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The motion of charged particles in external electromagnetic fields is reviewed with the purpose of
determining the whole set of constants of motion. The Johnson-Lippmann results concerning the
interaction with a constant magnetic field are taken as the starting point of the study. Our results
are obtained through simple group-theoretical arguments based essentially on extended Lie algebras
associated with the kinematical group of the (constant) electromagnetic field involved in the interac-
tion. Nonrelativistic Schrodinger (or Pauli) and relativistic Dirac Hamiltonians are considered. The
corresponding Lagrangian densities are then studied when the charged particles move in arbitrary
electromagnetic fields. Through Noether’s theorem, we get the constants of motion when coordi-
nate and gauge transformations are combined. These results complete the U(1)-gauge theory and re-
late the works of Bacry, Combe, and Richard and of Jackiw and Manton when external gauge fields
are considered. These developments enhance the minimal-coupling principle, the U(1)-gauge theory,

and Noether’s theorem.

I. INTRODUCTION

Nonrelativistic and (or) relativistic charged particles
moving in classical external electromagnetic fields consti-
tute the simplest quantum systems with interaction.
These systems are treated using the Maxwell theory for
the electromagnetic fields together with the Schrodinger
equation (or the Pauli one) in the nonrelativistic case, or
the Dirac (for spin- particles) equations in the relativis-
tic case. Consequences of these treatments are the well-
known principle of minimal electromagnetic coupling’
and the first characteristics of the U(1)-gauge theory.! In
the specialized literature, one of the most interesting pa-
pers is that of Johnson and Lippman (JL),> published 35
years ago. It deals with the motion of a charged particle
in a constant magnetic field B, treated in both nonrela-
tivistic and relativistic quantum theories.

In view of the recent impact in particle physics of gauge
theories? [among these, the U(1)-gauge theory has played a
pioneer and prominent role], the numerous group-
theoretical developments*~1° applied to minimal-coupling
schemes, and finally the current interest'"!? in symmetries
and associated conserved physical quantities (or constants
of motion) through basic tools like the Noether theorem,'®
we plan to reconsider here the JL contribution. Among
other things, our purpose is to generalize JL’s results to
the case of motion in a constant electromagnetic field.
More precisely, we want to extend the Hamiltonian ap-
proach used extensively by JL and to consider a Lagrang-
ian approach to invariances and conserved quantities based
on Noether’s theorem and recent contributions.!? These
approaches lead in complementary ways to the conserva-
tion laws which occur in the U(1)-gauge theory, and may
be generalized to arbitrary gauge theories.!*

Reconsideration of the JL paper? is also motivated by
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the results of Bargmann'® and Levy-Leblond!® on group
extensions and invariance principles, respectively. More
precisely, if classical electromagnetic interactions enter,
we effectively deal with symmetry groups of potentials* 1
and we speak about the extension by R of the kinematical
group!”!® G of the associated electromagnetic field F.
Let us summarize the contents of this paper. In Sec. II,
we briefly survey the JL results in the Schrodinger and
Dirac theories in order to establish notation and to intro-
duce such studies within group theory. In Sec. III, we
show how to complete the JL results by taking the cases
of free Schrodinger and Dirac theories (Sec. III A) and by
extending our considerations to the interacting case (Sec.
IIIB), i.e., for charged particles interacting with a con-
stant electromagnetic field F =(E,B). We also present
some remarks on the nonrelativistic limit of our Dirac re-
sults and on the derivation of wave equations with classi-
cal interactions using Hoogland’s construction.® Then, we

return to the JL restricted interaction (E=0) and we make
some general comments (Sec. IIIC). In Sec. IV, we point
out some peculiarities of the Jackiw-Manton'? and Bacry-
Combe-Richard!” approaches and their applications of
Noether’s theorem in the framework of U(1)-gauge theory.
We recall the more general form of Noether’s theorem and
exploit (Sec. IV A) the U(1)-gauge theory when the Dirac
field is coupled to an arbitrary electromagnetic field and
when space-time coordinate transformations are combined
with local gauge transformations. Then, we emphasize the
connection of the preceding results with the elements of
the extended Lie algebra of the kinematical group of a
constant electromagnetic field (Sec. IV B) which leads to a
clear relation between the present results and those of Sec.
I1I in the relativistic spin-5 case, for example. Finally, in
Sec. V some more comments and conclusions are present-
ed.
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Our notation is conventional and we have chosen to use
natural units (= 1,c =1) in both relativisic and nonrela-
tivistic contexts. We refer to Minkowskian space
[Gp =diag(l,—1,—1,—1)] with space-time events
x={x*}={x%x"}=(s,T). Greek indices run from O to 3
and Latin ones from 1 to 3. The summation convention
on repeated indices is used. The parameters m and e stand
for the mass and the charge of a particle. Moreover, we
shall make use of a few notions from differential
geometry,'® such as Lie derivatives for studying infini-
tesimal motions. These are discussed for example, in the
paptgs by Forgacs and Manton!! and by Jackiw and Man-
ton.

