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A second lemma in hadron Compton scattering
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Using gauge invariance we show that the time-space part of the excited-state hadron Compton scattering
amplitude can be written as Eog= kt'I'gt where I'ttt is odd under crossing in the Breit frame. The useful-

ness of this result in obtaining higher-order low-energy theorems for the Compton amplitude is discussed.

More than ten years ago Singh' demonstrated a useful
lemma for the study of low-energy theorems in hadron
Compton scattering. Singh showed that the time-time com-
ponent Eg of the excited part of the scattering amplitude
tensor E„&satisfies the relation

EcI'(k, cdk', cd') =kt'kiAttt'(k, cdk', cd' ) (I)
where cc and P are "charge" labels pertaining to the initial
and final photons, k„=(k,icd) =(k, iko) and k„' are the

I

momenta of the incident and outgoing photon, respectively,
and A&& is even under crossing:

Alt~(k, cd, k, cd ) = Ag ( k, —cd, —k, —cd) (2)

As is well known, the property (I), Singh's lemma, has
been the backbone of the derivation of low-energy theorems
of order higher than the first in the frequency of the in-
cident photon. The analysis of the results are based on the
relation 2

k('Ettt'kl —cdcd'Eoo=cdcd'Uop —kt Utt~kt+ —(2sr)'(Et E /M')' f ~"&p'I(cd+cd') Jo (0) +(kt'+kt) Jp'(0) ~p)

In this expression U„& is the unexcited part of the scatter-
ing amplitude tensor, T„&=E„&+ U„&. The last three
terms of (3) are known quantities, and by using Singh's
lemma one can calculate many of the terms of the excited
part, which is expanded as

E~tt= Xayttg&
N

I

terms for which kI'B&kj =0, that is, terms that are orthogo-
nal to k&'kj, the procedure can give no information on the
corresponding partial amplitude since it will not be present
in Eq. (3).

When one considers the consequence of gauge invariance
for each photon separately one has

k„'T„t = T„~k +i(2 ) (E E,/M )' &p'~ JJ'[p)f »
where B&~ are the minimal-basis components introduced by
Pais: B& = 50, Btj = KgkSk, etc. However, for all basis from which one obtains the two independent relations

I

kt'Ettt' cd'Egg= —k,—'Utjt'+cd'Ug& + i(2m)'(EsE /M')' 'f ~'&P'I Jt( )0IP)

Eel kt —cdEp&P = —
Up~ +cdUco —i( 2)7r(EtpE i/M ) f (P I

Jo" (0) IP)

In this note we want to show that the time-space part Eog of the excited-state scattering amplitude satisfies the property

E t ——k I'sit( k, cd, k ', cd' )

where I 0& is odd under crossing in the Breit frame:

I'tt&(k, cd, k', cd') = —I'g ( —k', —cd', —k, —cd)

To show this we proceed first along the line of thought of Singh. To, , just like Too, has no Schwinger terms, and there-
fore Eo~ can be expanded as

I M &P'I Jo (0) IP +" E.(P+k), t.) &P+k, EN(p +k), C. l jt (0) IP)
(2sr)6 EsE E„(p +k) —cd —E(p)

& p 'I Jt'(0) I p —k ',E.( p —k'), g. & & p —k ',E.(p —k '), f.I jo(0) I p )
E„(p —k ') + cd

' E( p)—
In this expression E(p) and E„(p) are, respectively, the energy of the target and of the nth excited intermediate state

with three-momentum p, and g„stands for other quantum numbers (such as spin) needed to specify the excited intermedi-
ate state. Using current conservation for the matrix elements of Jo we can write this expression in the desired form of Eq.
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(7), where

M p (P l&j (0) IP +k,E,(P +k), g„) (p +k,E„(p +k), g„~Jj'(0) ~p)
(2n)' EpE ~ [E(p') —E,(p +k)1[E.(p +k) —~ —E(p)]

