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Radiative-recoil corrections to muonium and positronium hyperfine splitting
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%'e present a detailed description of the calculation of radiative-recoil corrections to the ground-
state hyperfine splitting in muonium and positronium to order a EF, the results of which were pre-
viously reported. All these corrections involve two-photon exchanges with one-loop radiative correc-
tions to either a photon or a lepton. The QED vacuum polarization corrections are evaluated com-
pletely analytically to the order of interest. The hadronic contributions are estimated and found to
be very small. As a preliminary to the lepton line calculation, a compact expression is derived for
the radiative correction to such lines. This factor is then applied in a number of different contexts:
the recalculation of the old nonrecoil result, which is known analytically; the analytic evaluation of
terms of order n (m„/m„)ln(m„/m, )EF, which arise from the electron leg; and the nonlogarithmic
terms from both lines, which require numerical calculations. The muonium results are
v + (a——/m)(m. ,/m„) [—21n (m„/m, )+,z ln{m„/m, )+18.18+0.58]Er and those for positroni-

um are v + ——a ( —1.788+0.004)EF, where EF for positronium does not include the annihilatione+e
contribution.

I. INTRODUCTION
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where p& is the Bohr magneton, and p& is the muon's
magnetic moment. Corrections to the leading order mul-
tiply Ez by an expansion in powers of a and (m, /m„),
where the terms may also have factors of lna ' or
ln(m&/m, ). Present efforts center on terms of order a
and a m, /m„; owing to a proper treatment of reduced-
mass effects, there are no te~s of order a(m, /mp)2 or
(m, /m„) . Recoil corrections are characterized by fac-
tors of (m, /m„). They occur either as purely dynamical
effects associated with exchanged photons (simply, recoil
corrections) or as radiative corrections to such contribu-
tions (radiative-recoil corrections). Recently Bodwin,
Yennie, and Gregorio have completed the calculation of
recoil corrections of relative order o.' m, /m&. The impor-
tance of radiative-recoil corrections at this level of accura-
cy was first pointed out by Caswell and I epage, who cal-
culated the leading term of order (a/m. ) (m, /m„)
Xln (m&/m, ). The present work, whose results have
been previously reported, is an extension of their work to
the analytic calculation of singly logarithmic terms and

Recent precision measurements of the ground-state hy-
perfine splitting (hfs) in muonium have generated consid-
erable activity to complete the calculation of contribu-
tions of relative order 10 . Since strong and weak
corrections are negligible at this order, the comparison of
theory to experiment provides an especially clear test of
relativistic two-body bound-state theory in quantum elec-
trodynamics.

The leading contribution to the hfs in muonium is
given in terms of the Fermi splitting

the analytic and numerical calculation of nonlogarithmic
terms. Thc only approximation made 1s thc ncglcct of
external wave-function momenta: their inclusion would
give corrections with an additional power of a. Since our
results are valid to all orders in m, /m&, results for posi-
tronium of relative order a can also be obtained.

This paper is structured as follows: In the remainder of
the Introduction, we review the leading one-loop recoil
correction of relative order

(a/vr)(m, /m„)ln(m&/m, )

and the nonrecoil radiative corrections. Vacuum polariza-
tion effects, including an estimate of the hadronic contri-
bution, are treated in Sec. II. We have also calculated
these terms for the case of positronium. Section III is de-
voted to a derivation of various expressions for radiative
corrections to the lepton lines. The number of diagrams
which must be considered is reduced by the use of the
Fried-Yennie gauge, which is discussed further in Appen-
dix A. Some of the forms are based on an extension of
the well-known low-energy theorem for Compton scatter-
ing. For the present application, this approximation is
justified using formal operator techniques in Appendix B.
In Sec. IV various applications are presented: a rederiva-
tion of the leading nonrecoil correction is given first, then
corrections to the electron and muon lines in muonium
are described, and finally corrections for positronium are
given. Section V summarizes our results and gives a com-
parison with experiment. Appendixes C and D are a brief
presentation of some technical points.

A. Cxeneral background of the calculation

Various formulations of the bound-state problem in
quantum electrodynamics (QED) have been given.
While this problem has many subtleties, we can give here
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a simplified description of the main ideas which will be
adequate for our present purposes. The principal in-
gredients of any formulation are (i) a basic wave function
resulting from some simplification of the general formula-
tion and (ii) a set of perturbation kernels incorporating ef-
fects not included in the basic wave function. The op-
timum manner of separating the physics into the wave
function and perturbations is neither unique nor obvious.
At a minimum, the basic wave function should include
the nonrelativistic physics which dominates Coulomb
bound states. The "large-large" portion of the wave func-
tion is, for our present purposes, well approximated by a
wave function derived from a Schrodinger equation with
reduced mass and instantaneous Coulomb interaction.
For the ground-state hyperfine splitting, which is our
present interest, it is an eigenstate of the operator o., cr&
( + 1 for total spin 1 and —3 for total spin 0). A more so-
phisticated wave function incorporates the relativistic
behavior of the electron, '" but this refinement is not
needed here.

Given the large-large component part of the wave func-
tion PNR, the small components may be constructed ap-
proximately using

1+
2m~

exp' p

2m'

m
EF '

, a4 " (1—+—a„)
memI

(1.2a)

which is now expressed in natural units (A=c = 1), with

m„=memn/(me+ntp) .

Here the electron (muon) Dirac matrices are a„P,
(a&,P&) and the masses are m, and rn&. The electron's
momentum in the center-of-mass frame is p.

Some perturbation kernels without radiative corrections
are shown in Fig. 1. Since their interpretation is reason-
ably clear intuitively, a detailed derivation will not be
given here. A complete discussion may be found in Ref.
11. The heavy fermion lines in the figure represent the
wave function in the center-of-mass frame. The light fer-
mion lines represent Feynman propagators. The ex-
changed photon in Fig. 1(a) is labeled T to indicate that it
is a transverse photon. It yields the leading contribution
to the hyperfine splitting,

If the relativistic properties of the electron are taken into
account, (1.2a) should be multiplied by a function of a,
which for the ground state is (1+—,a +. . . ). Also, it is
conventional to use the total magnetic moment of the nu-
cleus in calculating the leading term. This accounts for
the factor ( I+a~), where a& corresponds to the
anomalous moment of the muon. The electron's
anomalous moment is conventionally treated along with
other radiative corrections. The distinction between the
electron and muon is made because the electron's elec-
tromagnetic structure is probed by momenta of order of
m, while that of the muon requires momenta of order
m„. Thus, for the largest corrections, which occur at
lower momenta, the total muon magnetic moment does
factor out. Not surprisingly, this factorization breaks
down in connection with recoil corrections, as will be seen
in Sec. IV. In what follows, recoil contributions are there-
fore expressed in terms of

3
4 mp

EF =——,a
memp

Figure 1(b) includes effects not already accounted for in
Fig. 1(a). In the first term of the parentheses, the photons
are in the covariant Feynman gauge. This may seem
strange since the problem has been (effectively) formulat-
ed in the Coulomb gauge. However, we have made a
gauge transformation within the kernels to the covariant
gauge. The leftover contributions are too small by a fac-
tor of a to be of interest in the present work. The method
of making this rearrangement is described in Ref. 11. It is
easy to see that this term contains the leading contribution
exactly twice: if one photon has space indices and the
other time indices and the intermediate muon is put on
the mass shell, the integral equation satisfied by the wave
equation gives back the leading-order result. This can
happen two ways, and the subtraction removes these con-
tributions.

While it may not be completely self-evident, the remo-
val of the contribution where the muon is on the mass
shell in Fig. 1(b) means that the result depends dynamical-
ly on the muon, i.e., it is a recoil correction. Also, since
the electron becomes more relativistic, higher powers of a
are produced. The resulting order of magnitude is
a(m, lm&)EF. Incidentally, the hfs contribution where
both photons have time indices is negligible in this order.
The contribution where both indices are spatial has no
leading-order part, i.e., it is purely a recoil correction.

8
(a)

p x

(b)

1. Description of the one loop recoil-correction IFig. 1(b)J
Let us study the one-loop kernel in Fig. 1(b). The elec-

tron factor of this kernel is

FI(jr. 1. (a) The leading contribution to the hfs. T indicates a
transverse photon interaction. The heavy fermion lines
represent the two-particle wave function. (b) The leading recoil
correction to the hfs. The two photons in the first diagram are
treated covariantly. The light fermion lines represent Feynman
propagators. The subtracted term removes the leading contribu-
tion, which occurs twice in the first diagram. The brackets on
the muon line indicate that the crossed diagram is to be added.

(1.3a)

where p& is the loop four-momentum carried by the
electron relative to (E', 0). The origin of the loop four-
momentum can be chosen arbitrarily. A convenient
chogce js E& 2 m 2 E r& 2 m 2 y2
E'+E"=E is the total energy. We use this choice here,
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y'=mp+me-
2mg

(1.3b)

and y=mza. " The y matrices in (1.3a) refer, of course,
to the electron, while those in (1.4} below refer to the
muon.

The muon factor for the same kernel is

r'(XN" P+m,—)1'

p
2 —y —2E"po+i e

r (rA" +P+P..t+m, )r"
(p +p,„,)2 y~+—2E"po+i e

(1.4)

In the second term of (1.4), which comes from the crossed
graph, p,„,=(0,p,„,) is a combination of wave-function
momenta. Now we may make some approximations in
(1.4). In the small-momentum region (

~ p ~
&&m, ), the

po poles of (1.3a} and the second term of (1.4) are on the
same side of the axis. Consequently, the product of those
two expressions cannot yield an important contribution
from the low-momentum region. The consequence is that
we may neglect p,„, and the small components of the
wave functions; corrections have more powers of a than
we need to include here.

We can get an idea of how the nonrelativistic region
works by studying the first term of (1.4). For small

~p~ ~
( &&m&), and neglecting y, the muon propagator

can be written

p —2m ppo + &
E'

1

—2m&po+i e

—2m.i 5(po )

2m'
1

2mppo+

but this is more for consistency with the general treatment
of recoil than because it affects our calculation. To a
good approximation, the relationship between E and E' is

E&2 2

E=m~+E'+
2m'

—2m.i 5(po }

2E
1

2E (po+ i@)

p —y +2Epo
2E ( Po+~ —~)(P' 7' 2—E"P—o+~ ~)

(1.5)

The 5(po) term now precisely reproduces the lowest-order
contribution which is to be subtracted, as described ear-
lier. The (approximated} second denominator of (1.4) may
be similarly rearranged:

1

p —y +2E"pp+te

1 p —y +2E'po
2E (po+ i&) 2E (po+ is)(p y+ 2E "—po+i e)

2(p 2 y2)

2E (po+ie)(p y+2E —"po+i@)

At this stage, only relativistic (for the electron) loop
mom enta can contribute. That means that we may
neglect small components of the wave function and exter-
nal momenta in the photon propagators, with errors of
higher order in a than is presently needed. Also, the
(yoE"+m&) terms in the numerators of (1 4) cannot con-
tribute to the order of interest. After all these steps, (1.4)
becomes

The second term in the propagator emphasizes large mo-
menta, as in the discussion of the previous paragraph; ac-
tually, it approximately cancels the nonrecoil part of the
second term of (1.4). The 5(po) term corresponds to the
leading nonrecoil contribution which we want to subtract.
This must be done carefully in order to keep the correct
reduced-mass dependence. Consequently, we use the more
elaborate identity

1

p —y —2E po+l E

2mi 5(po)M" — y Py

—y"Py
(p2 y2+2E'p )

—1 + 1

2E ( po+ie)(p' 7' 2E"po—+iE—) (po+ie)(p' 7'+2E'po+—ie)

2(p' —y')
(po+ i e )(p y+ 2E"p—o+i E)

(1.7)

Taken together with the electron factor (whose numerator
js now y pp ), the terms in the square brackets cancel
each other (reverse the sign of po in one of them, taking
into account the symmetry of the rest of the integrand).
In the remaining term of (1.7) we may neglect y every-
where (corrections have extra powers of a). As a calcula-
tional device, it is convenient to give one of the photons a

I

small mass, which we label s. As a consequence of sub-
tracting the nonrecoil contribution, there is no infrared
divergence; and ultimately we set s equal to zero. This
device allows us to separate integrals into parts which
would otherwise be divergent. The use of s as a regulator
also permits us to apply the result immediately to the vac-
uum polarization, where s becomes the mass of the state
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2m'

p +2m@pp+ l 6

2me

p'+2m, p, +l ~

2m'
2mppp+ l E

2m

2m,Pp+l

The advantage of this final rearrangement is that it
separates the electron and muon denominators, which
simplifies the subsequent integrals. The integrals over
wave-function momenta yield the square of the nonrela-
tivistic wave function at the origin of coordinate space.
Consequently, the contribution of Fig. 1(b) to the hyper-
fine splitting becomes [see Fig. 1(b)]

hE =E " 16m'
my. ™e

d p 3po —2p
X —(2m. ) i (p +is)(p s+i—e)

X [P (m&,p) —P (m„p)], (1.9)

where

2m 1
P(m, p)=

p +is p +2mpo+ie 2mPp+l f

—2m 2

(p +Zmpo+ie)(2mpo+ie)

The first form of P is somewhat more convenient for cal-
culation of the integral.