II. A SHORT SURVEY
OF THE JL CONSTANTS OF MOTION

The Schrodinger equation for a nonrelativistic particle
interacting with a constant magnetic field B along the
third axis [B=(0,0,B)] is given by

i%'tk=i8,¢=l-ls¢ 2.1

with the Hamiltonian

—

1 =
2 1T. 2.
Hg= 5 Im-11 , (2.2)
where
ﬁ——f)'+ex———i—’v+ex . (2.3)

The vector potential A associated with the field
B (=V X A) is chosen in the form of the gauge symmetri-
cal potential

A =3BXT=1(—By,Bx,0). 2.4)
The JL constants of motion are?
m=I1'4eBy =p'—ed!,
m*=I1>—eBx =p*—ed?, (2.5)
P=IB=p?,
and
L3=(TXP P=xp*—yp!. (2.6)

These quantities are not explicitly time dependent: they
commute with the Hamiltonian (2.2). Among themselves,
they obey the following commutation relations:

[#!,7*]|=ieB, [#!,7*]=0, [#*7]=0,

2.7
(L3 1=in?, [L}7*]=—in!, [L3m*]=0.
For a relativistic spin-3 particle interacting with the

same field ﬁ, the motion is described by the Dirac equa-.
tion

i3, =Hpy

with the Hamiltonian

(2.8)

2815

Hp=da-11+pm , 2.9
where & and B are the well-known Dirac matrices.

Here, the constants of the motion are still given by the
quantities (2.5), but the third component of the orbital an-
gular momentum L3 is replaced by the third component
of the total angular momentum

P=L34+33=(FXP )3—éa’a2 . (2.10)
J? commutes with the Hamiltonian (2.9) and satisfies the
same commutation relations as L3 in (2.7).

Now, the constants of the motion (2.5) and (2.6) in the
Schrodinger context or (2.5) and (2.10) in the Dirac one,
taken together with the commutation relations (2.7), can
be identified with the generators of a Lie algebra. This
algebra is a subalgebra of a larger one associated with the
“physical kinematical group”!”'® of the field B. Our aim
is to show that all the generators of such physical
kinematical algebras are interpreted as constants of
motion in this Hamiltonian formalism. From this point
of view, there are some missing constants of motion in the
JL approach.

III. CONSTANTS OF MOTION
AND HAMILTONIAN FORMALISM

Within the Hamiltonian formalism, an arbitrary opera-
tor C is a constant of motion if the following condition
holds: 20

.. dC dC .
c=%>-2=_[H,C]=0.
dt at +il ]
We shall consider the cases of free (Sec. III A) and in-
teracting (Sec. III B) particles, and shall also return to the
JL situation and make some general comments (Sec.
II1C).

3.1

A. Free particles
The free nonrelativistic Hamiltonian for a particle of
mass m is given by
1
H)=—7P"2.
5= p
The constants of motion are known to be the momentum
P, the angular momentum L=T1"X P, and the operators

(3.3)

(3.2)

K=tp—mrt.

Let us point out that p and T are time independent, so
that they do commute with the Hamiltonian (3.2) while K
does not.

These well-known results!® follow from the fact that the
extended Galilean symmetry group is the invariance group
of the free Schrodinger equation. We notice that the
operators P°=HY, P=P, J =L, and K satisfy the usual
commutation relations of the Galilean Lie algebra apart

from the commutators between the K/ and P/:
[Ki,PIl=—im&Y, (3.4)

which characterize nontrivial extensions!®> by R of the
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Galilean algebra. There is, in fact, a one-dimensional vec-
tor space of extensions characterized by the mass m. The
operators P° and P are the well-known time and space
translation generators, the J* (i =1,2,3) are the generators
of spatial rotations, and the K’ (i =1,2,3) are associated
with pure Galilean transformations inside the extension by
R of the Galilean group. Let us recall that the existence
of such an extension is intimately connected with the ex-
istence of projective'’ irreducible unitary representations of
the Galilean group.