( p'l&j'(0)
I P k—', E.(p k—'), 6.)(p —k', E.(p —k'), g. l Jg (0) I P )
[E(p) —E.(p —k')1[E.(P—k') +~' —E(p) l

(10)

In the Breit frame we have p'= —p, E(p') = E(p), and the property (8) is therefore established.
The fact that the property (8) is satisfied only in the Breit frame is particularly gratifying since it is in this frame that the

requirement of time reversal achieves its simplest form, as used by Pais to find the minimal basis [8& ). Using the results
(7) and (1), Eqs. (5) and (6) can be written as

~ ki I pi~= k& Up~+co Uog +i(2n) (Ep/M) f »(p'~ J~~(0) ~p)

k~'k~I'P~ ~k&'kJAP~= Uoj k~+covoo +i(2n)'(E~/M) f &"(p'~ Jg(0) ~p)

As I"&r and Atl& are three-tensors as is E&&, they can be expanded in the same minimal basis,

I'o~= Xb~~Bp
N

Ati&= Xcy&Bo,

(12)

(13)

(14)

Substitution of these expressions and of (4) in (11) and (12) will give

X(a.i' by~) k, 'B~-= k, Vg ~+ 'V-J'+i(2~)'(E, /M)f »(p'I J, (0) I p),
N

X(by~ c.~)k, 'kJB-~ k, V;,'+ -Vg -i(2~)'(E,/M)f »(p'I J;(0)IP) .
N

(15)

(16)

To illustrate the usefulness of these relations consider the
basis element number eight of Pais, '

Bos ——etI~(k~S k + k~S k ') (17)

As this basis element is orthogonal to kI'k& it will not be
present in Eq. (3) and this equation can give no information
on the partial amplitude as~. However, this term will be
present in (15) given the following contribution to its left
side:

(as~ —~'bs~) kI'Bg = (a8~ —co'b8~) (k x k') JS k (18)

As the basis element in Eq. (17) is odd under crossing it
follows from Eqs. (4) and (13), together with the fact that
E&& is even under crossing and I IJ& is odd, that the iso-
spin-symmetric amplitude a8 & and the isospin-
antisymmetric b8 ~ are odd under crossing and as ~' and
b8 are even. Therefore, for the isospin-antisymmetric
part of (18), we have the following expansion in powers of
co = co' (Breit frame):

(a8 —ou'b8 ' ) (k x k')~ S k

= [a8 (0) —co b8 ](k x k'), S k, (19)
which is a known quantity in terms of the corresponding
term on the right-hand side of (15). From (19) we see that
the unknown term b8 ~ cannot compete for the determina-
tion of a8 ~ (0), which will be given by the corresponding

I

term of order zero on the right-hand side of Eq. (15).
Therefore, we shall have a low-energy theorem for' '(0)

A systematic study of the low-energy theorems to a given
order will be presented in the near future.

Before closing our discussion we remark that the property
(7) can be demonstrated along the same lines that Bell' has
presented for the derivation of Singh's lemma. Bell's argu-
ment avoids the expansion over intermediate states, using
only gauge invariance and the notion that the excited-state
part of the scattering amplitude is a smooth function.

Bell considered only neutral currents but his argument
can be immediately generalized for the derivation of both
Singh's lemma and of Eq. (7). The main point for the first
case is that Bell's considerations applied to Upp show that
when k, for instance, approaches zero this quantity is pro-
portional to —(p'~ Jf ~ p)/oo. On the other hand, using
current conservation the term containing the matrix element
of JP on the right-hand side of Eq. (3) will be proportional
to (E~ —E )(p'~Jo ~p) when k 0, and all of the right-

hand side of Eq. (3) will vanish. Therefore, this equation
tells us that Eqp~ must vanish for k =0 or, by the same
reasoning, for k'=0, and Eq. (1) follows. Likewise in our
case the main point is that when k' approaches zero the
unexcited term Up& coincides with the opposite of the last
term of Eq. (5) divided by co. Therefore this equation tells
us that Egf'must vanish for k'=0, and Eq. (7) follows.
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