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We analyze the angular distributions and polarization that are expected for Drell-Yan or e+e
annihilation into boson pairs such as Wy and WW. A helicity rule is formulated in renormalizable
theories for massive-boson bremsstrahlung by a lepton or quark, relating the handedness of the bo-
son to that of the fermion. The polarization for single-boson production in various reactions is also
compared to this rule. A covariant W polarization basis is introduced in conjunction with the radia-
tion representation for Wy production.

I. INTRODUCTION

sin Op =0.23+0.01 . (1.2)

(In the calculations described in our paper, we take
Mii ——80 GeV/c, Mz ——90 GeV/c, sin Oii =0.23. ) The
production rate of decay leptons also agrees well with the
theoretical estimates based on the Drell- Yan mechanism.

Experimental attention now is focused on the decay
spectra. The energy and angular decay distributions that
are sensitive to the forms of the boson couplings can be
compared to the GWS predictions.

In order to analyze the decay, it is necessary to know
the average spin state of the W and Z in the relevant
reference frame. Our paper addresses this question, par-
ticularly in the production of electroweak pairs
( Wy, WW, 8'Z, etc.) where the boson trilinear self-
couplings come into play. We consider both quark-
antiquark annihilation apropos of pp and pp collisions and
e+e annihilation, asking how the boson polarizations, as
a function of angle and energy, change when the couplings
are changed.

With this polarization information we can also compare
the results to helicity rules in quantum electrodynamics
(QED). The interesting theoretical question is the extent
to which renormalizable electroweak physics imitates its
QED subset. Of course, renormalizability implies that the
longitudinal polarization for bosons with mass is con-
trolled in the high-energy limit.

With the putative discovery' of the weak bosons W +—

and Z in pp collisions, it remains to be verified that such
particles have all the requisite gauge properties predicted
by the Glashow-Weinberg-Salam SUL(2))&U(1) (GWS)
electroweak theory. Already the masses implied by the
data are in excellent agreement with the standard predic-
tions,

Mii ——82+2.4 GeV/c

Mz ——94+2.0 GeV/c

for

It is instructive to review first (Sec. II) the annihilation
channel e+e ~yy, since the polarization of other boson
pairs, in both e+e and proton colliders, has a close
parallel to this QED reaction. The polarization (energy
and angular dependences) of boson pairs in which one bo-
son is the photon or the gluon is discussed in Sec. III:
e+e —+Zy; qq

'—+ Wy, Zy, Wg, Zg. The cases where
both are weak bosons are considered in Sec. IV:
e+e —+ WW, ZZ; qq '~ WW WZ, ZZ. Comparisons are
made with nonrenormalizable couplings.

We also compare the polarization expected for single
production in Sec. V, including the seminal qq ~W, Z
quark annihilation and the related decay-lepton asym-
metry. The neutrino-induced reaction vIX—+ WlX and
analogous single-boson production in e+e and ep, al-
though somewhat academic at this point, complete the
theoretical picture.

The analytic demonstration of a handedness-matching
rule that emerges from our numerical survey is the subject
of Sec. VI where a covariant W polarization basis and the
so-called radiation representation are utilized. In those re-
actions where forward boson emission by a hard fermion
is dominant, the survey shows the strong tendency of the
boson to follow the fermion handedness, a fact that is use-
ful quantitatively as well as qualitatively and is summa-
rized in terms of "hemispheres" in Sec. VII. We define
the parent hemisphere to be the forward (2m solid angle)
hemisphere into which the parent is moving, with the
equatorial plane perpendicular to its initial motion. The
rule thus describes that situation where the emitted boson
has the same handedness as the parent, when it is emitted
into the parent's hemisphere.

II. PHOTON POLARIZATION IN ff~yy:
A REVIEW

The polarization results to be discussed in the next two
sections are closely related to the lowest-order Dirac-
fermion —antifermion annihilation into photon pairs,

(2.1)
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1y+
4p

(2.2)

where q is the photon four-momentum and p is some
mass scale. Clearly, the nonrenormalizable tensor interac-

the diagrams for which appear in Fig. 1(a). The differen-
tial cross section for (2.1) and for a given photon polariza-
tion is carried out by adapting the weak-boson calcula-
tions pertinent to the next section; we refer the reader to
Sec. III for their description. Specific fermion helicities
are chosen for the illustration. At energies far above the
fermion mass, the fermion helicity is well known to be
preserved along the fermion line in QED. A negative-
helicity or left-handed (LH) f requires a right-handed
(RH) f in (2.1). Alternatively, a RH f and a LH f must
be combined.