The free relativistic (Dirac) Hamiltonian for a spin-
particle is given by

Hp=ap+Bm . (3.5)

The constants of motion are the momentum P, the total
angular momentum

- =

T=FXp+3=L+3, (3.6)
where
S=(31,32,3%) = —é(a2a3,a3a1,ala2) (3.7)

are the so-called spin matrices of the Dirac algebra, and
the quantities
K:tﬁ_?H3+i—;‘— .
The operators P°=HJ, ?:f)’, T=L+3=(3.6), and
K =(3.8) are the generators of the Poincaré Lie algebra,?!
in a specific realization taking into account the presence
of the spin operators. This corresponds to the invariance
of the free Dirac equations under the Poincaré group.
Here, we have to notice that the Poincaré group admits
only true irreducible unitary representations, so that we do
not have to refer to an extended symmetry group. We
speak about trivial extensions of the Poincaré Lie algebra.

(3.8)

B. Interacting particles

As already mentioned in the Introduction, by “interact-
ing particles” we mean that the charged particles infgrilct
with an external constant electromagnetic field F=(E,B).
Let us immediately fix F as!” a “parallel” F (F ||) along
the third axis:

F={E=(0,0,E),B=(0,0,B} , (3.9

E and B being arbitrary constants. F) derives from the
so-called gauge-symmetrical potentials explicitly given by

VZ*%EZ’ _A>=%(—By,BX,——EI) > (3.10)

or a gauge transformation of these. The vector potential
(2.4) is a particular case of Eq. (3.10) if the electric field is
Zero.

Let us determine the constants of motion for charged
particles interacting with F|. The Schrodinger Hamil-
tonian is

Hy=——Ti2—eV, M =(2.3). 3.11)
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The constants of motion are not difficult to find if we no-
tice that, with Eqs. (3.10) and (3.11), we have

oL ﬁnz,_inl,E], =L (3.12)
2 |m m m
and
Hs=a,Hs=—%n3 . (3.13)
Then, the constants of motion are
ml=pl—ed'=1'4eBy ,
(3.14a)
m=p*—ed*=II"—eBx ,
m=p3—ed’=T+eEt , (3.14b)
P =Hg—eV , (3.14c)
PP=xp?—yp'=L3 K3 =tp>—mz. (3.14d)

The only nonzero commutators between these operators
are the following ones:

[ﬂ'l)ﬂz]zieB’ [770,173]=ieE ’
[J3,7 1=im?, [J3,7*]=—in',

[K3,7°)=—im, [K3,7]l=—im .

(3.15)

Let us now make some comments. We get only six con-
stants of motion in this interacting case while there were
ten in the free case. Moreover, in comparison with the
free case, we recover among them only two unchanged
conserved quantities (i.e., J> and K3), and we notice that
the other four modified quantities explicitly depend on the
interaction through the electromagnetic potentials (3.10).
These properties can easily be explained by group-
theoretical arguments. We see that in the explicit realiza-
tion (3.14), intimately connected with the choice (3.10), the
only unchanged operators are J> and K3, because these
generate the two-dimensional Lie algebra associated with
the symmetry group of the chosen potentials ¥ and A.>1°
Moreover, the algebra (3.15) corresponds to an extended
Lie algebra associated with an extension by R of the non-
relativistic kinematical group'® Gr, if we recall that, for

F| =(3.9), we deal with'®1® the algebra

G, = {P°,P,J3,K?} . (3.16)
This algebra belongs to a two-dimensional vector space of
extensions characterized by the mass m and the charge e.

As a final remark in the nonrelativistic context, let us
relate these considerations with a study by Hoogland® of
minimal electromagnetic coupling in wave equations. The
Hamiltonian (3.11) can directly be written in terms of the
quantities (3.14) as

Hg= —21;1—(7?-1?'+2eBJ3——2eEK3)+eV . (3.17)

Then the Schrodinger equation in terms of the constants
of motion is
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Y= ?1’;(7?2+2e313—2eEK3)¢ . (3.18)
Such an equation has been obtained by Hoogland from the
derivation of the Casimir operators associated with the ex-
tension of Gy by R. We refer to the original paper® for

specific details on this interesting approach.
The Dirac Hamiltonian becomes in the interacting case