The integral in (1.9) may be carried out by the usual
Feynman parameter techniques, and the result expressed
as [see Fig. 1(b)]

&E=EF z
"

~ f dA[S(m„, A, ) —S(m„A, )],
m —m,

where

S(m, A, ) =m 16—6A, —A, 16
m A, +s(l —A, ) m A, +s(1—I, )

The two terms of S correspond to the two terms of the
first form of P. Roughly speaking, the first term
represents the one-loop part of Fig. 1(b) and the second
the subtraction. The subtraction piece is easily integrated
with the result —Sm.m/Vs; however, it is better to note
that this cancels the leading singularity at A, =O when
s ~0. It is easy to see that for s &~m

contributing to the photon propagator.
In order to obtain a hyperfine-splitting contribution

from the product of (1.3a) and (1.7), two of the three y
matrices in each factor must be spatial and one must have
a time index. Then with spherical averaging, as appropri-
ate, we find for this product

3 ae ap(3po 2p

(m& —m, )(p +i@)

m' vsf dA, S(m, A, )= —9—3 ln +0
0 S m

Thus [see Fig. 1(b)],

3~ memp mp
2 21n

p e me
(1.12)

the constant and the lns having canceled upon subtrac-
tion. Of the total coefficient —3, the 3po in (1.9) contri-
butes + 3 and the —2p contributes —6.

2. Review of the nonrecoii radiative corrections

The precise separation of the radiative corrections into
nonrecoil and recoil pieces is somewhat a matter of defini-
tion. This is because the reduced-mass dependence al-
ready takes into account some aspects of the finite mass
of the nucleus. We want as much as possible to have the
"natural" reduced-mass dependence appear in the leading
terms rather than treat the difference between m„and m,
as a recoil correction. For example, the m, dependence in
(1.2) simply reflects the fact that the dominant contribu-
tion depends on the nonrelativistic wave function at the
origin. The m, occurs in the denominator because it
arises from the electron's magnetic moment, which is not
a reduced-mass effect. Equation (1.2) was not written
down by guesswork, of course; careful analysis shows that
it is the true leading term. " When we proceed beyond
lowest order, however, different methods of organizing
the calculation can lead to differences in the division be-
tween reduced mass and dynamical recoil corrections.

We use (1.5) as the definition of the separation between
reduced-mass and dynamical recoil corrections. With
pure Coulomb exchanges in the ladder approximation, the
first term leads to the Dirac equation for the electron in
an external Coulomb field. However, there is a modifica-
tion which produces an effective reduced-mass depen-
dence in the nonrelativistic domain. The treatment of the
muon factor multiplies each free Dirac propagator by an
additional factor of approximately m&/(m&+m, ) (with
relative error -a m, /m&). In the nonrelativistic domain,
where the electron numerator is approximately 2m„ the
combination produces a numerator 2m„ leading to the
correct reduced-mass dependence in the wave function.
The remaining terms in (1.5) are regarded as dynamical
corrections. The second term, while not having a recoil
dependence, is canceled by a term from the crossed
Coulomb graph in the same manner as in the discussion
of (1.7). The final term has a numerator which cancels
the electron denominator yielding a contribution which
comes from the very high momentum region and has an
extra factor of 1/m&. It seems entirely plausible to re-
gard this residue as a dynamical recoil term. By the way,
suppose we had tried to use the crude approximation
preceding (1.5). Then the 5(po) term would not have had
the extra factor m&/(m&+ m, ), and the result would have
led to a wave function without reduced-mass dependence.
The other terms would then have been a complicated
combination of terms needed to fix up reduced-mass
dependence together with true recoil corrections. Thus
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(1.5), which was discovered after much trial and error,
seems to be a very useful choice for the separation.

Although it is not so important for present purposes,
we can indicate briefly how the reduced-mass dependence
gets into Dirac wave functions. The factor m& /(m&
+ m, ) multiplying the free Dirac propagator can equally
well be regarded as multiplying the Coulomb interaction,
changing its strength according to

a ~am„/(m„+ m, ) =a' .

Now, as is well known, the Dirac wave functions depend
on two arguments: a'm, r and a'. The first argument is
the same as am, r. With one exception, the second argu-
ment is not important for our present discussion. ' The
exception is that the size of the small component of the
Dirac wave function relative to the large component is
proportional to a =am„/m, . This is the origin of I/m,
in (1.2).

Now we may turn to a discussion of radiative correc-
tions. Gne of these (a~) is already contained in (1.2a), and
justification for the factorization of (I+a„) in leading
corrections was given there. When radiative corrections
probe large momenta (-mz), as in recoil corrections,
there need not be such factorization.

a. Vacuum polarization.
Other than the anomalous moment effects, the easiest

radiative correction to discuss is vacuum polarization. '

The various nonrecoil contributions are illustrated in Fig.
2. In Fig. 2(a) the vacuum polarization occurs in the ex-
changed transverse photon, while in Figs. 2(b) and 2(c) it
occurs in adjacent Coulomb interactions. Contributions
from nonadjacent Coulomb interactions are of higher or-
der in o.. As mentioned earlier, vacuum polarization ef-
fectively replaces a massless photon propagator by one
with mass =s, where s is a variable to be integrated with
a certain spectral weight function.

To see how these calculations work, we note that the
spin analysis associated with the transverse photon ex-
change produces a factor

b, E(nonrecoil vac pol) =EFI„4a p(s)ds
77 th S

(1.14)

For the electron contribution to the vacuum polarization

s =4m, /(1 —x ) (1.15a)

x(1——,x)
p(s)ds= dx, 0&x &1 .

1 —x
(1.15b)

The electron contribution alone would give
EF(3a /4)(m„/m, ). This differs from the usual result by
a reduced-mass factor (m, /m, ). However, by adding the
muon contribution to the vacuum polarization (with
mq/m~ ), we fmd

the term p
' from (1.13). In Fig. 2(b), p

' is the momen-
tum in the loop between the transverse photon and the
Coulomb interaction with the vacuum polarization. Ex-
amination of the integrand shows that this momentum is
large while that in the wave functions is small. In Fig.
2(c}, the momenta in the upper wave function and the
loop below T both tend to be large. The consequence is
that the resulting contribution has an additional power of
a. In Fig. 2(a) the upper wave function has large momen-
ta and the low'er one has small momenta. The result is
identical to the contribution from Fig. 2(b): then Figs.
2(a) and 2(b) are the same except for a change in the posi-
tion of the vacuum polarization. The loop integrations
are identical. The p from (1.13) works in a similar way.
The —2p '.

p requires two momenta to be large together
and it produces an additional factor of a.

In summary, the result is extremely simple. It is exact-
ly the subtraction term discussed with the recoil correc-
tion, but doubled to take into account the two possible in-
sertions of the vacuum polarization and integrated with
respect to s. This gives

o, X(P ' —P) o.„X(P ' —P) . 2 0.'o.„(P ' —P}'
2m, 2m& 3 4m, m&

3A
b, E(leading nonrecoil vac pol) =EF

4
(1.16)

(1.13)

where p (p ') is the electron's momentum before (after}
the transverse photon interaction. With vacuum polariza-
tion, some of the integration momenta are characterized
by v s while others are characterized by y. To see how
this works with each diagram of Fig. 2, suppose we select

C

T
(b)

C
(o3 (c3

FIG. 2. The nonrecoil vacuum polarization contributions. (a)
The vacuum polarization occurs in the transverse photon in-
teraction of Fig. 1(a). (b) and (c) Vacuum polarization in an ad-
jacent Goulomb interaction of Fig. 1{a). The intermediate heavy
lines correspond to the nonrecoil first term of (1.5).

which is symmetric in the masses. For other contribu-
tions to the vacuum polarization (i.e., hadrons and heavy
leptons) there is no point in defining separate nonrecoil
contributions. Such effects will be estimated in the fol-
lowing section.

b. Ehectron line radiative corrections.
The nonrecoil radiative corrections to the electron are

more complicated than the vacuum polarization, ' ' so
our description of them will be very sketchy. The sim-
plest part is given by the electron's anomalous magnetic
moment (represented by a, ); this simply adds a, to the
coefficient multiplying EI;. The more difficult part is the
binding correction which depends on the strength (a) of
the external potential. Although the old calculations are
done in a very different way, the leading binding correc-
tions should be contained in Fig. 3. They are of relative
order a [they amount to a (ln2 ——'„' ) in the coefficient
multiplying EF], so according to our prescription they
should be multiplied by
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C

e p e p, e p. e

FIG. 3. Various nonrecoil radiative corrections to the hfs.
The heavy lines have the same meaning as in Figs. 1 and 2.
Another set is obtained by interchanging T and C.

FIG. 4. Radiative-recoil corrections arising from vacuum po-
larization. It is understood that the contributions of Fig. 2 are
to be subtracted from the original expressions to obtain recoil
corrections.

m„/m, =1—m, /(m, +m&) .

The deviation of this factor from 1 would be of impor-
tance at the present level of interest. As shown in Sec. IV,
there are other contributions of this same order of magni-
tude arising from the terms in (1.7) and the radiative
correction in the muon line. This contribution has no sig-
nificance separately from the other ones, but it does indi-
cate the size of radiative-recoil corrections from the lep-
ton lines.

Beyond the corrections of order a are ones of order a
[or a(Za) ] (Refs. 8 and 13—15). These are too small to
require recoil corrections.

II. VACUUM POI.ARIZATION
RADIATIVE-RECOIL CORRECTIONS

The effect of vacuum polarization corrections to the
one-loop recoil contribution is given by replacing either
photon propagator by

1 a ~ p(s)ds
+EE' ~ th g —S +l 6

Accordingly, (1.9) should be multiplied by 2a/m and in-
tegrated with respect to s. Equation (1.10) then becomes

2

AE= Pl~Ulp

Pl p
—Pl~

X f ds p(s) f dA[S(m„, A, ) —S(m„A,)], (2.2)

where S(m, A, ) is given in (1.10). Equation (2.2) serves as
a starting point for further specialization. Note that this
expression is symmetric in the masses, and S(m, A, ) al-
ready incorporates the subtraction of nonrecoil contribu-
tions.