The c.m. angular distributions for the two helicity
states of a given photon at an angle 8 relative to f are
shown in Fig. 2, for a LH f and RH f. For a direct com-
parison with the scale of the weak-boson cross sections
discussed later, the c.m. energies are chosen to be 200 and
600 GeV, although the relative helicity distributions are
independent of energy once the fermion mass is neglected.
We observe that the photon (either photon) is strongly LH
(RH) along the incident f (f) direction; exactly the oppo-
site configuration dominates for the other choice of RH f
and LH f. Such handedness matching is also seen for
hard forward electron bremsstrahlung, studied long ago by
McVoy and Dyson. '

A key ingredient for such results is the fermion-
helicity-conserving vector interaction. The importance
can be seen by inserting an additional helicity-Aipping
anomalous-magnetic-moment vertex,

IOO

O. I

IO

O. I-I -0,5 0 0.5 I

cos 8
FICx. 2. Photon polarization for e+e —+yy with RH e+ and

LH e . 0 is the c.m. angle between a given photon and e
The dashed curve is the nonrenormalizable result described in
the text. The full 0 range gives double the total counts. 1

pb= 10 cm

u~ ~W u

d ik + ui

w+
U W

d~ w~~~

Zo

f~ --W

Zf ~t~ ---W=

(c)

f W-

j Z

(d)

-W
I + f'1 ~ +

-0/

t'+ W Ze

(e)

FIG. 1. Feynman graphs for the spin- 2 fermion-antifermion

annihilation: (a) ff~yy, (h) ud~ Wy, (c) uu ~Z'g, (d)
ff~ WW, (e) ff '~WZ.

tion will dominate the original vector interaction for ener-
gies above p (so the choice of the fermion mass as the
scale can lead to ridiculous rates) and we expect to see a
change in the previous distributions for such energies. To
show the transition, we let p=100 GeV and we recalcu-
late the angular distributions, keeping LH f and RH f for
comparison. The results are shown in Fig. 2; indeed, the
other photon helicity configuration contributes increasing-
ly with energy. In the limit of energy large compared
with p, we find both helicities with equal probability.
IWe should also note that, in addition, the tensor interac-
tion of (2.2) permits f and f to have the same helicity,
where both photon helicity configurations contribute in
both forward and backward directions. ]

Another key ingredient in the renormalizable case is the
ferrnion pole which leads to the forward and backward
peaking. Were the mass of the internal line not negligible
or the interactions not renormalizable, we generally would
not see the dominance of the handedness-matching config-
uration.

The fermion pole explains why angular momentum
does not seem to be conserved along the beam direction.
The initial state has J,= —1 for the LH fermion moving
in the +z direction. But the dominant photon final states,
collinear with the beam, correspond to J,= —2 according
to Fig. 2. What happens is that as the photon c.m. angle
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8 vanishes the Feynman numerators go to zero (-8) due
to angular momentum conservation, but the propagator
poles diverge faster (-8 ). The collinear divergence
represents an infinite amplitude for forward emission by
massless fermions. An analytical study of ff~yy in-
volving a new technique is given in Sec. VI.

IO

~s = 600
K= I

Lo

III. W, Z POLARIZATION IN ff '~ Wy, Zy, $Vg, Zg

The quark-antiquark annihilation into a weak boson
and a photon was proposed several years ago as a channel
that could offer a test of the gauge properties of the W.
The rate, angular distribution, and (as we shall see) the po-
larization are very sensitive to the W electromagnetic mo-
ments, for example. The Feynman diagrams shown in
Fig. 1(b) include a photon coupling to the W. The rela-
tively low threshold means that the pp —+ WyX experiment
lies in the CERN SPS domain; a detailed study including
a Monte Carlo analysis of the decay spectra will be
presented elsewhere.

A. ff '~$' +—
y

b ~~ 00

O.I—

O.OI

~s= 2006
m= I

O.OOI
IO

l RH

~ Lo

We first focus on the W polarization" in the reaction of
Fig. 1(b),

ud —+ W+y, (3.1)

in the quark-antiquark c.m. frame. The formulas for the
amplitude, the polarization basis, and the polarization
density matrix can be found in Refs. 9 and 10.

In general, we use the method of Bjorken and Chen, "
particularly as practiced by Gaemers and Gounaris. ' The
amplitude for (3.1) has the form

2 =u(k2)I(1 —y5)u(k&) (3.2)

with an odd number of y matrices in I . (We neglect the
quark masses. ) Only LH u and RH d contribute, of
course. The procedure, which is less cumbersome than the
usual calculation, is to multiply and divide A by some oth-
er bilinear u I"u,

quark
spins

QgI Ug

(3.3)

where the freedom to sum over quark spins (inside an un-
polarized nucleon) produces a simpler Dirac trace calcula-
tion and involves the amplitude. The I ' contains an odd
number of y matrices as well and is chosen to be rI where
n" =(O,n ) with n l the beam.

We present in Fig. 3 differential cross-section results for
(3.1) calculated as above for LH, RH, and longitudinally
polarized W+; c.m. energies of 200 and 600 GeV are
selected as mentioned for the figures. ' In Table I the po-
larization percentages of the total cross section (with cut-
offs in the forward and backward directions) is tabulated
for each of the three W polarizations. Our numerical
work was checked by using rectangular basis for the W
polarization states and comparing to curves given by
Hellmund and Ranft. '

We find that the W+ is overwhelmingly LH (RH) when
it is emitted in the u- (d-) quark direction. Since these

O. I

O.OI
-I

cos 8

Lo

!
I

FICz. 3. 8'+ polarization for ud ~8'+y. O=c.m. angle be-
tween 8'+ and u. Lo=longitudinal.

configurations are promoted by the fermion propagator
poles, we can understand the polarization percentages sim-
ply by consideration of the quark electric charges. From
the angular distribution and the table about 80% of the
events correspond to a (RH) W+ in the d hemisphere (the
hemisphere toward which the incident d moves) and 20%
to a (LH) W+ in the u hemisphere. ' Thus the ratio of
RH/LH is given very accurately by (Q„/Q&) =4, involv-

ing the photon coupling to the quark that is not emitting
the W+. The forward backward asym-metry is a measure
of the quark charge In V, e ~. W y, the Wis mainly in
the v hemisphere in agreement with the neutrino zero
charge.