Hp=a Tl +Bm —eV (3.19)
and the constants of motion are determined as

ml=pl—ed!, w?=p*—ed?, (3.20a)

m=p3—ed?® 7'=Hp—eV, (3.20b)

JP=xp?—yp'+33=L3433, (3.20c)
and

K3==tp3——zHD+Loz3 . (3.20d)

2
These six operators lead to the nonzero commutators
[#',7*]=ieB, [#°m]=icE ,
[J3,7r1]=i1r2 [J3 m=—ir',
[K3m]=—in®, [Km]l=—in®,

giving once again an extended algebra of G Fy =(3.16) and

corresponding to a one-dimensional vector space of exten-
sions characterized by only the charge of the particles.
Now, let us point out that, with the Hamiltonian opera-
tor (3.19), we can get a second-order equation which is ex-
plicitly written in terms of the constants of motion,

(3.21)

(702 =(72+m?42eBJ*—2eEK*)Y , (3.22)
where we have used the property
(Hp+eVP=(a -l +BmP=T24m2+2eB3>.  (3.23)
Equation (3.22) takes also the equivalent form

lE 3 3
¥IL, —m 24 2e > —B3° | [¢=0, (3.24)
where
iE ie

2e |—a’—B3}|=— —z—y”va‘“’

with F={F**} given by (3.9). Such considerations are

typical of the Feynman—Gell-Mann?* developments lead-
ing to their well-known equation

[T, —m?—e & (B+iE)1$=0 (3.25)

in terms of a two- -component wave function.

Equation (3.22) is a new result in the framework of
Hoogland’s approach® applied here to spm- particles in-
teracting with a constant F,.

As a last comment, let us recall the nonrelativistic limit
of the Dirac theory. The nonrelativistic interacting or
Pauli Hamiltonian obtained from (3.19) reads
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1 = = B
Hp=——T T+ 20—V,
2m 2m
where we recognize the usual spin term leading to the
magnetic moment, the Landé factor, etc. This leads to a
specific realization of the (six) conserved quantities

(3.26)

wl=pl—ed!, mM*=p?—ed? w=p3—ed?, (3.27a)
' =Hp—eV , (3.27b)
P =xp*—yp'++0°, K3=tp’—mz (3.27¢)

Such a realization can be obtained from Egs. (3.19) and
(3.20) through wusual considerations such as, e.g., the
Iioldy-Wouthysen23 transformation. Remember that the
3 and @ matrices are, respectively, even and odd matrices
in the standard Dirac representation, so that results
[(3.20c), (3.20d)]—(3.27¢c) are obvious when we restrict
ourselves to the large components.

C. The JL case and some general comments

If the electric field E in Egs. (3.9) is zero, the formulas
of Sec. III B reduce to those of Sec. II. Compared to the
JL results, we get all the constants of motion, and, in par-
ticular, #° and K3, which have not been previously men-
tioned. Another result consists in noticing that the elec-
tromagnetlc field F)=(3.9) and the magnetic field

B=(0,0,B) admit the same kinematical group but dif-
ferent extended Lie algebras leading to different sets of
constants of motion. Moreover, for nonrelativistic parti-
cles, we point out that the algebra (2.7) is a subalgebra of
(3.15) and we notice the physical interest of the supple-
mentary constant of motion K 3 in connection with the
mass of the particles.

Let us now return to the interaction with the constant
field F)=(3.9) in order to note that the constants of
motion (3 14) and (3.20) do depend on the choice (3.10) for
¥ and A. But we know that the potentials leading to such
an F) field fall into equivalence classes through gauge
transformations, so that we can recons1der our problem
with other explicit forms of ¥ and A (leading to the same
F)). Recalling our recent results,!® let us point out that
the dimension of the symmetry group of (3.10) is 2 and
that this is not the maximal dimension in the relativistic
context. We found'® n)=3. So, as already mentioned in
Sec. III B, the number of unchanged (with respect to the
free case) constants of motion is equal to 2 with the poten-
tials (3.10), but can be equal to 3 if we choose a potential
with maximal symmetry as follows:

V= —;'E(t—‘z) s
(3.28)
A=+(—By,Bx,—E(t—2)).

In fact, if the potentlals (3.10) admit the symmetry
{J3,K3}, the ones given by (3.28) admit {J3,K3,P°—P3}.