(i) Muonium
Here the vacuum loop is the usual O(a) radiative

correction with weight
' 1/2

p(s) = 1 — 1+ 3s,4m 2'
S S

(2.3)

where m is the mass of the lepton in the vacuum polariza-
tion loop in Fig. 4, and the contributions of both electron
and muon are to be included. Thus, each S has two
terms. Very conveniently, S(m&, A, ) with muon vacuum
polarization and S(m„j,) with electron vacuum polariza-
tion cancel trivially. The remainder is still symmetric in

m& and m„but we may use the large mass ratio to drop
the contribution of S(m„k.) with muon vacuum polariza-
tion. Thus, we retain only S(m&, A, ) with the electron
vacuum polarization. Making the change of variable
s =4m, /(1 —x ) and denoting g =m, /m& we arrive at

2
CX Pl~ AlpAE=

(mp —m, )

X f dxx (1——,'x ) f dA, Q(k, x,g), (2.4)

where

Q(l, ,x,g) = 16—6A, —A,

A, (1—x )+4' (1—A, )

16
A, (1—x )+4g (1—A, )

The leading recoil contribution from (2.4) (with g «1)

b.E ( VP) =
2

2 fPlP
Eg —2 ln

Pl~

8 Alp——ln
3 Ul~

28
9

772
+O(g)

= —6.61(1.0+0.250+0.113) kHz . (2.5)

x~(1——,
' x ) =—', x ——,x (1—x) (2+x) . (2.6)

The —,'x term retains the x —1 singular behavior but per-
mits the x integration to be done simply. The subsequent
A, integration with q «1 is also simple (although a little
lengthy). The remaining term in (2.6) has the singularity
at x =1 suppressed. Then (1.11) may be used and the re-
sulting x integration presents no problem.

The double logarithm agrees with the result found previ-
ously by Caswell and Lepage. The remaining terms are
exact for g «1 and they agree to within l%%uo with a nu-

merical computation by Lepage. '

A convenient method of obtaining this approximation
will be described briefly. One notes that the sensitive re-
gion of the two-dimensional integrand for small q is
X-O, x —1. If the A, integration is done first, the exact
form must be used rather than the asymptotically leading
result (1.11). A simpler way to proceed is to rearrange the
x dependence as follows:
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(ii) Positronium
For positronium the recoil and nonrecoil effects have

the same order since all loop momenta are characterized
by m, . Thus, we do not separate the nonrecoil contribu-
tion, and the complete result is contained in the first term
of S. Taking the limit of (2.2) as m& —+m„we find

'2

AE = —EF'

The fitting parameters are uncertain by a few percent.
As representative values we have chosen mP ——775 MeV,
I =150 MeV, and d = —,.'P

The integrals over A, in (2.10) can be evaluated analyti-
cally while the remaining integration over s is handled nu-
merically. The result is

b,E (VP;pion) =63.8 — ' "EF
VlP

m, (1—A, )(16—6A, —A, )

,ds p(s)s dA,
4m 2 [m, A, +s(1—A, )]

=0.14(1) kHz . (2.13)

(2.7)
where Ez' is the positronium Fermi energy ( —116.8
GHz). We retain only the electron contribution to the
vacuum polarization since higher masses give a contribu-
tion of relative order m, /s. Following the steps used in
the previous section which lead to (2.4) we find

2
1

b,E = —E~' dxx (1——,x )

The uncertainty of 0.01 kHz reflects the range of choice
of fitting parameters.

It is interesting to compare this result with a calcula-
tion which retains only the p-pole contribution:

4m.
p(s) = 5(s —m ) . (2.14)

The resulting parameter integral can be expanded in
mp Imp fo give

4(1 —A, )(2—A, )(8+k)
[(1—x )A, +4(l —A. )]

(2.8)
b, E (VP;p)=

7T

2
2Pig~ P7l ~ 4~

EF 9 ln
mz fz

'2

These integrals can be evaluated explicitly to give

hE '(VP)= —— EF' 1.05 MHz——.
3 m'

(2.9) + + (215)15
2

b,E= — m, m EF dsp(s)
4m '

m~ A. +s(1—A, )

(2.10)
where we have expanded the mass factor to first order in
m, /m„.

(a) Pion component
Assuming that the spectrum is dominated by the p reso-

nance plus 2-m background we can express the spectral
function in terms of the pion form factor as

(s —4m ')' 'p(s)=, , iF (s) i'. (2.11)
12$

We use the Cxounaris-Sakurai representation of the pion
form factor

~gf 2

m41+
P P?lP

' 3/2

(s m~ ) +m~2I—
iE (s)i

2
P72P

(2.12)

This result has also been ch'ecked numerically by Lepage
who obtained agreement to within a few percent. '

(iii) Hadronic contribution
As in the positronium case, there is no purpose in

evaluating the nonrecoil contribution separately. Return-
ing to Eq. (2.2), we then express the hadronic contribution
by

Estimating the p coupling as f&2/4m. =2.2, we find
2

(VP' )=61.3 — ' "E„,
/pe

(2.16)

which agrees to 4' with the complete form-factor result
in (2.13).

(b) Higher-mass vector mesons
Contributions from the co and P can be estimated from

Eq. (2.15). For the couplings we take'

f 2 f 2

=18.4(1.8) and =11.0(1.7) .
4m 4m.

Then

hE (VP;co) =0.016 kHz

and

b, EM(VP;P) =0.017 kHz .
(2.17)

r

p(s) = R (s)p(e+e ~p+p ) a R
4m a '1T 3$

(2.18)

Proceeding as in our treatment of the p pole we expand
the A, integration in m& /s. The result is just (2.15) with
the replacement mP —+s. The remaining integration over
s is straightforward and yields the result

(c) Higher-mass background and heavy leptons
For s above the threshold mass M —1 GeV we can

parametrize the spectral function by
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b,E (VP'M ) =
fr

2
M

+ +11

(2.19)

p+r- k

"r-k

(a) (b)

where we have assumed R is constant above threshold.
Taking R -2 we find

bE (VP;M )-0.05 kHz. (2.20)

A heavy lepton contribution can also be obtained from
(2.19) by using R =1 and M =2m|,~„„,the ~ contribu-
tion, for example, is quite negligible compared with the
uncertainty of other terms.

Assembling the various contributions we find a net had-
ronic contribution of

&EM(VP;hadronic) =0.22(3)k» (2.21)

For positronium, the hadronic vacuum polarization con-
tribution is 0 (10 EF) and can be neglected.

III. LEPTON LINE
RADIATIVE CORRECTIONS —FORMULATION

In this section we set up the radiative corrections for
the lepton lines. Our goal is to derive a general, and very
useful, expression for a lepton factor with lowest-order ra-
diative corrections taken into account. This part of the
analysis is somewhat simplified by the requirement that
we are interested only in terms of relative order a . In the
next section, this expression is applied to a number of dif-
ferent contributions. For convenience, we describe radia-
tive corrections to the electron line. However, in this sec-
tion no approximations are made which are specific to the
electron, and the results are equally applicable to the
muon line.

A simplification in our analysis arises because for all
our intended applications the momentum in the lines con-
taining the radiative corrections is large compared to the
characteristic momentum in the wave function. This per-
mits us to restrict our attention to the set of diagrams
shown in Fig. 5. As mentioned in Sec. I and elaborated in
Appendix A, the use of these diagrams alone for the order
of interest is not self-evident. When a large number of
Coulomb interactions are spanned by the virtual photon,
the low-momentum region of the integral may contribute
inverse powers of a so that all numbers of interactions
may contribute to a given order. To circumvent this com-
plication, we advocate the use of a special gauge (some-
times referred to as the Fried-Yennie gauge' ) for the ra-
diative correction photons. In this gauge, there is a com-
pensation which assures us that the diagrams of Fig. 5 are
adequate for the present calculation. This is explained in
detail in Appendix A, but the main features are described
here briefly. The occurrence of inverse powers of a is as-
sociated with the infrared behavior. In bound states there
is no actual infrared divergence because the electron is
slightly off-mass-shell. However, in the Feynman gauge

(c)

FIG. 5. Radiative-recoil corrections arising from the electron
line, with a subtraction of Fig. 3 contributions understood.

the various functions become singular as their external
four-momenta approach the mass sheH. In the Fried-
Yennie gauge, the behavior near the mass shell is much
smoother and causes less difficulty.

We should make a warning about one point which is
possibly confusing. The contributions of Fig. 5 contain
the nonrecoil anomalous moment contributions redun-
dantly. These effects are ordinarily accounted for at a
previous level, so they are simply discarded as they arise
in the analysis. Since they have a well-defined order, this
may be done without distorting the terms of interest. Be-
cause of the prescriptions to be used in evaluating the con-
tributions from Fig. 5, these lowest-order contributions
would not agree with the actual anomalous moment con-
tributions; but that is of no significance.

In addition to the infrared region, the ultraviolet region
requires a few remarks. Because of the Ward identity, the
divergences in the internal and external self-energies can-
cel those of the vertices. As usual, the correct renormali-
zation is obtained by including only one of the external
self-energies. As the leading logarithms of order
a ln (m&/m, ) are associated with divergent renormaliza-
tions, it is not surprising that they cancel, as found by
Caswell and I.epage. However, it is awkward to have to
deal with them since they complicate the calculation of
nonleading logarithms and constants. In the approach to
be presented here, we have found a way to avoid calculat-
ing these spurious quantities. Briefly, it is to use numera-
tor factors to cancel denominators in such a way that can-
cellations between various diagrams become manifest.

After obtaining the cancellations mentioned in the
preceding paragraph, the integration over photon momen-
turn is carried out with the help of Feynman parameter
techniques. The result is quite lengthy but is in a con-
venient form for corrections to the electron line. For
corrections to the muon line, it is not convenient because
it does not manifest the low-energy Compton scattering
theorem. Therefore, it is rearranged with the help of ex-
tensive and judicious integrations by parts with respect to
the Feynman parameters x and y; techniques for doing
this are described in Appendix C. A more direct method
of demonstrating the low-energy theorem by formal tech-
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niques is explained in Appendix 8; but the results there
are not actually applied to a calculation.

A. Momentum-space analysis

2. Vertex diagrams [Figs 5.(a) and 5(b)J
Including the effects of the vertices, the electron factor

is given by

Certain denominators occur in more than one of the di-
agrams of Fig. 5. They are

N„
EF(vert) =4'

(2') i (k +iF.)D D;D,
(3.4a)

Dp =p —g +2E J p+l & (3.Ia) where

which occurs in (1.3) and Figs. 5(a)—5(c) and 5(e);

D; =k —2k.p —2kpE'+p —y +2E'pp+i e

which occurs in Fig. 5(a)—5(d); and

D =k' —2k,E' —y'+i~

(3.1b)

(3.1c)

N„=(3D;+3D, )y„py +DOM„+N„',

N„' = 2(—!gy„ig'py +y„pitty lg+k 'y„py ) 6k.p—y py

+4(p'y. @y. p k—y.p. y. )

+y,py [—12k r+8p r+8m

which occurs in Figs. 5(a), 5(b), 5(d), and 5(e). The trick
to canceling ultraviolet divergences and double logarithms
is to arrange numerator terms which cancel various
denominators and permit pieces from different graphs to
compensate.

l. Electron self-energy diagrams [Figs 5(c) and. 5(e)J

+16k r k (r+p)/(k +i&)]

2m—[@y py. +y py @+2k py y ]

M„=4y„Ig'y 3y p—y +4my„y

8k ry„—igy /(k +i@),

(3.4b)

I.et q be the four-momentum in the electron line

[q =r =(E', 0) for an external line or q =r +p for the
internal line]. Then the electron self-energy is

~ ~ ~

d k 1
X2(q) =4+a „2—5m2,

(2~)"i k +i@ (q —k)2 —m +ie
(3.2a)

where

Nz=y (q ig+m)y—+2)g(q ig+m)lg—/(k +ie) (3.2b)

where r is the external line four-momentum. The deriva-
tion of (3.4b) involves approximations [such as neglecting
higher powers of a which arise from factors of (p' —m)
next to the wave function] and the dropping of terms
which do not contribute to the hfs.