The charge-conjugated reaction ud~W y gives the
mirror image where about 80% of the W are LH and in
the d direction. The longitudinal helicity rate is small and
rapidly disappears with c.m. energy in both reactions.

If the fermion masses are neglectedthe ,cross sections
diverge logarithmically in the forward and backward
directions, which is also the case in the yy reaction of Sec.
II. These infinities would make it obvious that ratios of
the pole residues are all that is required for a determina-
tion of the relative cross sections. However, we wish to
stress that, even in the presence of cutoffs, an accurate es-
timate can still be made. The percentages in the tables are
insensitive to small cutoffs 8;„(and m —8;„);the correc-
tions are only of order 8;„.

Another measure of the charges is the familiar
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TABLE I. Angular-averaged 8'+ c.m. polarization (normalized cross section) for ud —+8'+y as a
function of c.m. energy. Lo=longitudinal. Even for ~=1, the relative longitudinal contribution can
grow with energy if the forward/backward peaks are suppressed. The end points are cut off by a
Gauss-Legendre integration corresponding to 0;„=0.4', 0;„~0 & m —6;„. The weak dependence on
8;„is noted in the text.

Vs (CxeV) K Fo LH % Lo % RH

18.9
18.9
18.9

3.2
3.2
3.1

77.9
78.0
78.0

18.9
19.0
19.0

2.9
2.5
2.4

78.2
78.5
78.6

19.3
18.8
17.1

1.0
44

16.0

79.7
76.8
66.9

19.5
11.8
5.7

0.1

40.5
72.7

80.4
47.7
21.6

19.5
6.7
2.4

0.0
66.4
88.5

80.5
26.9
9.1

Mikaelian-Samuel-Sahdev zero' evidenced in Fig. 3. The
position of the zero is cos8=1+2Q~ for q;q&~IY+y.
This is an instance of a general class of spin-independent
radiation zeros and is not present for nongauge values,
a.&1, in the 8' g factor, g =1+a.. The electromagnetic
vertex for a charged boson with arbitrary ~ can be found
in Robinett, ' for example.

That these reactions follow so closely the pattern of
ff~yy is not entirely obvious. With an additional longi-
tudinal polarization state it is now possible to conserve an-
gular momentum along the beam. But in fact that spin
state is negligible, according to these results and the calcu-
lations in Sec. VI.

For nonrenormalizable photon-8 couplings, on the oth-
er hand, it is expected that the 8' longitudinal state will
dominate, overwhelming the other spin states at high en-

ergy. This is borne out in Fig. 3 and in Table I where
1«1 values are chosen to illustrate such effects. ' Notice,
however, that the RH/LH ratio is still 4.

B. fj '~X y, Xsg, W —g

We turn to the production of Zg, Wg, and Zy
(g =gluon) where no trilinear boson coupling is present in
the standard model. ' ' The two (exchange) graphs in

Iooo- to

1

l

100 —
l

a smaller rate. In either case, we find almost 50% of the
events have Z in the u (u ) hemisphere and with its helici-
ty. There is small (3% at 200 GeV) longitudinal contam-
ination at wide angles that decreases with c.m. energy.

The diagrams of Fig. 1(c) and the polarization results
are essentially the same for dd ~Z g (where the d neutral
current is ——,

' V+3 for sin 8~= —,
'

); e+e,qq~Z y;
and qq '~ 8'g. The weak boson found in a given fermion
hemisphere has the fermion's handedness. The two hemi-
spheres have equal weighting when the gluon (photon)
couples symmetrically to either side of the vertex for the
emission of a colorless (neutral) boson.

The polarization curves for the photon in Z y and the
gluon in Z g and 8'g resemble those in Fig. 2. The polar-
ization curves for the photon in 8'y resemble the curves

uu~Z g (3.4)

for example, are depicted in Fig. 1(c). The initial/final
SU(3) color is to be averaged/summed; otherwise, the cal-
culations proceed as before.

The angular distributions of (3.4) for the three Z polar-
izations are drawn in Fig. 4, for LH u and RH u. Since
the neutral-current coupling to the u quark is —, V —A for
sin 8@ ———,, the other choice (RH u, LH u) contributes at

10-I O. I

COS 8
FIG. 4. Z polarization distributions for ul u& —+Z g.

O=c.m. angle between Z and u. The gluon coupling corre-
sponds to three generations, Q =s, and As ——400 MeV.
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51.5
51.4
51.3

48.5
48.6
48.7

62.4
61.9
61.3

37.6
38.1

38.7

TABLE II. Photon polarization as in Table I for ud ~8'+y.

