. (2.42) establishes a relation al-
lowing us to eliminate *Q~ from the laws of motion, which will now be derived from Eq. (2.26).

Proceeding as with Eq. (2.27), we first remove all derivatives from the 5 function by integrations by parts to obtain

g f [p/'" B g p/' d g—„+(D P S; —F ~ Q; )g D(g+"P—).S~+D (F ~g„) S; ' ]5 dw;d x =0 . (2.44)

Now we can carry out the x integrations; as before, from now on all quantities have to be evaluated at z; (r; ). Further-
more, by the same arguments as given above, we can omit the summation over i We al.so note that for any vector in
isospace, since g, is a scalar in that space, we have

D, (q g.) =g~, e+ q ag, .

Thus Eq. (2.44) reduces to

(2.45)

f [p/'~a„g„p/"d„g. +—(D y.S, F&.Q,,)g—. S&.D gag—. Sf D,D"yg„+—S, , F"&d.g„+S, , D.F"&g„)dr, =o.
(2.46)

Now we break up the pi~ and pip~ into components parallel and perpendicular to the viv.

p/'"="p/'"+ ,
'

(n/"u; —+n u/')+M;v/'v;",

PV 4 VP g PV V
A pi ~ Jr viv ~ i viv

pf'""='p/'I' + ,' (BP~u;"+—B;"v/')+p/'v/'u;",

tv 4 pvjtl 4 tv 0 4+ppv 0fP

B,~~v; =0, Bt"~v; =0, pPv; =0.

(2.47)

(2.48)

It is not necessary to include a component containing a factor u/' in p/'"", since the term in Eq. (2.46) corresponding to
this component can be transformed by an integration by parts to a form which, having the same symmetry properties,
can be included in the monopole term described by (2.47). Furthermore

f pfv('v;"D~D„ggr; = —f (p v/;")B„gg~; = f (p;("u/') pu(')d„ggr;—; (2.49)

thus the last term again has the same symmetry properties as the monopole term and can be included in it. Introducing
the abbreviation

D~"=2@;i"v~~ p~= —D~ v;

and performing an integration by parts in Eq. (2.46) in the part containing B;~ut' we can write this equation as

g f I('p/'""+ ,'B/' u; )B~„g—['p/'"+, (n—/'u +n; uP'+B; —D; )+M;v/'u +S—;".D"P S;"'~.F"~]d„g„—

(2.50)

+(S; D"P Q;p F ~ S;—~.DpD"P+S; 'p —D F"~)g„Id'; =0, (2.51)

where an overdot denotes differentiation with respect to ~;. The vanishing of the coefficient of Bz„g'„implies

'p/'~" +'p/'&" + ,' (B/'&+B/~—)v,"=0,
from which we obtain by contraction with v;

(2.52)
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g p~ — gpI' (2.53)

But then Eq. (2.52) requires

PP,V+ 4 PPV p

which in turn implies

pfcv O

since no third rank tensor can be symmetric in one pair of indices and antisymmetric in another.
We now break up the factors of Bzg'„ in Eq. (2.51) involving the fields into symmetric and antisymmetric parts:

S.".D"&—S "' .F I'=S.'".D"'&+S ".D" & —S '"' F"'~—S ~"' .F "~~ .p s w i w i p i p

The symmetric part can be included in the as yet undetermined *p," . The tensor

YF'v (g ~D )+S [P Dv].P S [P, .F v]P

is antisymmetric by Eqs. (2.50) and (2.53); we break it up as

Y,""=*Y""+Y,"U —Y"u"

Yi~ = Yi ~ Yi~ vr'v=0~ Y; U~'v=O

(2.54)

(2.55)

(2.56}

(2.57)

(2.58)

Introducing this into Eq. (2.51), integrating all terms containing a factor u, by parts, and omitting the term involving
Bz&g„as discussed above, we obtain

f ('pP"—'Y('"+—, nt'u;" —Y/'u;"—)Bpf„+ S; D'P Q,p F ~ —S;~.DpD—P+S; 'p D F'~

+ (M~u; + ,'n;"+—Y;") g„dr; =0 .
dv

(2.59)

The vanishing of the coefficients of Bg„and of g„yields

(2.60)