Not all the terms in (3.4b) need be calculated since
several of them are compensated by terms from other dia-
grams. For example, in the first term, one of the denomi-
nators may be canceled and the resulting integrals identi-
fied as the same ones appearing in the electron self-
energy, but with the opposite sign. Thus, we find

3(q —m)+3m+
2

4k qlg' —k q
k +ip

(3.2c) (3D, +3D, )y.py ~—(g,.+g, )
Dp

(3.5)

Rather than renormalize on mass shell, we follow a some-
what unconventional procedure. Because of Ward's iden-
tity, we simply allow the divergences in the vertices and
self-energies to cancel each other and make no effort to
compensate the finite parts. After integration and mass
renormalization, Xq takes the form

which is exactly canceled by the divergent terms from the
electron self-energies, as anticipated. The term containing
the factor of M, would lead to ln (mz/m, ) if it were
evaluated. However, when the factor of Do is canceled
out, it turns out that the spanning photon contribution
has terms of similar structure which cancel these contri-
butions before integration. With the set of denominators
D,D;, only nonlogarithmic terms remain.

Although our numerical calculation will give us the
complete result for the radiative-recoil correction, it is
useful to identify the terms which contain in(m&/m, ) and
evaluate them analytically. They may later be subtracted
from the complete result in order to determine the addi-
tive constant. The results for these terms were presented
in Ref. 7, but the details have not been given before. To
obtain the logarithmic terms, many terms may be dropped
froin N„'. Any terms containing an explicit factor of m,
lead to integrals converging at momenta of order of the
electron mass. This eliminates the last two terms com-
pletely. The third term is only slightly more subtle: when
the integral over k is completed, the )g is to be replaced by
r' or p. In either case, it cannot yield a logarithm for the
hfs. At this point, only the first two terms remain; we
may simplify them by neglecting r and examining their

X,=[B(q') +F(q) ](q' —m ), (3.3a)

where

(3.3b)

For the special cases q =r ( q =p +r) we use the notation
B,(8; ). As will be seen shortly, the constants 8 are sim-
ply and conveniently canceled by terms from the vertex
functions. F, defined by (3.3a), is worked out explicitly in
(3.8) below. In spite of its appearance, the last term of
(3.2c) is convergent in the ultraviolet because of symme-
try. The second term is rendered finite by the mass renor-
malization. These terms yield only single powers of
ln(m, /m& ) and they are analyzed further in Sec. III B.

d4kB(q')—=4n.a f (2m) i (k +i@)[(q k) m~+ie]— —
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behavior in the intermediate momentum range. The in-
tegral is easily worked out and found to yield a result
which is —

4 (a/n) times the uncorrected electron line
factor. Instead of making these simplifications here, we
convert the noncanceling terms to a Feynman parameter
integral in Sec. III B.

3. Spanning photon diagram (Fig. 5(d)J
Following our previous discussion, we find that the

spanning photon diagram gives a contribution

d4k N8I
EF(span)=4+a, (3.6a)

(2m. ) i (k +is)D;D,

where

N,„=D,M,p+N,'p,

8(r.k)
N,'~= y„py 4r +

2(k.ry„p—y +m1g'y, py +my py Ig')

in a simple way.
As in the discussion of the vertex contributions, we

describe how the 1n(m&/m, ) terms may be identified.
Terms which may be dropped for this purpose include the
noncanceling pieces of the M,~ term which are propor-
tional to m, and hence converge in the low-momentum
region. One might think that the same argument could be
applied to the first two terms of N,'&. However, the situa-
tion there is slightly more subtle. Because of the two fac-
tors of D, in the denominator, the k integration produces
inverse powers of m„and such terms do contribute to the
logarithm. Actually, it is possible to use them to compen-
sate against pieces of the external electron self-energy;
that was done in the earlier publication. In any case, the
ln(m&/m, ) contribution from (3.6) [after cancellation of
ln (mz/m, ) terms] is simple to determine.

4. Summary of the momentum space ex-pression

The sum of all the noncanceling terms from the previ-
ous analysis is

y„py. y„(p+p+m)F(p+r)EF= F(r)+
Dp Dp

(2@y.p—y Itt'+k'y. py. ), (3.6b)
~ ~

d'k
+4m'

(2n) i k +i@
4k r

M, =3y„py 4y„k—'y 2my„—y + 2 y, Ig'y
k

NU' Nsp M'
X + 2 +DDD, D D, DD; (3.7a)

Notice how pieces of the M,~ term cancel pieces of (3.4b);
this is the cancellation of the spurious ln2(mp/m, ) terms
which occur in separate diagrams.

The first term of %,'„also deserves some comment; its
form arises from the use of the Fried-Yennie gauge. In
the Feynman gauge, the separate pieces of this term
would have been infrared divergent. Although the com-
bination is infrared finite, it is important to note that it is
evaluated with the external lines slightly off the mass
shell. The result would be different if one were to intro-
duce a photon mass which is allowed to tend to zero after
integration. However, this difference would not affect the
final answer as long as the external electron self-energies
are treated in a consistent manner. Later on when this
term is analyzed with Feynman parameters, we shall em-
ploy an integration by parts to manifest this cancellation

M'=2my y 4k ry @—y /.(k +iE) .

B. Feynman parameter analysis

(3.7b)

1. Initial calculation

The evaluation of' the momentum space integrals occur-
ring in (3.7) is quite straightforward, but there is one point
which we should like to emphasize. That is the manner of
cancellation of the infrared divergence. Consider the cal-
culation of F(q) in (3.3a). After the denominators are
combined with an x integration and an integration by
parts is used to change a logarithm into a denominator,
we find

F(q)(q —m) = f dx
z 24~ o q (x —1)+m

3x(1—x)q q'
+const —5mq .

q (x —1)+m
(3.8a)

The constant is, of course, infinite, but independent of q; hence, it is removed by the mass renormalization. When
q =m, the denominators are linear in x; however, the integrals still converge at the lower limit. It is after the mass re-
normalization is carried out explicitly that we find integrals which diverge at the lower limit on mass shell; this is the in-
frared divergence. At this stage, the expression becomes

3m —mF(q)(q —m) = f dx
4~ o q (x —1)+m

3x(1—x)q (q —m)+3(1 —x)(q —m )m

q (x —1)+m2 (3.8b)
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Now we have separate infrared divergent integrals, but a
cancellation occurs; and the net result is

3a xm —xm (q'+ m )Fq=- dx —x+
4& 0 q (x —1)m

(3.8c)

An important point to note is that for the actual external
lines, q is off the mass shell by Y, making these steps
well defined; and the final result is insensitive to Y . One
finds F(r) =9algm. Had the analysis been done using a
photon mass regulator, an apparently different result
would have been obtained for the external line self-energy,
as was pointed out by Tomozawa. In that case the
denominators would have been modified slightly; and if
the external line were put on mass shell exactly, a dif-

I

ferent numerical value would have been obtained. On the
other hand, if the electron is kept off-mass-shell, and the
photon mass set equal to zero, the quoted result is ob-
tained. Of course, any apparent difference here is com-
pensated by differences in the other diagrams. The lesson
is that one must treat these infrared sensitive terms with
great care even if the Fried-Yennie gauge seems to elim-
inate them.

The integration of the remaining terms using Feynman
parameters is straightforward. The denominators D, and
D; are first combined using a y integration, and the result
is combined with the k denominators using an x integra-
tion. The only subtle feature is the presence of a (near) in-
frared divergence which appears in the integral with the
first term of X,'p. This term yields a contribution

a r2(2 x) 4r x(1 x)(r +—2roPoy+y Po )
YvP'Y~

o
dx

o
dy

Q3
(3.9a)

where

~=x(r'+2roPoy+y'P')+Y' y(P'+2—roPo) . (3.9b)

The trouble with (3.9) is that the combined x and y integrations can lead to a logarithmic dependence on Y, which is
spurious since it cancels between the two terms. To avoid this from the start, we may integrate the second one by parts
Using

(r +2ropoy +y2po )dx =dh+y p dx,
note that the contribution from the limit vanishes, and find the integral is transformed to

a 3xr 4r x(1—x)y p
YvPYa (3.9c)

In this form, the integrals cause no difficulty. Now we may summarize the complete result to this point. It takes the
form

1 1I dxf dy4~ o 0

~3 ~2 ~2 ~1 6 3xm
b,Do Do Doh(y = 1)

3mx &1 3mx
(3.10)

where

A3 ———16x(1—x)y (1—y)p m

Aq ——x(6—10y+x+3xy)m +xy( —1 —y —x +3xy)2mpo+x y (1—y)p

B2 ——16xy(1 —x)m p +16xy (1—x)m p +12x(1—x)m po+8xy(l —x)m po +12xy (1—x)mpop

B~ ——x( —8+2x)m +xy(6 —2xy)p +( —6+6xy+5x —2x y)2mpo,

Cz ——(1—x)y(4x —8xy+3)mp +y(1 —x)( —2x+3)2m po,
E~ ——4xmp +4x(1+x)m po .