~s (GeV) K % LH % RH

To show most clearly the predominant helicity at a given
angle in the electron or quark c.m. reference frame, we
again plot differential cross sections for the various helici-
ties of the 8'—+ and Z . The programs used in this work
were spot checked against the differential cross sections
given in terms of a rectangular polarization basis (where
the helicity phase or handedness is unavailable) for'
e e and gg

78.7
76.3
71.7

21.3
23.7
28.3

300 80.0
75.3
67.2

20.0
24.7
32.8

IV. W, Zo POI.ARIZATION IN Ij" WW, WZ, ZZ

in Fig. 3 (8 is the angle between the photon and the d) if
we reverse the labels, RH~LH, and ignore the longitudi-
nal curves. The 80go rule is evident here; however, near
threshold (see Table II), or for nonrenormalizable cou-
plings at high energy, both photon helicities are equally
probable at all angles.

The results for ee —+8'8' at the energies chosen for
comparison with qq are shown in Fig. 5. I~eluded in the
figure are the corresponding curves for a nongauge (non-
renormalizable) value of the W magnetic moment parame-
ter v.

The handedness rule is observed. With only V —A lep-
ton interactions and only the t-channel pole (neutrino
propagator) enhancement —there is no crossed u-channel
pole—the W+ (W ) lies predominantly in the e+ (e )
hemisphere and is predominantly RH (LH) in that hemi-
sphere, even for the lower energy. On the other hand, the
longitudinal polarization dominates the other spin states
at 600 GeV for the nongauge x=3 value, except for the
very-small-forward-angle region. The averaged polariza-
tions shown in Table III for several energies and a values
reflect this striking contrast, except near threshold where
the three helicities are more or less equally represented for
all ~ values. (At threshold, all invariants -M~ and the

ff~W+W (4.1)

is diagrammed in Fig. 1(d) and involves both WWZ and
WWy couplings. The reaction in Fig. 1(e)

ff '~W +—Z

has no photon coupling. Rounding out this system is

(4.2)

The other trilinear self-coupling in the GWS model is
the 8'8'Z vertex and contributes to the production of
8"8' and 8'Z pairs in fermion-antifermion annihilation.
The reaction,

~s = 600 Gt.v
~=l

l

IO—

I—
lo

Lo ~

ff ZZ (4.3) O. l

where boson self-couplings would only arise in unortho-
dox models; the diagrams are structured like Fig. 1(a).

The CERN LEP reaction, eel@'8, has received the
earliest (and most) attention ' in plans to establish experi-
mentally the existence of the WWZ gauge self-coupling.
Perhaps this may also provide an accurate measurement
of M~, depending on the degree to which the threshold is
smeared by width effects. The reaction ee~Z Z has
also been suggested where anomalous Z couplings'
could be probed.

Another test of the 8'O'Z vertex has been proposed '

using Drell- Yan annihilation into WW and WZ . [f=q,
f'=q' in (4.1)—(4.3); Z Z is likewise present at roughly
the same cross-section level. ] This may be measurable in
future facilities such as the Fermilab Tevatron.

We have calculated the polarization for both e+e and
qq

' annihilation into such weak-boson pairs. (Only WZ
cannot be formed from e+e .) The amplitude method
described in the previous section is also employed here.

I

Q.OI--

V)0
~s = 200 Gev

a=l ~s = 200 G~v
K'-"3

~ X RH
lo —'.

L',. '~
Lo

O. l

-l l -l

cos 9
FIG. 5. 8 + polarization for e+e ~8'+6' . O=c.m. an-

gle between 8'+ and e



380 C. L. BILCHAK, R. W. BROWN, AND J. D. STROUCzHAIR

Ws (GeV)

162

% LH

28.4
28.4
28.3

% Lo

32.7
32.6
32.8

38.9
39.0
38.9

180 19.4
19.7
19.2

27.5
26.8
30.1

53.0
53.5
50.7

TABLE III. 8'+ polarization as in Table I but for
e+e ~8'+ 8'

loo
~s = 600 GeVI

!
m=l

IO—l

(RH

~s = 600 GeV
fC = 3

Lo

yRH

~

15.1
15~ 3
14.6

22.9
22.4
31.7

62.0
62.2
53.7

O. I

3.2
1.7
1.6

11.0
85.0
93.9

85.8
13.3

O.OI

IOO

b v)0 ~s = 200 GeV
v= I

~s = 200 GeV
K=3

t-channel pole is far from the physical region. )

The situation is similar for quark annihilation. The
counterpart curves for uu ~8'8 are given in Fig. 6. The
difference compared with e+e in the sign of the fermion
charge pushes the LH W'+ (RH W ) into the u (u ) hemi-
sphere. The dd —+8'8' curves in Fig. 7 reverse the helici-
ties once again.

IOO

O. l-I

RH
. Lo Lo . .

cos 9

FICx. 7. 8'+ polarization for dd~8'+8' . O=c.rn. angle
between W+ and d.

IO—

O. l—

/
O.OI /

'

I 00
~s = 200 GeV

IO—

~s = 600 GeV
K =

~s = 200 GeV

In spite of the large 8' mass, the neutrino propagator
pole is close to the physical forward scattering region for
the energies considered. An expansion of the propagator
denominator reveals delicate cancellations of the two lead-
ing terms in 8'energy. Therefore the suppression expect-
ed from angular momentum conservation along the beam
directions, like that discussed for ff~yy in Sec. II, is
offset by the pole. Still, a zero along the beam is expected
for the production of a RH 8' recoiling against a LH 8'
for example, although the cos8 scale in Figs. 5 —7 is too
coarse in most cases to show this.