S;.D"P Q;q.F "~ S—;~ DzD'P—+S; 'z D F "~+ (M;u + —,n;"+Y;"}=0.
d&s

(2.61)

Contracting Eq. (2'.60) with u;„we obtain

—'n~= Y~ (2.62)

and thus Eq. (2.61) reduces to the translational law of
motion

dpi"
S; D"Q+S;~ D—pD"P+Q;p F'~ S";'p.D„F ~, —

where

(2.63)

Ai =MiUi +ni (2.64)

Since in the absence of the forces due to the fields A;" is
constant, it is natural to interpret it as the four-
momentum of the ith particle; it should be noted that in
general it is not parallel to the four-velocity.

From Eqs. (2.60) and (2.62) we conclude because of the
different symmetry properties of pI'" and *YI'" that

(2.65)

Inserting Eq. (2.58) with (2.62) and (2.63) into (2.57) we
obtain the rotational law of motion

=2(S, [& D")p —S["' F)~)+.nf'u;" n;"up.— '(2.66)

Since in the absence of fields in Eqs. (2.63) and (2.66) the
left-hand side equals minus the rate of change of orbital
angular momentum, it is natural to interpret B," +D,"
similarly as some form of angular momentum associated
with the ith particle; this interpretation will be further dis-
cussed below.

Equations (2.63) and (2.66) are special cases of Eqs. (48)
and (49) of H; in that paper the laws of motion were de-
rived for the general case of arbitrary multipole singulari-
ties of the field satisfying Eqs. (2.9) and (2.10) rather than
just the monopole-dipole terms contained in the sources
(2.23) and (2.24). Here we have given the derivation of
our simpler case in full detail, while in H it was only indi-
cated that the derivation was fully analogous to the treat-
ment of the general case of arbitrary fields given in Refs.
22 and 23. Similarly, the law (2.43) describing the varia-
tion of the non-Abelian charge is a special case of Eq. (73)
of H; a full derivation was given there, however, and here
the details for our special case were given only for com-
pleteness.



DRECHSLER, HAVAS, AND ROSENBLUM

The laws of motion (2.63) and (2.66) are written in
terms of arbitrary monopole and dipole moments of the
fields. We now have to take into account the decomposi-
tjons (2.32), (2.35), and (2.38) of the moments and the re-
strictions (2.34), (2.37), (2.39), and (2.42) on some of their
parts. Inserting these into Eq. (2.63) we obtain

Sg.D—"p+*Sgt' DpD"p+ Q; F i'U;

B," Bgp ——0. (2.73)

Similarly, the magnitudes of the monopole and dipole mo-
ments will be required to be constants, or

angular momentum of an extended body, and thus
will be taken to describe the intrinsic angular momentum
or spin, whose magnitude will be taken as a constant of
the motion:

g

+g(P h*S. ).F "i' S t'I—') D F (2.67)

d ~ ~ d
(S; S;)= (S; S;~)

d7g d7g

Combining the second and fourth terms on the right-hand
side and using Eq. (2.8) and the properties of the mixed
triple vector product we get

*S t'D D"P+. g(P A*S. ) F "i'

= S .(D"Dt'P+gF t'RP)+g(gh*S ) F ~

=ST D "Dt'P, (2.68)

where the asterisk on the final expression has been omitted
because of Eq. (2.39). Thus Eq. (2.67) reduces to

= —S; D"P+S; .D"Dt'P+Q; F "t'U; S;~&t').D„—F"
Vg

(Qip. Q ~)
Tg

(2.74)(s, ,„„,s, (~"))=0

as a consequence of the laws of motion, as is frequently
appropriate for eleinentary particles (but not if, e.g., a
classical description of exchange forces is desired) Fin. al-
ly, we shall impose the even more stringent requirement
that the momenta 3;"as well as the multipole singularities
of the fields for the ith particle should be expressible in
terms of the quantities UI' and Bf'" describing the transla-
tional and rotational motions of a non-Abelian charged
particle characterized by a single vector in isospace, the
isospin vector r;, of constant magnitude

Similarly, Eq. (2.66) reduces to

(a/'"+Dt'") =(S;~ D "P . S,"D—"P ).
d7.