The corresponding constants of motion are given (in the
Dirac case) by (3.20) in connection with (3.10) while they
become, with (3.28),
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7°=Hp+ e—ZE-(t +z),
(3.29)
1r3=p3+%(t+z) ,

and (3.20a), (3.20c), and (3.20d) leading to unchanged con-
stants 70—, J3, and K3. Let us also notice that, if the
interaction is purely magnetic, the potential (2.2) admits a
four-dimensional symmetry leading to #°, #*, J3, and K3
as unchanged constants of motion.

Other types of electromagnetic interactions can evident-
ly be considered. In particular, for constant electromag-
netic fields in the relativistic case, there exists besides F I|’s
also F,’s. We know that the kinematical group Gr of F,

is not isomorphic to Gp”, but is of the same dimension.

Similar considerations to those of Sec. III B can then be

developed with a fixed F, chosen as
F, ={E=(E,0,0,B=(0,E,0)} , (3.30)

which derives from gauge-symmetrical potentials given by

V=—2Ex, A=1E(z—1,0,—x). (3.31)
The associated kinematical algebra!” is
Gp,={P%P,JI+K%J2 K] . (3.32)

Once again, there are six constants of motion in the
description of spinor particles which are also associated
with the generators of an extension by R of Gr,. They can

be easily realized and we leave their determination as an
exercise for the reader. In the nonrelativistic context,
Bacry, Combe, and Richard!® have shown that such an
orthogonal F, leads to a meaningful situation when it
reduces to the magnetic field B alone. In this case, we
also recover the JL case.? As a last remark, these nonrela-
tivistic considerations are restricted to the magnetic limit
of Galilean electromagnetism as discussed by Le Bellac
and Levy-Leblond.?* '

If arbitrary electromagnetic fields are considered in ei-
ther the relativistic or nonrelativistic cases, the determina-
tion of the constants of motion can be achieved by finding
the extended Lie algebra associated with the symmetry
group of such a field. Knowledge of the potentials and of
their symmetries yields information about the constants of
motion which are unchanged with respect to the free case.

IV. CONSTANTS OF MOTION
AND LAGRANGIAN FORMALISM

Noether’s theorem!? is one of the most powerful tools in
modern physics. Recently, it has been used extensively in
connection with arbitrary gauge theories,® as in the work
of Jackiw and Manton!? dealing with space-time and
gauge-transformation properties of Lagrangian densities.
Let us recall the Noether theorem in its generalized form
as given by Bacry, Combe, and Richard;!’

“If, under infinitesimal transformations on space-time
events x = {x*,u1=0,1,2,3}

x—x"s xPox'P=xt_¢g" 4.1)
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such that
98t (x)=¢&* ,(x)=0,

the wave functions ¥,(x) (a=1,...,n) and their first
derivatives 9, ,(x) transform according to

Yo(x") =1 (x)+8¢,(x) ,

(4.2)

4.3)
Yo, u (X)) =g 1 (X) + 814, (%) ,
and if the Lagrangian density
L (Yo%), Y, u(x),x) =L (4.4)
transforms as
f(g{;;(x’),z/z;,“l(x’)x’):f+8#Z"(¢,,(x),x) , (4.5)

then there exists a conserved current J = {J#] given by

=L :/iix 81a(x)
o e iﬁx apl)— L, E-ZF 46
such that
9 J¢=0, (4.7)
which leads to the associated constant of motion
Cc= [drJ°” (4.8)

Here we want to apply this theorem to the coupling of
Dirac and Maxwell theories. This coupling leads to the
well-known Abelian U(1)-gauge theory as far as local
gauge transformations on Dirac wave functions and on
electromagnetic potentials are concerned. Gauge invari-
ance in quantum electrodynamics then appears as a
dynamical principle.>

If coordinate transformations are combined with local
gauge transformations, the covariance of the theory and
its gauge invariance have to be examined simultaneously
and some current developments suggest that special care is
necessary. Jackiw and Manton!? have considered such a
problem in the case of spin- particles coupled to arbi-
trary gauge fields. Here we apply their considerations in
the U(1)-theory. First, we take the interacting case with
an arbitrary electromagnetic field (Sec. IV A) and, later,
we specialize to the case of the constant “parallel”
F=(3.9) (Sec. IVB), in order to relate the Hamiltonian
and Lagrangian approaches. In fact, we shall be particu-
larly interested in external'? gauge fields, i.e., when the po-
tential 4 can only vary from point to point.