There are other ways of introducing nongauge values
into 8'8' production, while still consistent with presently
known experimental constraints. One modification is to
consider ~z&1 where az is the analogous "magnetic mo-
ment" parameter' for the coupling of Z to the 8'+—.The
changes encountered as we shift ~z resemble the changes
gotten from shifting sc. Table IV displays the average po-
larization for ddt@'8 for different ~z.

O. I-I

cos 8
FIG. 6. 8'+ polarization for uu ~8'+8 . O=c.rn. angle

between 8'+ and u.

&. ff '~W —Zo

The general annihilation channel ff '~$VZ also re-
quires LH fermions and RH antifermions. Hence the bo-
son we find in the f (f ') hemisphere will be LH (RH) ac-
cording to the handedness rule. (Both poles are present so
that each hemisphere gets the necessary enhancement,
after the gauge coupling cancellations. ) This is verified in
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% LHKz

TABLE IV. W+ polarization as in Table I but for
dd~W+W . ~, is the weak-magnetic-moment parameter for
the WWZ coupling. re=1.

V s (GeV) %%uo Lo %RH

IO

14.6
14.3
12.6

3.2
1.7
1.6

2.3
0.6
0.6

20.2
33.8
54.5

1.7
92.0
95.6

0.8
98.0
98.6

65.2
51.9
32.8

95.2
6.3
2.7

96.9
1.4
0.8

O. l

0
IV

o.ool
IO ~s = 200 GeV

~s = 600 GeV
K = 2

I I

Figs. 8 and 9, where the angular polarization of the 8'+
and of the Z for ud ~8'+Z is illustrated.

The relative population of each hemisphere (and hence
of each circular polarization) is also found simply. The
ratio of the cross section for Z emitted into the f hemi-
sphere to the cross section for Z emitted into the f '

hemisphere is simply (gv —g~ ) /(gv —g~ ) which is ( —', )

for ud and sin 8~———,'. This is verified for the average

M00
'D

oiL i
l

O.OI

l

l

I -I

COS 8

O. I

0
fV O. OI

O.OOI
IO

b v)0
D

Lo

600 GeV
K = 2

FIG. 9. Z polarization for ud~W+Z . I9=c.m. angle be-
tween Z and d.

polarization seen in Table V (calculated for
sin 8~ ——0.23). Accordingly, the W+ polarization proba-
bilities are reversed (Table VI).

In Fig. 9 and Table V, as in Fig. 4, the longitudinal po-
larization is under control since the Z is coupled to a
conserved current in the high-energy limit even for hz&1.
For Irz&1, however, the LH and RH results grow with
energy, failing to satisfy the handedness rule and its asso-
ciated ratio: The longitudinal W is not under control (Fig.
g).

Again it should be mentioned that certain zeros expect-
ed from angular momentum conservation at 0=0,m. are
not shown in Figs. 8 and 9. For example, the RH 8'+

TABLE V. Z polarization as in Table I but for ud~W+Z .
~ is irrelevant.

% Lo

O. I

200 27.6
31.8
38.5

25.8
20.0
13.3

46.6
48.2
48.3

O. OI

~s = 200 GeV
= I

I I

0

~s =2oo Gev

"z '
C I

400 36.1

43.2
47.4

8.4
2.8
1.3

55.5
53.9
51.3

cos 8

FICx. 8. W+ polarization for ud~W+Z . I9=c.m. angle
between W+ and u.

600 37.0
45.7
48.7

6.6
1.1
0.3

56.4
53.3
51.0
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TABLE VI. W+ polarization for ud —+ W+Z as in Table I.
K is irrelevant. ~s = 200 GeV

V s (GeV} Kz % LH

45.4
40.8
27.4

%%uo Lo

27.0
33.6
54.2

% RH

27.5
25.6
18.4

0
fV
0

+tx I O.I—

55.2
33.7
14.4

8.9
43.9
75.6

35.9
22.3
10.0 b M

O

56.2
24.4

8.7

6.8
59.4
85.2

36.9
16.2
6.0

O. i
I

—
I

O.OI
I -I

cos 8

curve actually returns to zero at t9=0 in Fig. 8. There is
much intricate structure in the forward and backward
directions due to the combination of helicity constraints,
approximate current conservation, and pole enhancements.

C. f1" Z'Z'

The last annihilation channel (4.3) most closely parallels
the yy channel of Sec. II. The longitudinal polarization is
increasingly negligible with higher energy; each Z is cou-
pled to a conserved current in this reaction. Since
sin L9~-—4, no fermion helicity is projected out. There-
fore we require information on the initial spin states to ap-
ply the rule which says that the Z has the same handed-
ness as the fermion in whose hemisphere it lives. Figure
10 shows the 50% occupancy rate for RH e+ and LH e
in ee —+ZZ.

V. POLARIZATION FOR SINGLY PRODUCED W, Z

The handedness rule also applies rather nicely to those
single-boson production reactions where the 8' +—and Z
have been emitted by fermions. The parent fermion polar-
ization is again seen to be the determining factor.

FIG. 10. Z polarization for eL, e~+ —+Z Z . O=c.m. angle
between a given Z and e

helicities, a W+ produced in motion along the u quark (d
antiquark) is LH (RH). Similarly the W is emitted by
the u (d) into a RH (LH) state.