2. Transformation of the electron factor to other forms

While the form we have arrived at directly is useful for
certain calculations, it does not manifest certain properties
which are desirable. For example, it does not manifestly
satisfy the well-known low-energy Compton scattering
theorem. According to that theorem, the electron factor
should have one term which results from the static so we write

a YvPY~ Po'YvY~-
2m Do

(3.1 la)

I

anomalous moment plus a remainder which is smaller by
additional powers of momenta in the low-momenta re-
gion. The anomalous moment contribution is simply
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EF=EF(a, )+EF' . (3.11b)

The form of the second term of (3.11a) takes into account
a compensation between ladder and crossed graph contri-
butions for the hfs; other forms are possible. The explicit
expression for EF' will not be given here immediately. In-
stead, the method for identifying the anomalous moment
terms of (3.10) will be described here, while methods for
further rearrangement of EF' will be detailed in a separate
appendix. In the coefficient of y„py~ in (3.10), we want
the part which reduces to 1!Do when the momentum
tends to zero. In addition to the obvious term, the last
term and the B& term yield such contributions. The latter
are easily extracted by adding and subtracting a piece
from xm so that a denominator 6 may be canceled, leav-
ing a remainder with additional powers of momentum (see
Appendix C). The net result is given by the first term of
(3.11a) plus an expression similar to (3.10), but with a
change in the definition of B& and the introduction of
new terms of the form I/d. The y y term of (3.10) is
handled in a similar manner. We can now note that the
whole recoil contribution from (3.1la) curiously vanishes
in the order being studied. The cancellation may be most
easily understood by referring to the comment just after
(1.12). In the present context, the po contribution is dou-

I

bled relative to the p one; and they simply cancel.
In Appendix B in which the lepton radiative corrections

are studied using formal techniques, it is shown the lead-
ing contribution for low momenta is given by the
anomalous moment contribution. The purpose of that ap-
pendix is to show that the muon line does not contribute
to ln(m„/m, ), a result that is not yet obvious from the
current expression for EF'. While it might have been
better to develop those techniques into a form to be used
for actual calculations, we instead rearrange EF' further
in order to manifest this behavior, which we refer to as an
extended low-energy Compton scattering theorem (off-
mass-shell, with general polarization, but for forward
scattering only). After the anomalous moment contribu-
tions are removed, various tricks are used (as described in
Appendix C) to rearrange EF'. Basically, these tricks in-
volve various integrations by parts with respect to the x
and y parameters before the p integrations are carried out.
This rearrangement is not particularly useful for the nu-
merical work to be done for the electron radiative correc-
tions, but it seems to be essential to put the muon radia-
tive corrections in a form which makes the numerical cal-
culations more tractable. The rearrangement is done in
two stages. After the first stage, we find

EF'= f dx f dy

r

A3 A2 B2 B] C2
d3 + d2 +, + dD )'vPX~+

C) 7' 0' (3.12)

The new coefficients are

A2 = xy(7 —1 ly —Sy' —2xy+ 14xy )p +xy( —Sy —2x+7xy)2mpo,

Bz ——( —6x+16xy —4x y)m p +16xy (1—x)m p +8xy(1 —x)m po2+12xy2(1 —x)mp p2,

&
&
= ( 6—5x —Sxy +4x y + Sxy 3—4x 2y 2)p 2,

Cz ——xy (6—3x —Sy +2xy)mp~+2y2(1 —x)2(1 —y)pop~,

Cr ——2(1—x)y(1 —xy)p~/m .

With some further tricks it is possible to transfo~ away the te~s with the Do denominators; this is of conceivable
help for an analytic calculation since it would require one less Feynman parameter. It is also convenient for numerical
analysis. The form is the same as (3.12) with new coefficients:

23~243 —16xy ( —1 +x +3y —3xy +2y lnx)m p +4xy [(1 —x)( 1 —y —2y ) —(2—8y + Sy )lnx](p )

Az~Az' ——[y( —1+6x+2x )+y (26—6y —37x —2x +12x y+161nx)]p +2xy(2 —4x —Sy+7xy)mpo,

B2,B'] —+0 .

These forms will be used for further analysis in Sec. IV.

IV. LEPTON LINE
RADIATIVE CORRECTIONS —APPLICATIONS

In this section, the expressions set up in the previous
section are applied to the radiative corrections for the
electron and muon lines in muonium and for the electron
and positron lines in positronium. While we reproduce
the known cz EF and

a Ez(m, /m„)ln(m„/m, )

contributions analytically for muonium, the nonloga-
rithmic a EF(m, /m„) terms are evaluated numerically.
A possible approach to the analytic evaluation of the
latter terms is suggested. The treatment of the corrections
for positronium is completely numerical since the lack of
a small mass ratio for an expansion makes it meaningless
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to extract nonrecoil terms which might be treated analyti-
cally.

The energy shift arising from corrections to the electron
line in muonium is obtained by combining one of the ex-
pressions for the electron factor found in Sec. III with the
muon factor (taking into account the ladder and crossed
graphs), and the photon factors. (Generically, we speak in
terms of radiative corrections to the electron line; radia-
tive corrections to the muon line are obtained simply by
interchanging the two masses. ) The wave-function factors

I

may be decoupled after the anomalous moment terms
have been discarded since the dominant loop moments are
much larger than those in the wave function, as has been
described earlier. Different forms of the electron factor
are convenient for different purposes, as seen below; but
the general structure is the same for all the corrections.
Any of the forms for the electron factor in Sec. III lead to
the same type of expression for the energy shift due to ra-
diative corrections, namely,

1 1' " f"p'dl p~ f d~. f dx f dy '»[(2p' —3SO')Ti+3uo»]

1 1

p —p —2plppo+ I E' p —p +2E7lppp+ I 62 2 + 2 2 (4.1)

where T~ (T2) is the coefficient of y,py (y,y ) in any
of the expressions of Sec. III.

This expression will be used first to reevaluate the non-
recoil contribution of order a EF. After the preliminary
work of Sec. III, the effort involved here is almost trivial
and it serves as a partial check on the results of that sec-
tion. Our discussion is so arranged that the reader may
proceed to various depths. First we discuss this nonrecoil
calculation. To understand it, the reader should verify the
simplest result of Sec. III, which is (3.10) and then read
Sec. IV A below. The next most important contribution is
the recoil correction containing a logarithm of the mass
ratio. It, too, can be arrived at most simply starting with
(3.10); and it is discussed in Sec. IVB. The nonlogarithm-
ic recoil corrections may be worked out numerically using
any of the forms for the electron factor. However, in the
case of radiative corrections to the muon line, it seems
better to use one of the forms based on the "improved
low-energy theorem", this eliminates spurious logarithms
and makes the integrals better behaved. In doing the
recoil corrections to the electron line radiative corrections,
it is necessary to remove the nonrecoil part either analyti-
cally or numerically. Both approaches are described in
Sec. IVC, but the one actually used is numerical. The
muon line corrections are straightforward and are also
given in Sec. IVC. The corrections in positronium are
described in Sec. IV 0; it is not necessary to make a non-
recoil subtraction for them.

A. The nonrecoil contribution of order a EF

The result of Kroll and Pollack' and Karplus, Klein,
and Schwinger' is obtained by making nonrecoil approxi-
mations on (4.1). If we treat the muon factor following
the discussion of (1.5) to (1.7), we run into the problem
mentioned in Sec. I: the usual correction is multiplied by
a factor m„/E, which implies a small recoil correction.
This problem will be resolved in Sec. IV C; here we simply
extract the nonrecoil term directly. To do this, we neglect
p —y in the muon denominators of (4.1) and find for the
muon factor —2m.i5(po)/2m&. As mentioned previously,
it is best to use the most straightforward form of T& for
this analysis. Of course, the anomalous moment contribu-
tion must first be eliminated. With po fixed, the denomi-

I

nators become

&o~—p'
b, ~xm +y (1 —xy) p

(4.2a)

(4.2b)

At this point, the p integration is easily carried out and
we are left with the Feynman parameter integral

1 1

b, E =Eza f dx f—dy.
[xy(1 —xy) ]'~

S'2(x,y)+
[xy(1 —xy)]'i

3(1—x)
2[x (1—x)]'"

where

p, (x,y) = —,y (1—y)(x —2)',

p2 (x,y) = —3+5y ——,x ——', xy + Sy —16xy +4x y

(4.3)

The x and y integrations can all be reduced to forms
given in Table I and the expected result a EF(ln2 ——, ) is
easily obtained.

B. Radiative recoil corrections
of order a E~(m, /m„)ln(m„/m, )

The logarithmic dependence arises from the region
where p is large compared to m, , but small compared to
m& . The idea for extracting this logarithmic term is
simple. We examine the electron factor and try to find
those terms which are a simple numerical multiple of the
uncorrected electron factor. This permits us to drop
many terms, verifying of course that they cannot yield
logarithms. Had we not done the rearrangements of Sec.
III in the original momentum space analysis, this would
not have been possible. The difficulty would have shown
up in separate contributions as a logarithmic divergence in
the parametric integrals. In the original work of Caswell
and I.epage, it was shown that resulting terms with the
ln (m„/m, ) actually compensated; but it appeared quite
difficult to extract the singly logarithmic terms.
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To find the terms of interest, we try to neglect m,
everywhere. This must be done with some caution since
some of these terms may become divergent when the mass
is neglected in the denominator. To see this, we note that
in this region, b, behaves as —yp (1—xy), so some care is
needed at the lower limit of the y integration. If there are
enough powers of y in the numerator to make the integral
converge, or even if it diverges logarithmically, these
terms would be too small in the intermediate momentum
range. The place where caution is needed is for terms
with the structure m, /b (no factors of y in the numera-
tor). For these terms the y integration produces a result
with leading behavior 1/xp . All other terms with a fac-
tor of m, in the numerator may be dropped since they
will converge at momenta characterized by the electron
mass. One can now discover very quickly the terms of
(3.10) which are capable of producing a logarithm; only
the second, fourth, and fifth terms of T~ can do so and it
is easy to evaluate the coefficient by completing the ele-

mentary parametric integrations. The result is that the
old integral is multiplied by —5a/4m, leading to the re-
sult

™e 15 pb, E, );„,(1n) =a EF 2
ln

Ptl p 4~ Ale
(4.4)

C. Radiative-recoil corrections
from the lepton lines in muonium

We are now ready to complete the evaluation of the lep-
ton radiative corrections, including the additive constants.
Except for the removal of terms arising from the
anomalous moment, (4.1) gives the complete radiative
corrections to the lepton line, including the nonrecoil

TABLE I. Integrals required for the evaluation of nonrecoi1
contributions of order a EF.

2 ' dx ' dy x"y
' vx o vy (1—&y)"'

corrections for the electron treated in Sec. IV A. For the
electron, the radiative-recoil corrections are a very small
part of the complete integral. Of course, if the whole in-
tegral could be done analytically, it would likely be very
easy to separate off the two parts. However, this is not
practical. We must somehow arrange to separate the in-
tegrand into pieces which lead to the different types of
contribution. Then it may be possible to carry out ap-
proximations which lead to the desired results. Because
the answer contains logarithms of the mass ratio, this can-
not be accomplished simply by expanding the integrand in
inverse powers of the muon mass; a more sophisticated
approach is necessary. As mentioned above, we looked
into two approaches to the problem, one analytic and one
numerical. The one which turned out to be more tractable
is the numerical one, and we describe it first. However,
the analytic attempt is also enlightening so we describe it
later; conceivably, someone may succeed in pushing it to a
more successful conclusion.

We want to identify a piece of the integrand of (4.1)
which gives directly the results of Sec. IVA, yet leaves a
remainder which is easy to handle numerically. One way
would be first to carry out the po integration analytically.
One of the poles will turn out to be very close to zero. We
could subtract from the residue of that pole a contribution
which leads precisely to the nonrecoil result. This would
lead to a rather cumbersome integrand, but the method
seems feasible. Instead of this, we find another integrand
which is structurely very close to that of (4.1) in the
momentum range near the electron mass, but which
reproduces the same nonrecoil result. To attain this re-
sult, we first rotate the po contour (po~ip4); no poles or
cuts are crossed in this process. At this stage, the muon
factor takes the form

&PEMF—
(pE ) +4m„p4

where

(4.5)

2 2 2
PE =P +74 ~

We now see that for m&~ ao (4.5) produces a strong peak
at p4 ——0, corresponding to the 6 function which gave the
nonrecoil result. To exploit this, we note that when we set
p4. ——0 everywhere except where it appears explicitly mul-
tiplying m& in the denominator of (4.5), precisely the
same resUlt is produced as with a 6 function. Thus, we
have only to subtract the integrand obtained in this way to
remove the nonrecoil result. The resulting integrand will
then be strongly suppressed in the region which originally
gave the large contribution. This approach has been used
with several of the forms of T& and T2 developed in Sec.
III.

The four-dimensional integral is evaluated numerically
with the adaptive Monte Carlo programs sHEp and
vEGAs after changing variables to reduce the

~ p ~

and
p4 integrations to a finite range. The result for the in-
tegral is
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E, i;„, a——E~ (5.361+0.058)
m

(4.6a)

=a EF ln " +3.335+0.058 . (4.6b)
m p 4~ me

Note that the integral evaluated includes the complete log-
arithm. We have not attempted to identify and subtract
the part of the integrand which produces the logarithm.
Thus, the second form of (4.6) results from subtracting
the result of the previous section. While we have not
identified the logarithm in the numerical work, the mass
ratio was varied, and the results are compatible with
(4.6b).