A. Dirac particles in an arbitrary electromagnetic field

Quantum electrodynamics is characterized by a La-
grangian density expressed in terms of the covariant
derivatives D, =3, —ied,:

Ly= (D dy"y— Py D)+ mPp— LF,

=Lp+Ly, 4.9)
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whe%'e ¥ is the adjoint wave function defined by ¥
=9y (y°=pB).

Within the coordinate Poincaré transformations (4.1)
i.e., with

= gl ot x", 4.10

a* and " being the infinitesimal translational and
Lorentz parameters, respectively, let us consider the
transformations (4.3) with

SY(x)=QY(x), §Ph(x)=—P(x)Q (4.11)
and

04,(x)=w,"4,(x)=(9,6")4,(x) , (4.12)
where ) stands for the homogeneous part:

Q= %wﬂvy“'y" . (4.13)

The Lagrangian density (4.9) is strictly invariant with
respect to these transformations (4.11) and (4.12). Then,
from Noether’s theorem (with . =L, Z*=0), we get,
through Eq. (4.6), the total conserved current:!?

Je=Jbp+J4 » 4.14)
where

Jop= ~§17JV"(§”GV¢+Q¢)+H.C. 4.15)
and

Ty =TH P+ FF3(£PA,) . (4.16)

Equation (4.15) is the conserved current associated with
the free Dirac theory and Eq. (4.16) is the conserved
current associated with the free Maxwell theory. Here let
us recall that TE{T’“’} is the (symmetric) energy-
momentum tensor defined®’ by

TH =4 FogF®Pgh" L FFF," .
Moreover, under local gauge transformations character-

ized by infinitesimal modifications,

SY=iealx)y, Y= —iealx)P, 84,=3,a(x), 4.17)

the Lagrangian density (4.9) is also strictly invariant.?
From Noether’s theorem, we get, from Egs. (4.6) (with
Et=0, Z#=0) and (4.17), the gauge-conserved current

TH e = —ePyPpalx) +FF3,a(x) . 4.18)

Under combined coordinate and gauge transformations,
that is,

P(x")=P(x) + Qp(x) +iealx)p(x) , (4.19)

P'(x")=P(x) — Px)Q—iealx)h(x) , (4.20)
and

Ap(x")=A4,(x)+(9,6"4,(x)+9,a(x) , 4.21)
we get the conserved current

JE=TF+T e - (4.22)
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Now, if the gauge field is external,'?> we must be able to

combine coordinate and gauge transformations in such a
way that

A (x)=A4,(x) (4.23)

in order to get a conservation law. This relation is
equivalent to

Led,(x)=—3,a(x), (4.24)

where the Lie derivative with respect to the vector fields &
is defined by

LA, (x)=£"3,4,(x)+(3,E)4,(x) .

The condition (4.24) is possible only if we limit ourselves
to particular Poincaré transformations characterized in
Eq. (4.1) by the & leaving invariant the field F (L¢F =0)
and to the compensating gauge transformations.* Let us
denote

—alx)=Wg (x)=Wr(x), (4.25)

where W depends on £j.
From the formulas (4.19)—(4.21) with {=£&7, Q=Qp,

and a(x)=—Wpg(x), the Lagrangian density (4.9)
transforms in such a way that
Li=L7y—3,(&kLy) (4.26)

and Noether’s theorem applies. We immediately get the
conserved current

TE(x)= — éay"mp —ieWpW+H.c. , (4.27)
where

App=Er"d 0+ Q51 . (4.28)
The constant of motion then takes the form

Cr=—7 [Ty (Ar—ieWp)p+He. . (4.29)

B. Dirac particles in a constant electromagnetic field

The determination of the constants Cr=(4.29) requires
explicit expressions for Ar and Wy when the electromag-
netic field F is given. Let us take the case of the constant
F|;=(3.9) characterized by the following &%:

Er=vz—a®,

(4.30)
Eh=0y—a!, E&=—(0x +a?), &3 =vt—a’

if 8 and v refer to rotations and boosts with respect to the
third axis. If we choose the (particular) gauge-
symmetrical potential (3.10) associated with the field F s
and evaluate Wy from

Led,=3,Wr, 4.31)
we find immediately!%-26
We(x)==B(a'y—a’x)—+E(a% —a®) 4.32)

up to an additive constant.
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With all these results, we finally obtain

(Ap—ieWphp(x)=i(a,m —0J>+vK )p(x),  (4.33)
where

m=pt—ed*

Ji=xp?—yp'— %‘(leoz2 , (4.34)

K3=tp3—zp°+éoz3 .
Then, from (4.29), (4.33), and (4.34), we get the six con-
stants of motion

()= [dTy'my,

(Y= [drylry, (K%)= [diy'Ky,

in correspondence with the invariances under space-time
translations, rotations, and boosts around and along the
third axis, respectively, all these transformations being
combined with the gauge transformation a(x)= — Wr(x)
according to Eq. (4.25).