Given this description, the 8'helicity analysis leads to a
well-known e +—decay asymmetry that will provide a test
of the 8' hypothesis for the recent pp event. The RH e+
(LH e ) always favors the d (d) direction. The decay lep-
ton (antilepton) follows the proton (antiproton) direction.
With a 8' intermediate state, we may say the lepton fol-
lows the quark helicity and direction and the antilepton
follows the antiquark helicity and direction.

Production of Z by uu or dd annihilation involves neu-
tral currents for which both LH and RH interactions are
allowed. (There is no pronounced asymmetry in the Z
decay. ) The situation is similar to e+e ~Z; the LH
q —RH q combination leads to a LH Z in the proton
direction, and vice versa.

B. Single production with recoil

The early searches for W's centered on neutrino disin-
tegration into the weak boson during an electromagnetic
recoil off a nuclear target,

A. e+e —+Z; pp(pp) —+W +—,Z +X vI+X~8'+I +X . (5.1)

These much studied reactions are included, not just for
completeness, but also to consider another application of
the rule. Handedness matching can be seen to apply in
reference frames obtained by a Lorentz boost into either
fermion hemisphere from the annihilation ff ' rest frame.

The vector —axial-vector coupling in ee —+Z, which is
mainly axial-vector for sin 0~-=4, requires that the Z
have +1 spin projection along the c.m. beam direction.
(The longitudinal state is not produced in the limit of zero
electron mass. } Therefore the LH e —RH e+ combina-
tion leads to a LH(RH) Z when the Z is boosted in the
e (e+) direction. In any frame where the Z' is moving
parallel to a given lepton's initial direction, the Z hand-
edness matches that of the lepton.

The boosts have more relevance in proton colliders since
qq annihilation generally involves a moving c.m. frame.
As above, noting only that W production fixes the quark

The polarization of the 8' produced in this way has been
studied in some detail.

The result found is that the 8' follows predominantly
the handedness of the neutrino. The important contribu-
tion comes from the electromagnetic recoil of the (light)
final charged lepton; the lepton propagator pole is the de-
ciding factor controlling the W polarization. (There is
an important cancellation between the two graphs corre-
sponding to the recoil of l and W, respectively. ) In Fig.
11(a) the electroweak four-body subgraphs of (5.1) are
drawn in a suggestive fashion. The presence of a diagram
with a t-channel pole enhancement implies that we should
indeed see a LH W+ (RH W ) emitted along the v~ (vI ).

There are differences in the present application. Since
we are not in the vy c.rn. frame, a Lorentz transformation
is required to connect the two reference frames. Also, re-
norrnalizability is not critical; the u-channel diagram in
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Z

W VI. HELICITY ANALYSIS

It is possible to give an economical analytic demonstra-
tion of the correlation between a fermion parent and an
emitted photon through the use of the elegant polarization
basis developed recently by the CALKUL group. In this
way we can build a connection between well-known QED
processes such as photon pair production, with which we
introduced our study in Sec. II, and, by a generalization of
the CALKUL basis to massive weak bosons, the new territo-
ry of electroweak boson production.

Choose the momentum and polarization assignments
for the e+e version of (2.1) to be

eL (kl )+ R (k2) 1 (pl el)+1 (p2 e2)

Ignoring overall constants, the amplitude is

M(eL eR+~yy) =1T(k2)T(1—y5)u (kl),
with

(6.1a)

T (el ~ e2 ) lt2(P I I( I ) e 1 +e 1(~2 P 1 ) e2 (6.1b)

(c)
Outgoing polarization vectors are understood in (6.1a) and
the e +—are taken to be massless.

The basis

FIG. 11. Feynman graphs for the lepton —(virtual-)photon
Compton-type reactions: (a) yvI ~8'l, (b) yl ~Zl, (c) yl ~8'vI.

E = (e +lE),
2

(6.2)

Fig. 11(a) is less important for ~&1 than for 11=1. As
in bremsstrahlung the two-body c.m. energy is mini-
mized. Unlike bremsstrahlung, the t-channel diagram is
dominant for nonzero M11, yet the handedness rule accu-
rately describes both reactions.

The same description applies to Z production,

(pl ) (kl plk2 k2 plk1II

2 1M P

N a P yep(p 1 ) ~ epapyk 1 k 2p 1~2
where

(6.3a)

(6.3b)

corresponding to an outgoing RH(+ ) or LH ( —) photon
can be used for e~ with the covariants,

I +N ~Z o+ I +X (5.2)
N =(kl k2kl.plk2 pl) (6.4)

where the lepton propagator is likewise dominant. The di-
agrams analogous to Fig. 11(a) are shown in Fig. 11(b).
The handedness depends on the initial lepton helicity, re-
calling that the charged-lepton —Z coupling is essentially
axial vector in character.

The handedness rule is seen to be consistent with anoth-
er reaction where the W polarization is not dominated in
general by an initial lepton. The line-reversal of (5.1) is '

l +X—+ 8'+v)+X, (5.3)

e++e —+ W+v+e, (5.4)

also has a cross section that is rather small.

with the subgraphs illustrated in Fig. 11(c). There is no
lepton-exchange pole in this case and, indeed, the calcula-
tions ' show no dominant handedness. The W polariza-
tion is sensitive to its photon coupling and does not follow
the initial I polarization in so simple a manner.