Now we describe an attempt at an analytic approach
which at first looks promising, but which we subsequently
abandoned. We follow the sequence (1.S) to (1.7). The 5
function now has the denominator 2E rather than 2m&,
producing a factor m„/E=l —m, /E multiplying the
original nonrecoil correction. The —m, /E piece of this
factor represents a recoil correction, as described in the
Introduction. We now discuss the role of the other terms
in (1.7). The bracket of the first term of (1.7) may be ap-
proximated by —2m.i5'(po). The factor it multiplies may
be treated in either of two ways. One is to use it to cancel
Do where appropriate and then evaluate the po integra-
tion. The result is again a three-dimensional integral very
similar in structure to the one evaluated in the nonrecoil
calculation. It is, of course, straightforward, but some-
what tedious, to evaluate. The result is a E~(m, /
m&)(71n2 ——,). The other way, which is intuitively more
instructive, is to split up the two pieces of the numerator
factor Do. The 2m, po term converts 5' into —6, and re-
sults in a contribution which precisely cancels the one
which arose originally from the correction factor to the
nonrecoil calculation. The other term can be regarded as
corresponding to the correction found by putting the
muon on mass shell rather than simply setting po ——0.
The evaluation of this term leads to integrals similar to
those outlined in the discussion of the nonrecoil correc-
tion, but the details are a bit more tedious. The result
turns out to be a EF(m, /m„)(61n2+ 3).

The last term of (1.7) still contains the logarithmic con-
tributions; we have not found it convenient to evaluate
this term either numerically or analytically. Because of
the preceding steps, we now have a denominator (po+i E)
which prevents the contour rotation used with the previ-
ous forms. For this reason, the use of (1.7) was aban-
doned and the numerical method described earlier was
used instead. Originally, we had expected a smaller result
than (4.6). The argument was that the nonlogarithmic
terms associated with the logarithm should be of order
unity. Instead, they turn out to be of order m if we nor-
malize to the coefficient of the logarithm. Perhaps this
has to do with the fact that there were originally
ln (m„/m, ) terms associated with the separate graphs,
and it is not unusual for m to accompany such terms. A
particularly simple term is considered in Appendix D, and
it does yield a contribution with a m factor. In any case,
the additive constants lead to a quite significant contribu-
tion to the theory.

After the preceding discussion, the muon line contribu-
tion seems almost trivial. There is no point in separating
a nonrecoil contribution for the muon; all contributions
have a recoil factor after the anomalous moment term is
removed from the muon factor. Actually, the numerical
analysis is not quite trivial. Had one used the first form
derived for the muon factor, separated contributions
would have contained spurious in(m, /mz) and
ln (m, /m„) contributions. In any case, separate contribu-
tions are numerically very large and many significant fig-
ures are lost when they are added. The way to avoid this
is to use the forms which incorporate the improved low-
energy theorem. " When this is done, the integrals are
tractable using the same numerical techniques mentioned
earlier. The result for the muon leg is

E& i;„,=a EF ( —1.0372+0.0091) .
m

(4.7)

D. Radiative-recoil corrections for positronium

As in the case of vacuum polarization for positronium
or the muon-line contribution to muonium, there is no
point in splitting the correction into nonrecoil and recoil
pieces. There is not much to be said about the calcula-
tion. The numerical methods are the same as those used
earlier, and the result is

b,E,+, i;„„aEF'(—1.78——7+0.004), (4.8)

where EF is the Fermi splitting, not including the annihi-
lation contribution.

V. SUMMARY AND DISCUSSION

m&/m, =206.7682620(617)(Ref.23) .

Then we find the Fermi splitting for muonium
—3

Eg ———,a R 1+~p m~

pg mp

=4459034.6(1.6) kHz . (5.1)

The 1.6-kHz error quoted for EF, which is the largest un-
certainty in muonium hyperfine splitting, is the combina-
tion of the 0.30-ppm uncertainty in p„/p~, or equivalent-
ly the muon mass, and the 0.22-ppm uncertainty in the

In this section we collect together all the known contri-
butions to the ground-state hyperfine splitting in muoni-
um and positronium and list the most important terms
remaining to be calculated. We use the constants

a ' = 137.03S 963(15),

R = 10973 731.528 7(113)m

c =2.997 924 58 && 10' cm/sec,

pq /pii ——0.001 521 032 202 1(152),

p„/pz ——3.183 345 473(948),

a, =0.001 159 652 200(40),

and
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square of the fine-structure constant. We define the
analogous splitting for positronium as

=116792.42(3) MHz (5.2)

v=[1+—,'a +a, +Ei+Ei+6i

+cr i+5„(1+a„) ']EF,
where

(5.3)

to which must be added the contribution from one-photon
annihilation included below.

At this point, we should like to stress that the inclusion
of the muon anomaly in (5.1) is a carryover from the defi-
nition of the Fermi splitting in hydrogen, EF . There the
magnetic moment of the proton is quite different from
that of a pointlike Dirac particle, so Ez should be defined
with the factor (I+ai ). For the case of muonium, where
a„ is a small radiative correction, the definition of EF be-
comes to some degree a matter of choice. Because an
important subset of the corrections, namely, the Breit
correction and all nonrecoil corrections, depend on the in-
teraction of the electron with an external magnetic field
proportional to the total magnetic moment of the muon,
we choose to define EF in the conventional way. [For po-
sitroniurn, where the electron and positron stand on an
equal footing, we have chosen not to include the
anomalous moments in the definition (5.2)]. Qn the other
hand, the conventional definition is not appropriate for
recoil corrections since the picture of the muon as provid-
ing a static magnetic field breaks down. This is why we
have been expressing the recoil corrections in terms of EF,
defined in (1.2b). The theoretical prediction for the
muonium hfs is now expressed as

FIG. 6. Representative graphs of uncalculated a E~ contri-
butions to muonium hfs.

ing from our ignorance of the constant Di as 1 kHz, the
present theoretical prediction becomes

v=4463 304.7(1.9) kHz

which is to be compared with the experimental value'

v=4463 302.88(16) kHz .

(S.4)

(5.5)

ahf,
' = 137.035 991(20) (5.6)

as compared with values inferred from the electron
g —2, the Josephson junction, and the quantized Hall
effect~8

The 1.9-kHz uncertainty in the theoretical value has three
components: the 1.6-kHz uncertainty in EF,' the 1-kHz
uncertainty estimated for Di,' and a 0.2-kHz uncertainty
from the error estimates for the numerical integrations in
the present work and Ref. 8.

While the agreement between theory and experiment is
satisfactory, it is of considerable interest to have the ex-
perimental error in the muon mass reduced and the calcu-
lation of Di performed. To illustrate the situation anoth-
er way, it is interesting to use muonium hyperfine split-
ting to provide an independent determination of the fine-
structure constant a. We find

E'2 =—8a lna(lna —ln4+ ~",0 ),

as p
' ——137.035 993(10),

aJ ' ——137.035 963(15),

aH ' ——137.035 968(23) .
3

ei (15.38—+—0.29),
7T

3

01 D1
7r

3' mern@ mp
ln

mp —mg me

Exm m
(2 lna+ 8 ln2 —3+, )

(m, +mp)
2

m~+
mp

2m—21n " +—„ln
e me

+ (18.18+0.63)

Note that the factor ( —,", ) in 5& has previously appeared as
(» ); the difference arises from the inclusion of (1+a&)
with the recoil terms. The uncalculated term o.

1 arises
from the representative graphs shown in Fig. 6 in the non-
recoil approximation. If we estimate the uncertainty aris-

v=203 388.S(1.0) MHz (5.8)

(Ref. 29) is to be compared with the present theoretical
expression

A factor of 2 or 3 improvement of the error in (5.6) will
be useful in checking the consistency with the other a in-
volving QED theory, as i. Agreement would probably
indicate some as yet unknown systematic effect in the
Josephson junction experiment, as it is unlikely that a
breakdown of QED would affect muonium and the elec-
tron anomaly in the same way. Agreement between the
Josephson effect a and that from hfs, on the other hand,
would be a signal of a breakdown of QED in the electron
anomaly. Perhaps such a breakdown would show up first
in the anomaly, where mornenta of the order of the elec-
tron mass dominate, rather than in muonium where the
important momenta are smaller by a factor of a.

The situation for positronium can be described more
briefly since the theory is less advanced than in muonium.
The weighted average of the experimental measurements
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FIG. 7. Uncalculated contributions to positroniuxn hfs at ol'-

der u EF'.

v=a R —+———(ln2+ —)+—a ina2 1

3 2 9 12

+Isa +K'(a)a

where K'(a) is expected to contain ln (a). In this paper
we have determined a part of IC [—1.148(3)] giving

v=203 389.6 MHz .

To complete the evaluation of K, the contributions associ-
ated with Fig. 7 must be evaluated. Since the nominal or-
der of these terms is 11 MHz, no comparison can yet be
made between theory and experiment.
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APPENDIX A: USE OF A SPECIAL GAUGE
TO SIMPLIFY BOUND-STATE PROBLEMS

When a virtual photon spans across several Coulomb
interactions (either as an exchanged photon or one associ-
ated with the electron or muon line), it sometimes happens
that the final order in a becomes independent of the num-
ber of Coulomb interactions (above some minimum).
Thus, it can become necessary to sum over an infinite
number of Coulomb interactions, possibly with the use of
some closed form expression. It is also possible that for a
fixed number of Coulomb exchanges, the order in a can
be smaller than the correct order obtained by summing
the series. One way to avoid the latter problem is to use a
special gauge now known as the Fried-Yennie gauge. '

The purpose of this appendix is to give a simple discus-
sion of both phenomena and to determine which diagrams
contribute to the order of interest in the present paper.
Our aim is to obtain radiative-recoil contributions which
are accurate to order a (m, lm&)E~. As a first step, we
investigate the nonrecoil corrections to the same order in
u. Then we describe brieAy how recoil modifies the
analysis. For comparison between theory and experiment,

one needs nonrecoil terms with one more power of a. We
do not study these in detail; but they are discussed else-
where. ' ' lt will be clear from the following discussion
that these require a sum over states and they cannot be
obtained simply from kernels of finite order.

We fix our attention on radiative corrections to the
electron line for the hyperfine splitting. Clearly, the argu-
ment can be adapted to other situations. We assume that
the virtual photon spans the transverse photon which
gives the hfs along with a number of Coulomb interac-
tions. The result is correct also if the photon does not
span the transverse photon, provided there are zero or one
Coulomb interactions between the two structures (with
more than one Coulomb interaction, second-order pertur-
bation theory in the hfs and the Lamb shift yields a result
of order a EF). We concentrate on the nonrecoil radiative
corrections here, and describe at the end briefly how recoil
affects the details. The methods described here are for the
purpose of estimating orders of different graphs; they are
not generally useful for actual calculations. For this dis-
cussion, we ignore the distinction between m, and m, .