(S.lou). F & S,(~u).Fy )

(2.69) g

'Tg 'Tg —1~ 7
g

=0
d'Tg

and of a number of constants.
We note that for any scalar g in isospace

dg(r; ) Dg(r; )

«» d&g

(2.75)

(2.76)

+(nf'U;" n;"UI') . — (2.70)

For easier reference we repeat the restrictions imposed on
the quantities entering Eqs. (2.69) and (2.70) by Eqs.
(2.39), (2.48), and (2.64):

and therefore Eqs. (2.73)—(2.75) imply that all the magni-
tudes are covariantly constant as well.

The general case of multipoles of arbitrary order was
treated in H. Here we shall find the general form of the
monopole and dipole moments satisfying the requirements
stated.

The non-Abelian charge can be taken as
(2.71)

Q; =It/;, (2.77)
Furthermore, the variation of Q; is determined by Eq.
(2.43).

Equations (2.69), (2.70), and (2.43) are the laws of
motion for the momentum, angular momentum, and non-
Abelian charge of the ith particle. Although they appear
to determine the motion of this particle, this is actually
not the case. As was shown for an analogous case in Ref.
22, Eqs. (2.69) and (2.70) are compatible with arbitrary

~ /MY

motion, due to the presence of the term D; . For a system
of interacting particles it was shown in H that D,""can be
interpreted as an induced angular momentum, and its
presence permits a variety of multipolc moments to be in-
duced by the motion of the particles. To exclude this ar-
bitrariness, we therefore require

where I; is the magnitude of the Yang-Mills charge, with
the monopole moment of the singularity of the field given
by

Q";=Q;U/'=I;vt'~; . (2.78)

The corresponding dipole moment can be taken without
loss of generality as (compare H)

S;=h;)~;,

(2.79)

Similarly, the monopole and dipole moments of the Higgs
field can be taken as

D,~"=0 . (2.72) S;"=h;2'"~;, (2.80)

On the other hand, B," can be shown to be the limit of the S,~=—W"& B,„,~...
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where d'"p is the totally antisymmetric Levi-Civita tensor
density with e ' =1. The form of S;" establishes Eq.
(2.39) because of the antisymmetry of O'"P . In the above,
f;, h; ~, and h;2 characterize the strength of the coupling;
while they, as well as I;, are scalars which may at first be
taken as undetermined functions of the proper times, it
will be shown below that they must all be constants.

Slight modifications of the initial assumptions on the
monopole and dipole moments and the corresponding
changes in the allowed forms of these moments will be
discussed in Sec. III.

Inserting Eqs. (2.77), (2.79), and (2.80) into Eq. (2.43),
we obtain

DQ; dI;
+Ig

dr; dr i

and

dB~ =~;.fh; (S;"D"i/i S;—D"P)
d 7g.

f; (—B/'PF "p B;"—F"p)]+(nPu;" 'n—;"v/') .

(2.87)

Contracting Eq. (2.87) with B;&„and using (2.71) we get

dB/'"B;p„2r;——.(h;2B;„Q; D"p f B;p—PppF "p) .

(2.88)

The last term vanishes because B;&Qf'p is symmetric in v
and p, whereas F ~ is antisymmetric in these indices. The
first term vanishes because

=gg,. g( ,f Bip F—p~+h;)p h;2S;pD—pp) . B;„Q;"=0, (2.89)

(2.81)
which can be most easily seen by evaluating this expres-
sion in the "standard rest system, " in which

Scalar multiplication with I; v.; yields

DQ;Q'
d

dI; Dr;
' 'dr; ' 'dr; (2.82)

all B;„=0except B;&2———B;2& . (2.90)

Thus Eq. (2.73) holds as required. By similar considera-
tions it follows that

and thus Eq. (2.75) holds as required, provided that I; is a
constant, and Eq. (2.81) reduces to

=gr; h( ,f B/' Fp~+—h;)p h;2S pD p)—.
g

From Eq. (2.78), Eq. (2.82) implies

S;P;P= 2B;p+P"=—const .