We should remark about the relevance of (5.2) and (5.3).
Both reactions are in the energy regime of proposed ep col-
liders. However, the theoretical rates are too low to be
of primary interest. Another version of (5.3),

The identity that is particularly effective for (6.la) is

e' —(pl ) =—[A2Ã lp'l( 1+y5) —p'g2I(:1(1+yg)
g
4

+2k 1 k2p'1) sl (6.5)

derivable from (6.2) and (6.3).
With terms disappearing by chirality mismatch and by

massless Dirac projection [note that the axial-vector
current is also conserved; the p'ly5 term in (6.5) is thereby
eliminatedl, and with propagator denominator cancella-
tion, (6.1) and (6.5) combine to give

~e2) +N(k2 p2e2+ k2 e2ir1 )

T(e,e2) =N(kl p2e2+ k1 'e2p] )

(6.6a)

(6.6b)

The sandwiching of T in (6.la) is always understood. For
example, we may replace p'1 by —p'2 in (6.6).

When photon 1 is along the electron (pl ~kl,p2~k2)
the pole in N is canceled in (6.6a) but not in (6.6b). [One
can see that N-8 ' but that its coefficient -0 in (6.6a)
for a small c.m. angle between pI and k&. On the other
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M (ud ~y W) =Zv(k2)T(1 —y5)u (k~ ),
ignoring constants. As in (6.1),

T(e, rj) =g(p', g, ) V+K($—2 p',)—
The zero resides in

(6.7a)

(6.7b)

(6.7c)

Although p2 ——M~ &0, we have a QED-like form where
both bosons are coupled to conserved fermion currents.
This is precisely where the CALK.UL basis is so effective.
We obtain (6.6) again, replacing e2 by g.

The photon handedness (Table II) immediately follows,
for high energies where M~ is neglected, from (6.6) and
(6.7a), including the ratio [Z(8=0)/Z(8=rj)] =4. Near
threshold, where E «M~, we compute that both
T(e ,rj)=%M~ / —2. The soft photon is emitted un-
polarized from either pole, in agreement with Table II.

To study the 8'polarization in ud ~8'y, we generalize
the covariant polarization basis to a massive vector bo-
son. In terms of (6.3),

hand, the coefficient in (6.6b) does not vanish as 8~0.]
The reverse is true for photon 1 along the positron. The
handedness matching from e —+

, shown in Fig. 2, is thusly
verj. fled.

While the details will not be given, we have rederived
(using the cALKUL basis) the bremsstrahlung matrix ele-
ments and hence the results obtained by McVoy and
Dyson. [One must recognize in such a derivation that
overall phases may differ, so that a+ib is equivalent to
(a2+b2)'~2, for example. ] With our technique it appears
that one Feynman diagram (s-channel pole) is responsible
for the handedness matching when the photon is hard,
and the other diagram (exchange) corresponds to the op-
posite handedness for the photon, when the photon is soft.
This is misleading because the use of (6.5) mixes the two
contributions; % has the singularities of both diagrams.

A radiation representation for

u (k ) )+d(kq) —+y(p ),e)+ W+(p2, g),
which implements the full radiation symmetry (exhibiting
the radiation zero), nicely simplifies the next amplitude of
interest. We have

(Choose p &
antiparallel to the spin quantization axis z.) In

terms of (6.5),

(6.11)

We build on the photon helicity amplitudes T{e+,g) —al-
ready found in (6.6) and insert (6.9)—(6.11) as the case
warrants. Detailed calculations yield

k( k2
T(e, ri) = p;R (e,q), (6.12)

where

M~ /(2k) k2)
R(e—,q+)= X '1

kiri
1

M~ /(2k) k2) '

R (e—,g ') = —NMg .

(6.13a)

(6.13b)

(6.13c)

VII. CONCLUSIONS

These results apply to and agree with the renormalizable
results in Fig. 3 (and 4) and Table I (and II). Even down
to threshold (where we go smoothly into the resonance
helicity rules discussed in Sec. VA), there is W handed-
ness matching from both u and d. A pole is reached for
the W in the u (d) hemisphere only for g (g+); there is
no pole from g '. (In the collinear regions: p'~ ~8,
k; p&~8, %~8 '.) We see again that both photon po-
larizations contribute equally near threshold.

A covariant basis can be similarly constructed and ap-
plied in the 8'8' and 8Z channels, for an analysis corre-
sponding to Figs. 5 —10 and Tables III—VI. (Now W and
Z are not coupled to conserved currents; threshold polari-
zation is mixed. ) We may also use such a basis to see
rather directly the handedness, or lack of handedness, in
the single 8 production of Sec. VB. In contrast to elec-
tron bremsstrahlung, the spin terms in the exchange graph
for vK —+lWX, for example, lead to handedness matching,
essentially a finite-M~ effect. Finally we mention that it
is easy to do numerical work with such helicity ampli-
tudes.

(6.8)

with

g„'(p2) = —e„(p)),

The longitudinal basis vector is chosen to be

Lo 2(u2Via2 —Mwx i »
~rvP2 V &

(6.10)

which is properly directed along p2 in the c.m. frame. It
is seen that the triplet {g,g ~~, f ) gives the correct
right-handed basis upon a boost to the 8' rest frame.