An electron propagator, as modified by virtual photon
emission, is given by

m, +yo(E' —ko) —y (p —k)

k —2koE'+2k p —p —y +i@

where —p labels the muon momentum. Where the pho-
ton emission occurs, the electron propagator not contain-
ing the k dependence is absorbed into the definition of the
wave function. Our aim is to examine the nonrelativistic
region of the integral (p-am, ;k-a m, ) to see how
many inverse powers of a are produced by the integral in
various situations. Certain types of contribution will be
characterized by the relativistic region (p, k-m, ). For
example, if we close the ko contour in the lower half
plane, the enclosed poles in (A 1) are located at

ko E'+[m, +(——p —k) ]'~

These poles can give only a relativistic contribution. On
the other hand, the photon enclosed pole is at ko ——

~

k ~,
and it may yield a nonrelativistic contribution. Our stra-
tegy is the following. We examine the photon pole contri-
butions alone. If the resulting integral converges in the
nonrelativistic region [note that convergence is reduced by
setting k =0 in the denominator of (Al)], we may esti-
mate its order of magnitude by simple dimensional argu-
ments. If the resulting integral does not converge, we
know that the electron mass sets the scale and estimate its
size accordingly.

I.et us suppose that there are n Coulomb interactions in
addition to the transverse photon. Consider factors of
(A 1) which are not immediately adjacent to the wave
function or the hfs interaction. The dominant contribu-
tion from the numerator of such a factor will be associat-
ed with the large-large matrix element, which is approxi-
mately 2m, . One numerator adjacent to the hfs should be
a —y-p in order that the combination couple large com-
ponents to large components and produce a contribution
to the hfs. A numerator adjacent to the wave function
will be one or the other of these depending on whether the
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polarization index is temporal or spatial (also on whether
the large or small component of the wave function is be-
ing considered). For uniformity, we factor 2m, out of
each electron numerator producing an overall factor for
the kernel

~n+2
(overall factor of kernel alone) =

mp
(A2)

The denominator mz comes from the spin reduction in
the muon line. This expression does not directly give a
correct indication of the order of magnitude of the contri-
bution (for one thing, it is not dimensionally correct):
some of the numerators will turn out to be smaller in or-
der of magnitude than m„and the integrations will intro-
duce powers of y and m, . This is what we have to
analyze. Now the electron factors are replaced by

[I,+yo(E' k) —y—.p+ y. k]/2m,
(A3)—2kE'+2k p —p —y +gg

where k =
~

k
~

at the photon pole.
Consider a numerator adjacent to a wave function [with

p~p, =(E', p, ), the wave-function momentum]; it may
be rearranged using

( m, +p, Itt)y„/2—m, = [2p,z y&(p, —I—, ) hty„]—/2m, .

a"+'m
en +2+3

relativistic order =
mneme mp,

For our present purposes, we may ignore all such terms
with n & 1. Had we taken into account corrections from
the wave-function momenta inside the kernel, the result
would have been of higher order in a. Thus, even for
n = 1, we may ignore such terms.

To study the nonrelativistic region, we should incorpo-
rate the wave-function dependence in the discussion. For
the large components, these produce the factor (to ade-
quate approximation)

y'
(~p

& 2+y2)2(~p 2+y2)2
(A6)

The complete overall factor is now y times (A2), and the
integral must have dimensions (mass) " . We cannot
simply say we expect it to give a factor y

" because
there are explicit factors of m, in the various terms of the
integrand, as well as in the electron denominator. To pur-
sue our previously outlined strategy, we make the variable
changes

(A4)
The factor (p, —m, )/2m, adjacent to the wave function
is approximately equivalent to —(p, +y )/4m, times
the nonrelativistic wave function.

Let us first examine the situation where the kernel is
dominated by the relativistic region, either by considering
an electron pole contribution or for some other reason.
Then if we may ignore the wave-function momenta inside
the kernel, the separate wave-function integrations pro-
duce a factor y . The kernel integration makes up the di-
mensions by producing a factor m, ",so the final or-
der turns out to be

p=y t for each p or p, ,

k"=y P/I, ,
(A7)

and factor out y from each electron denominator, each
Coulomb denominator, and the transverse photon denomi-
nator, y from each wave-function denominator, and y
from each d p. The photon integration d k/k yields

y /I, times d g/g. A power of momentum supplied by
the muon line yields a factor of y. At this stage we find

4

(overall factor after rescaling) =
mpme

(A8)

Notice that the n dependence has now dropped out and
that the integral is dimensionless. At this point (A3) be-
comes

—,'[1+yo(1——,a —a g) —ay t+a y g]

(2/+ t '+1—2ag t —ie)

(A9)

a'm, 2

(expected nonrelativistic order) =
m

(A10)

In all other numerators only the (1+yo)/2 terms are re-
tained as &x~0. Note that this is one order in a less than
the terms we seek.

To test the assumption about convergence of the in-
tegrals, imagine carrying out the t integrations first, keep-
ing the denominator on the left-hand side of (A9). One
might do this by using a parametrization to combine the
denominators. The result will take the form

d(par) g dg'

0 [(2g+ 1)~ +~2gg2](1/2)n+2+(0, 1/2, &&r 1)

(Al 1)

where R and S are combinations of parameters. The dif-
ferent exponents correspond to whether the external mo-
menta have been decoupled from the integrations over
kernel variables (0 when both are neglected, —,', or 1 when
one or none are neglected). The worst case is when both
are neglected, and we see that the g integration converges
at the upper limit when n —+0 provided n & 1. For n =0,
we might expect that the integral could produce lna.

Convergence of the integral in this way does signify
that the nonrelativistic region dominates and the estimate
(A10) is correct. Note that this result is independent of n

—,
' (1+y())

2/+ t +1
The first, term of (A4) is 1 for ((2=0; let us concentrate on
this contribution for both numerators next to the wave
function. This gives the leading order, and we discuss
other types of contributions later. The approximation
suggested by the right-hand side of (A9) is actually too
drastic. To obtain an hfs contribution, one electron
numerator adjacent to the transverse photon interaction
must be —y t, introducing an extra factor of a. The in-
tegral is now dimensionless; if it converges satisfactorily
as a~0, it will give a pure number of order unity. Thus
the leading order is expected to be
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(above a certain limit) and is of lower order than the terms
we seek. Before discussing how to deal with this compli-
cation, let us discuss some of the terms we have ignored to
see whether they are important. Consider the changes
when the 0 index is replaced by the space index in the first
terms of (A4). The overall factor in (A10) is multiplied by
a making the result smaller than the order of interest
here, provided the integral corresponding to (All) con-
verges. Now there are two more powers of t in the
numerator, but neither wave function decouples from the
kernel integration. The result is that the higher order is
valid for n &1. We may neglect these terms. If we take a
cross term (with @=0)between the first and second terms
of (A4), the result is similar except that one wave function
may now decouple from the kernel integration; and now it
is possible that for n =1 the integral could yield lna.
With the second term of (A4) used twice, the nonrelativis-
tic order given by (A10) is multiplied by a . However,
this is now valid only for n &2 (possibly with lna). For
smaller n, we must revert to the relativistic order given by
(A5), but with two extra powers of a because the wave

I

gp, v gpv p, vk k
+ +

k +ie k +ie (k +ie)
(A12)

The leading term from the factors (A4) multiplied into
(A12) gives

functions do not decouple. These terms are then quite
negligible. A power of a in the numerator [including one
from the last term of (A4)] increases the order by a factor
of a, but requires that n be increased by 2 if the relativis-
tic region is to be avoided. Examining all the terms in
this way, one finds that except for the leading p=O terms
all others are of higher order than of present interest for
n ~1.

So far most terms can be neglected for n & 1. Only the
first terms of (A4) contribute for all values of n to an or-
der which is one factor of a less than the order under con-
sideration. We now show that such terms are spurious
and can be precisely compensated by an appropriate
choice of gauge. To this end, we make the replacement

I ~ k 'k. kp.p p
kpk.p 1

k +ie (k +ie) k +ie (k +ie)
kok. (p+ p ')

P P —2Pm, ', , +2P
k +ie (k +ie) (k +ie)

(A13)

1+p a ko

k +ie ~ko k +ie
(A14)

Now consider the effect of integrating by parts. When
BIBko acts on the electron factor, the derivatives of ko
or the numerator ko are less important than the derivative
of 2E'ko (ultima—tely by a relative factor a ). After the
integration by parts, we may close the contour below and
again pick up the dominant pole at ko =

~

k
~

. The result
at this stage has the structure (for the dominant term)

f k dk 1+p+ pk EF= f k dk( 1+p 2p)EF . —

(A15)

As in the previous discussion, only the term proportional
to m, can contribute to the order of interest. This term
may be rearranged

1 a
m, —Pko

()k

I

teraction in the Fried-Yennie gauge. For the contribu-
tions arising from the anomalous moment of the electron,
which have one factor a less, it is sufficient to use only
the transverse photon interaction. Proceeding to ihe
radiative-recoil corrections, we know that there must be at
least two photons exchanged and. that the loop momentum
between them will be (at least) relativistic for the electron.
Hence, the electron propagator between these two photons
will not yield inverse powers of a. In the dimensional dis-
cussion, there are now two powers of m& in the denomi-
nator, and it turns out that if we go through the same
analysis as before the order in a is increased by 1. Be-
cause the terms with any number of Coulomb interactions
are now just of the order of interest, it is still convenient
to use the Fried-Yennie gauge in order to avoid having to
deal with an infinite set of graphs.

Having limited the necessary contributions to the
graphs of Fig. 5, we note that one final simplification
occurs. It can easily be seen that since the contributions
we seek are now in the relativistic momentum region that
the wave-function momenta inside the kernels may be ig-
nored. This permits the decoupling of the wave-function
integrations from those inside the kernel.

Obviously, this term cancels for p=1 (the Fried-Yennie
gauge' ). There are some necessary comments to be made
about (A15). Originally the ko differentiation acted only
on a certain dependence in the electron factor. Now the k
derivative acts on all k dependence. The extra terms dif-
ferentiated correspond to corrections with two additional
powers of a, hence they may be neglected for our present
considerations.

Qur conclusion is that for the nonrecoil correction of
order a E~ it is adequate to keep only one Coulomb in-

APPENDIX 8: FORMAL TECHNIQUES
FOR THE ANALYSIS

OF RADIATIVE CORRECTIONS
TO THE MUON LINE

As we found in the treatment of the electron radiative
corrections, it is important to consider together the com-
plete set of diagrams which are gauge invariant in the vir-
tual photon. The method used in Sec. III relied heavily



29 RADIATIVE-RECOIL CORRECTIONS TO MUONIUM AND. . . 2309

on Feynman diagram techniques. Another approach will
be described here. The conclusion will be that the dom-
inant term for small momentum is the anomalous mo-
ment term and that other contributions will have too
many powers of momentum to produce ln(m&/m, ) terms
in radiative corrections to the muon line. This an exten-
sion of the usual low-energy Compton scattering theorem
to off-mass-shell amplitudes.

Our approach uses formal techniques similar to those

developed by Erickson and Yennie, and Fox and Yen-
nie. We start by defining a coordinate space operator

llp=pp+t8~ —Q~e ~ —b e (81)

where pz is the external muon four-momentum (m&, 0).
To illustrate the use of this operator, we note that the
one-loop muon factor may be written (throughout this ap-
pendix, m is the muon mass)

1
(p —m) (p —m)—m a =b=0

1 1=(p —m ) Yp ) p

1 1
) ap ~

) p+3 pp+~ Ya

a=b=O
(P —m)

since 8& on the extreme right or left gives 0.
It is straightforward to check that the complete set of radiative corrections to the muon line (including both external

line self-energy diagrams) is given by

a2 1 d4k 1
~ (p —m) 4' yP y„—Sm"'

Ba Bbp g —m (2n) t'(k —A, ) 0—ijr —m

1
(p —m) .

g —m a=b=O
(83)

where it is also understood that the final expression is to
be taken between large components of the muon spinor.
Of course, nothing would be gained by first carrying out
the differentiations in (83) since that would simply repro-
duce the sum of contributions from six Feynman dia-
grams. Instead we try to rearrange the expression in
square brackets, taking into account that it has noncom-
muting pieces. We expect the result to be expressible in
the form (X corresponds to the square brackets)

X(II)=(g —m )B+(H —m ) F(H)

+ terms from noncornmutativity . (84)

The first two terms are the same expressions which would
be obtained for II& a c number. We will first dispense
with them. If the B term is inserted in (83), it gives a re-
sult which is B times (82). In the usual language, this is
just the consequence of having two, rather than one, exter-
nal electron self-energies. For proper counting, it should
be discarded. The F term from (84) gives a vanishing
contribution because when it is inserted in (83), the
1/(H —m ) poles are canceled, and the final result vanishes
when taken between large components.