Furthermore, from Eqs. (2.81) and (2.79),

—+ ~ 2 &gg2

S; S;P=h;2 S. ipse;P= —2 Si(p„) S; "" .P f 2

(2.91)

(2.92)

DQi
Qi, =Q uf. DQ; du, p"'pd- +Q d.,

=0 (2.84)

as required by Eq. (2.74). Similarly, from Eqs. (2.75) and
(2.80)

Ds; aug dh;$
(2.85)

I, F Pv +fBPPD F. .

provided that h; i is constant.
Inserting Eqs. (2.72) and (2.77)—(2.81) into the laws of

motion (2.69) and (2.70) yields

dA; = —~; (h; (D"i/i hizS;P DPP—
d7.

These expressions are constant, as required by Eq. (2.74),
as a consequence of (2.91), provided that h;2 and f; are
constant. This together with Eqs. (2.84) and (2.85) com-
pletes the proof of (2.74). From the consideration of the
values of the two dipole moments introduced in (2.79) in
the standard rest system it is clear that f; is the Yang-
Mills analog of the gyromagnetic ratio.

Now we contract Eq. (2.87) with v;„and obtain

n/'= —r; h;2S;~ . f;B/'Pu; F +—B; u;; (2.93)
Tg

contracting this with v;z and using Eqs. (2.71) we get

ni"vip= ri h;2uipSi fiui)iBi" ui Fo—pd 1
(2.94)

On the other hand, we get from Eq. (2.86) by contraction
with u;„and use of the decomposition (2.64)

"i~i + = —&i hw
d

—hi2S;p (D Q)+fiB, D„F„pv;"
7

g +g 7
g

Subtracting Eq. (2.94) from (2.95) we obtain

(2.95)

d7 g d&g 7
g

(2.96)
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which must be shown to be integrable. To establish this result we add the expression

~ 1M%

SpB; 5;
SP .P.

e

S;„BPS+
h; 2S;„D"p +f; —+h; 2S;"u;„SPP dr;

(2.97)

where the form of the last expression follows from Eqs. (2.87) and (2.93), and which vanishes by (2.89). We then obtain

Dz;
Mg — [—~;.(h;iP h;~S—gpD P+ ,' fBi —F„p)]+ .(hgiP hg2—SgpD gtg+ ,

' f Bg"—F„p)
Tg

l Dip+fi rg' Bg 'uiggug Fvp D—pFvpug +
2

(2.98)

The second term on the right-hand side vanishes from Eq. (2.81},since it is proportional to the scalar product of the
right-hand side of that equation with the expression in square brackets. The vanishing of the last term of Eq. (2.98) fol-
lows most easily by evaluating it in the standard rest system and noting that in that system for any field quantity d /dr;
equals Bo. Thus we can integrate Eq. (2.98) to obtain

M, =m; —~;.(h;, P h;2S—;QPgtg+ ,' f;8, PF—„p),

where m,. is a constant of integration, which will be taken as positive and interpreted as the mass of the pa~icle.
Substitution of Eqs. (2.99) and (2.93) into (2.86) yields the final form of the trans»tional »w «motion:

(2.99)

[I; w; (h;)p—h;2S+p—p+ ,fBppFpp)—]v;"+~; ~;2S;" f Bg.
" u—

g F~p +Bg vip

=&, ( I „D qV—+a, ,S,~ Dpi+I, F "pu,,+f;8;p.DpF") .
Similarly, substitution of Eq. (2.93) into (2.87) yields the final form of the rotational law of motion

8; —Bi vgpu; +Bi Uipvj= Tg
' ' A;2 Sg D P —

vg

l

—S; D"P —ut'
dTg

J

f [Bpp(F +u'F—u ) —8"p(F" +u"» )] (2.101)

Equations (2.100), (2.1()1),and (2.83) determine the variation of the independent variables u;, 8, ", and 7;.