The principal objective has been to provide polarization
information, as a function of energy and angle, that may
be helpful in estimating decay spectra in various 8 pro-
duction experiments. The particular relevance of the po-
larization lies in the tendency of the RH f to follow, and
the LH f to move opposite to, the W spin in the rest-
frame decay W~ff. This leads to a "hole" in the e+
(e ) event rate, for instance, along the proton (antiproton)
in single- W production (Sec. V A).

Asymptotically, a forward-emitted 8 follows the hand-
edness of its parent, so that the dominant contributions, at
high energy, to pp~8'8' and 8'Z have exactly the same
suppression (holes) in the e +—rates along the beams. (Wy
has the same holes at all energies. ) But the
qq' —+8'8', 8'Z cross sections are larger near threshold
where all polarization states are present. This gives prom-
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ise to the possibility that a window may occur for the
detection of WW and WZ pairs, in spite of the single-W
background (ironical as that sounds).

The calculations have been performed in the quark or
lepton c.m. frame. This remains convenient for those
Monte Carlo programs that can integrate in any frame.
Also, the definite handedness means that the lepton/quark
decay spectrum in the W rest frame is (1+cosg), where P
is defined relative to the c.m. direction of the 8'. This an-
gular distribution is easily boosted to the frame of interest.

We have further strived to unify the description of the
spin and angular distributions for gauge bosons produced
in various collisions. While the focus has been on boson
pair production, due to quark or electron annihilation, the
larger picture of hard-boson bremsstrahlung by any parent
quark or lepton should be kept in mind. We have defined
the parent hemisphere to be the forward (2m solid angle)
hemisphere into which the parent is moving, with the
equatorial plane perpendicular to its initial motion. We
have in addition introduced the phrase "handedness
matching" to describe that situation where the emitted bo-
son has the same handedness as the parent fermion, either
right-handed or left-handed, but not longitudinal.

The first general conclusion of the calculations is that
the relevant diagrams for the bremsstrahlung of weak bo-
sons (or other gauge bosons) exhibit handedness matching
just as in QED. This is not so obvious because an appreci-
able longitudinal state might be expected to survive to a
greater degree than it does, particularly since, in contrast
to QED, angular momentuin can now be conserved in pair
production in the forward direction.

The second general conclusion is that, for renormaliz-
able gauge theories, the presence of boson-emission graphs
whose propagator poles lie on the edge of phase space
(forward or backward divergences) dominate emission into
the associated hemisphere.

Hence we find a rule from the two conclusions. We say
that there is dominance of handedness matching over the
hemisphere from the appropriate parent in the presence of
a pole at the collinear configuration. There may be an
analogous effect from the other parent. Also, two or more
diagrams with the same pole position would interfere ac-
cordingly. In general, such poles dominate the event rate
and the polarization.

Of course the parents' polarization is fixed by the 8'
coupling. The Z coupling, on the other hand, is increas-
ingly axial-vector in the sequence v~d —+u ~e

The handedness rule is quantitatively very useful, as ob-
served in the numerical presentation, since the hemispheri-
cal event rate is generally proportional to the (square of
the) couplings, even with sizable cuts taken to exclude the
pole(s). For example, Wy production is well described,
both in the number of events and in the degree of polari-
zation, by merely comparing the parents' electric charges.
This suggests a way to measure these charges and to check
the source of the photon emission. The formula may be

written

(7.1)

where P; is the event or spin (or other?) probability in
terms of the residues (couplings g;). In ud~8'y, for in-
stance,

I'(y spinning off u)=Q„ /(Q„+Qg )= —, . (7.2)
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The accuracy of such formulas, well within a few per-
cent at the higher energies studied in this paper, is in cer-
tain cases just as good at the lower energies. The relevant
scale, seen from the tables and figures, is the weak-boson
mass, except in the channels where one boson is the pho-
ton or gluon. Accordingly handedness matching holds
down to threshold for the W, Z but not for the soft
photon/gluon. The rest-frame helicity argument of Sec. V
applies only to the 8'Z.

The helicity picture is generally changed for nonrenor-
malizable (nongauge) couplings at higher energies. In the
production of massive vector bosons, this is caused by the
(familiar) dominance of longitudinal polarization. We
also saw how a tensor interaction mixed both helicities in
both hemispheres for ee~yy. Thus the fact that we can
specify a unique polarization in a given hemisphere is a
direct consequence of good high-energy behavior: The
handedness rule is related to renormalizability.

The parallel with @ED, where we have both fermion
helicity conservation and fermion-boson handedness
matching, is clearly the lesson of our study. The conser-
vation of helicity for 8 scattering from an arbitrary elec-
tromagnetic field, which holds for gauge couplings, ' and
the handedness transfer are generalizations of the helicity
effects in the scattering of photons and electrons and
quarks (and of gluons and quarks). Details of collinear
divergences, which are sometimes suppressed by the spi-
nor numerators (helicity constraints) in electroweak pair
production, resemble the forerunner, ee~yy. The covari-
ant photon polarization basis has also been generalized
in the helicity-amplitude analysis discussed in Sec. VI.
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