We thus recover the values (3.20) of the constants of
motion obtained from the Hamiltonian formalism. All
the comments about the explicit form of such constants
have already been discussed in Sec. III. Let us only add
that, in connection with the remaining free constants J 3
and K3, it follows from (4.32) that Wr=0 for the cor-
responding rotations and boosts. According to (4.31), this
implies strict invariance of the potential A with respect to
these transformations.

(4.35)

V. COMMENTS AND CONCLUSIONS

Let us briefly consider the nonrelativistic case in the
Lagrangian approach. Free Schrodinger particles are
described by the Lagrangian density

Los=5,- V4" T4~ L1406~ (0,471

16

(5.1

Under infinitesimal Galilean transformations,

—

t'=t+b, X'=X+0XEX+Vt+8=%X—F, (5.2)

the density (5.1) is invariant when the field ¢ transforms
according to

d'(x")=¢(x)+if (x)p(x) (5.3)
with

f(x)=mvV-X. (5.4)
Then, Noether’s theorem applies with

Ap=—bd,p+E - Vo+if(x)d
and leads to the constant of motion

Co=—i [dT¢*Ap+c.c. (5.5

In the interacting case with an electromagnetic field F, the
Lagrangian density contains covariant derivatives instead
of the usual ones. It reads
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1 = _,
Ly=- —(11$)*-(I1$)— 3[¢*(Nop)—(Top}*$],  (5.6)
while the electromagnetic Lagrangian density in this non-
relativistic context corresponds to the magnetic limit dis-
cussed by Le Bellac and Levy-Leblond,?*

Lp=—1B2. (5.7)
The total Lagrangian density
Ly=Lg+Lg (5.8)

does not lead to the whole set of equations of motion,?’
but can be considered in order to get the constants of
motion. In fact, Lg=(5.6) is invariant under the
transformations (5.3) and under gauge transformations

¢'(x)=¢(x)+ieal(x)d(x) (5.9
when the potentials transform like?*
V'(x")=V(x)—-V-Ax) ,
(5.10

A'(x")=A(x)+OXAlx)

under coordinate transformations corresponding to (5.3)
and like

V'(x)= V(x)-l-ata(X) ’
(5.11)
A'x)=Ax)—Valx),

under gauge transformations corresponding to (5.9). By
noticing that Ly is evidently invariant under (5.10) and
(5.11), we may apply Noether’s theorem to the total La-
grangian density (5.8). So, through Galilean coordinate
transformations (associated with symmetries of the F
field) combined with gauge transformations characterized
by a(x)=— Wg(x), such that the conditions correspond-
ing to Eq. (4.31) of the relativistic context are satisfied, we
get the constant of motion

Cr=—i [dT¢*(Ap—ieWp)p+c.c., (5.12)

which may be compared with the value (5.5).

In conclusion, we see that, in both relativistic and non-
relativistic descriptions, we recover the constants of
motion as associated with the generators of an extension
by R of the symmetry group of the field F. These results
have been demonstrated within the Hamiltonian approach
in Sec. III and within the Lagrangian approach in Sec. IV.
They are obtained not only for constant electromagnetic
fields (Secs. IIIB and IV B) but also for arbitrary elec-
tromagnetic fields (Sec. IV A). In each approach, the JL
results® follow in a particular case.

In connection with compensating* gauge transforma-
tions, let us also note that Wy is zero for symmetries of
the field F if and only if the potential 4 is itself invariant
under these F symmetries. Such a case cannot occur for
constant electromagnetic fields but is conceivable for
other fields leading to constants of motion directly associ-
ated with the generators of the field-symmetry algebra.

Finally, let us emphasize the importance of the role
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played in our considerations by the electromagnetic poten-
tial, the gauge field of this U(1)-gauge theory, and its
physical consequences. Our results may be extended to ar-
bitrary gauge field theories and may be understood in both
the Hamiltonian and Lagrangian formalisms.
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