III. DISCUSSION

In this paper, we have derived the laws of translational
and rotational motions (2.100) and (2.101) and the law of
variation of non-Abelian charge (2.83}. To obtain the
equations of motion, we will have to determine the fields
to be inserted into these laws in terms of their sources.
This will be done in the following paper, where we shall
develop an approximation method for this purpose. In the
case of retarded interactions, these fields involve not only
the contributions of all particles other than the ith one,
but also radiation-reaction terms due to the ith particle it-
self. Except in lowest order, this yields extremely compli-
cated expressions. Although the approximation method
itself is the same regardless of the number of multipole
terms inclo. ded in the sources j " and p of the field equa-
tions (2.9) and (2.10), the complexity of calculation of the
fields increases by an order of magnitude for each addi-
tional multipole as well as for each successive order of ap-
proximation. Therefore, once we have described the ap-
proximation method, we will restrict ourselves to the case
of monopole singularities of the fields for which the exact
laws of motion (2.100), (2.101), and (2.83) reduce to

~ VP

[(m; —h;, 7;.P)v;"+8; u,p]
d'Tg

= —~;.(h;,D P I;F"Pu;p), —
~ P& ~ PP +P

Bg —Bg UgpUg +Bg UgpUg
—0,

(3.1)

(3.2)

=gh;)~; h P . (3.3)

(3.4)

It should be noted that even in this simpler case, in which
there are no torques due to fields acting on the particles,
the translational and rotational motions remain coupled,
and 7;, and thus the non-Abelian charge Q;, is not neces-
sarily covariantly constant [unlike the case considered in
Ref. 19, which is obtained from Eqs. (3.1)—(3.3) by taking
BgP'"=h;~ ——0]. Furthermore, the inclusion of the Higgs
field allows us to obtain gauge-invariant results more easi-
ly and in a physically more satisfactory manner than in its
absence, as will be discussed in detail in the following pa-
per.

If we take [see Eq. (2.3)]
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restricting the gauge field everywhere to be in a particular
direction in isospace, the Yang-Mills field reduces to the
electromagnetic one, and Eqs. (2.100), (2.101), and (2.83)
reduce to the case of a charge-symmetric spin zero meson
field interacting with the electromagnetic field, involving
point particles with spin which are monopole-dipole
singularities of these fields.

Instead of taking the non-Abelian charge Q; to be given
by Eq. (2.77), we could more generally take

(3.5)

where Y; is a constant vector corresponding to a classical
representation of hypercharge. Then we can maintain all

the conditions (2.74) by taking Q";, S;(&"),S;, and S;"to be
proportional to this Q; rather than to r; as in Eqs.
(2.78)—(2.80); the subsequent proofs of the conditions
(2.74) are only trivially modified, and Eqs. (2.100), (2.101),
and (2.81)—(2.83) are modified only by replacement of
I; ~; by the expression (3.5) everywhere, and similarly for
Eqs. (3.1)—(3.3).

Instead, we can inaintain the forms (2.79) and (2.80) of
S;(""),S;, and S;" and only take Q"; to be proportional to
the expression (3.5). Then Eqs. (2.101) and (2.83) remain
unchanged, as do their special cases (3.2) and (3.3); only
the translational equations of motion (2.100) and (3.1) are
modified by addition of an extra term ——,Y;*F"i'U;z on

the right-hand side. Furthermore, now Q; Q; and Q;„Q";
are no longer constant, while the other conditions (2.74)
are maintained.

While the choice of the form of the multipole moments
suggested in the preceding paragraph appears arbitrary, it
seems to be the physically necessary one for the case (3.4)

of nonlinear meson theory. In particular, if we take

8, "=f;=h;z ——0, y;=y, I; =1,
and use Eq. (3.4), (3.1) and (3.3) reduce to (2.39) and (2.35)
of M.

In the following paper we shall maintain the simpler
choices (2.78)—(2.80). However, all resulting expressions
require only trivial modifications to accoinmodate either
of the two other choices discussed above.

After this paper was completed, a recent article by
Ragusa came to our attention. In that article, which was
stimulated by our recent paper on the Yang-Mills theory
with monopole singularities, ' the results of that paper
were extended to a particle with spin and a dipole mo-
ment, but not including a Higgs field. The laws of motion
obtained by a method similar to ours agree with our laws
(2.100), (2.101), and (2.83) if the Higgs field is omitted in
these equations.

As noted in the Introduction, all the results of this pa-
per are special cases of the results of H (Ref. 13) for mul-
tipoles of arbitrary order. However, that paper required
knowledge of several earlier papers and omitted many of
the details of the derivation. As noted in H, many of its
general results (and thus also the results of this paper) can
be extended to gauge theories involving other gauge
groups. Research on this is in progress.
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