Now turn to the terms arising from noncommutativity,
which we refer to as field strength terms b-y analogy to
earlier work. If any of these have a factor of (P —m) to
the right or left, it may be discarded since the operations
implicit in (83) will give a vanishing result. Thus, we are
able to drop all terms where a (8—m ) acts to the right or
left whether they involve field strengths or not. This cor-
responds, in some way, to compensations between dif-

ferent graphs. When this has been done the terms kept,
which we call XFs,

X~XFs (85)

will have at least one factor of a or b because of the com-
mutators. This means that at least one of the derivatives
must act on XFs. Consequently we are left only with
modified vertex and spanning photon diagrams, the ef-
fects from self-energy diagrams having been absorbed into
these structures.

For the present, we shall proceed a little more generally
than is necessary for our immediate purposes since the re-
sults may be useful in other analyses. Later we shall
make some approximations specific to our current prob-
lem (q(m).

The first step is to rationalize the propagator in (83)

1 1 (g —k'+m) .8—h' —m k' —2k. iI+0' —m' (86)

This may also be written with the operators in the reverse
order, and it is often advantageous to average over the two
orderings. There are now many options which may be
followed. Having tried several, we select the following.
Combine the denominator in (86) with 1/k by use of the
standard Feynman trick; this is legitimate since one of the
denominators is a c number. At this stage we have

4
X'~'=4m. a f f dz Y„(le—k+m)Y" —5m' ',

(2~) i o "D
(87a)
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where

D=(k —zII) +z(1—z)(g —m )+z ~
—z m —(1—z)A, (87b)

1 1——y y —zII —y&,2" D D
(810a)

and where we have used symmetrical ordering. Next we no-
tice

=gee "'" q'b'e—'~'" .

We also use

(87c) y„—=—y„——[2zg„,g]—.1 1 1 1
(810b)

(g+m )y"=211", (88)

a
2gk~D D D

—y +—zII —y (89)

where we have dropped terms proportional to g —m on
the outside. Also

This permits us to bring y& through the D, leaving expli-
cit field strength terms. Whenever there is a factor of g
on the outside, it may be replaced by m. The algebraic
reduction of (810a) in which all y's are brought next to
their natural partners is straightforward, but lengthy. We
need retain terms with at most two commutators. The
complete result is

The first term on the RHS may be dropped since it is a
perfect derivative. Thus, the integrand of (87a) may be
rewritten

(810a)=Io+I, +I&,
where

(811a)

2m (1+.z)
0 (81 lb)

1 1 1 1 1 1 4z 1 1 1II ———2z(g —m )——Zz &
—[II,g] + [II,H]—,II~ + ~—@+8—~

D D D " D D " D ' D D D D

[11,g]—II~ —11~—[II,m] —,222 1 1 1

D D "' D' (81 lc)

[il,g]—g —[Il~,g]—[il,g]—[II~,H] —g —g—[il,g]—[II~,g]—4z 1 1 1 1 1 1 1

D "' D D ' ~' D ' D D "' D ' D

~—11.—[11,g] —~—[11,g]—11.+II.—[11,g]—~—[11,g]—11.—~2z 1 1 1 1 1 1 1 1

D D D D ' D D D ' D D

+ II —[II,P]—[II,g]—M —II1 1 1 1

D D D
(81 ld)

the decomposition here is into the number of explicit
powers of the field strength. Of course, Io and I& will be
expanded further when appropriate. At most, two powers
can contribute to our final expression.

Now let us discuss simplifications which are possible
for muon-leg radiative corrections to the muonium hyper-
fine splitting. Here we are interested in the momentum
range q(m. To develop a logarithm of the mass ratio
from this range, it is necessary that the muon factor
behave like q/mz . This immediately eliminates all the
contributions from Iz since they have at least two factors
of q in the numerator, permitting the electron mass to be
neglected. We should note, and dispense with, a possible
subtlety at this point. When the k and z integrations are
carried out, the result may contain a factor of ln(qo/m„).
However, because of the factor of q, the integration scale
is set by m& and the final result is nonlogarithmic.

We can argue away a great number of the remaining
terms without actually calculating them. Some principles
we use are the following. (a) To produce an hfs contribu-
tion a term must have an even number of y matrices. (b)
A factor of q or qp multiplied into the electron factor
will, because of gauge invariance, produce a zero contribu-
tion.

Start with the second term of Ii, which has a double
commutator structure. In D, first rewrite the combina-
tion

z(1 —z)(H —m )+z ~=z(1—z)(II —m )+zM
(812)

and expand up the z.M keeping the zeroth and first
powers. In either case, one derviative must act on [Il„,g]
which is proportional to a or b. With zero powers of ~,
the other derivative must act on 1/(8 —I) in order to
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produce an hfs contribution. In that case, the double
commutator structure yields a factor of q so that no log-
arithmic terms can be produced. [Again, In(qo/mz) from
k and z integrations causes no problem. ] With one power
of ~, the other derivative must act on the ~. This term
is identically zero, even though the k and z integrations
produce inverse powers of q, because the external factors
of II" become p" and the two terms cancel.

The fourth term of I~ is almost a double commutator
structure, but the D's are distributed differently so the
discussion must be modified slightly. We again expand
up z~. With one power of ~, the result is no longer
identically zero, but the extra factor of z means that the k
and z integrations produce ln(qo/m„) rather than inverse
powers of q so no logarithmic terms are produced. With
zero powers of ~, the two terms would cancel except for
the arrangement of factors (II& is p& or p„+q„,depending
on location). The near cancellation means that the result
of k and z integrations will have additional powers of q
[possibly with In(qo/mz)] so that logarithmic terms can-
not be produced.

The remaining terms of I, may be considerably simpli-
fied. By the same type of arguments, H in the third form

D =(k —zll)'+z(1 —z)(g —m')
—z m —(1—z)$2, (813a)

D"=(k—zII) —z I —(1—z)A, (813b)

To summarize the approximations to the third term of I].
Replace P by m and D by D". We will retain this contri-
bution.

Turning to the first term of I&, we expand up powers of
z ~

may be replaced by m [its commutator with D produces
higher powers of q which prevent ln(m„/m, )]. Continu-
ing with the third term, we may next neglect z M in the
denominator since the correction has too many powers of
q. Having done that, we may neglect z(1 —z)(P —m )

also since the correction produces a factor of (g —m )

which may be dropped, or commutator terms which can-
not give In(m&/m, ). It is useful to define a succession of
approximations to D:

1 1 1 2 1 1 1 1 1 1 2 1 1 1 1
2z—(g —m) —=2z, (g —m), —2z .

,~, 8, , +, ,g,~, —z,~, (g rn)—,~, ~ .
D D D' D' D' D' D' D'' D' D' D' D' D'

(814a)

No higher powers of ~ occur to second order in the field strengths. The whole t J has too many powers of q to produce
ln(m&/m, ). The first term of (814a) may be expanded up in a similar way:

1 1 1 1

Dre
—z(1 —z)

1 2 1 1 1 1 2 1

—z(1 —z) „,g „(g—m) „g, (814b)

Again, the term in the large parentheses cannot produce ln(m„/m, ). (To see this, it is helpful to think through the
structure of the integral; basically, there are too many q s in the numerator and the z integration causes no difficulty. )

The first term of (814b) may now be dispensed with. We observe

[D",H] = —z[llp, H](k"—zII")—z(k"—zII")[Ilp, g] .

Now consider what happens when the derivatives act on the resulting expression. To produce enough y matrices, only
one derivative can act on it But then .the k integration would vanish by symmetry except for the fact that different
denominators have different values of momenta (II"~p" or p"+q"). This means that after integration k"—zll&~q"
and no logarithms occur.

Summary of I~ after permissible approximations:

r, ~4z2m 1 1 1 1 (815)D» D»2 D»2

&ow turn to Io, which is in some ways more subtle since it still contains divergences. First expand in powers o« ~,
dropping (z~~)~ terms which, by oft-repeated arguments, cannot produce In(m&/I, ):

T

Io-= —2m(1+z)z M „+2m(1+z) 1 1 1 1 (816a)

Note that in the terms involving ~ we have approximated D' by D". In the first term if we could shift k" by the
operator zIP, we could then set 8 —m =0 and obtain 5m' ' which is canceled by the subtraction. This suggests expan-
sion in powers of (g —m ):
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2m(1+z)
D&2

2m(1+z) 2 1
z 1 2 1 1 2 1

DIl2 DIP2 D D DII2

+2m(1+z)(1 —z)2z2 „,8, 8, „+etc.1 2 1 2 1
(816b)

The second term here is similar to the first term of (814a).
The discussion is a little more delicate because of the ad-
ditional denominator, but the conclusion is the same: No
ln(mz/m, ) is produced. Similarly, the last term produces
no ln(mz/m, ).

The first term of (816b) is now easily dispensed with.
Suppose one derivative acts on it,

(+2k iq x— 211 —iq.x1

DII DII

1
z 2e —lq 'xlI )CX

(817)

After the k integration, the result will be ~q~ and the
contribution vanishes using principle (b). If two deriva-
tives act, no hfs contribution can be produced. Thus, the
derivatives do not act on D" and Hj"~p" or p"+q". In
either case, the k integration can be shifted and the result
is canceled by the 5m' ' substraction.

At this stage we are left with (815) plus part of (816a):

jI Q y
ll

&(y =1) By 5
n —1 y "[(1—x)2mpo+(1 —2xy)p ]

Q2

(Cl)
2. To identify the anomalous moment terms, which

have the pure denominator D0, we use

(C2)
0

1 y (1—x) xy(1 —y )p

D. + ~ + ~D.

x —x0='—
Ox

nx —mx

which gives

n (x" ' —x ') [b, +yDo]
gn+1

3. Some terms with different powers of 1/b. must be
brought together in order to manifest low-momentum
cancellations. One convenient way is through an identity
obtained by considering (for m, n&0)

Io+I( =2mz (1—z) 1 1 1 1
( m n)x-

gn

ny(x"—' x-'—)Do
gn+1 (C3)

If two derivatives act on this, the argument of the preced-
ing paragraph shows that the result vanishes. But then,
with one derivative, the II"'s in the denominator take on
the values p" or p"+q". If we neglect q" in the denomi-
nator, the k integration can be shifted and the integral is
precisely the one giving the anomalous moment to this or-
der.

APPENDIX C: SOME TECHNIQUES
FOR REARRANGING

THE PARAMETER INTECxRALS IN SEC. III

The purpose of these techniques is to treat apparently
dissimilar terms together in such a way that the small-
momentum behavior can be analyzed and displayed. In
the following, the symbol = represents equivalence under
the combined x and y integrations; the expressions differ
only by integrations by parts.

1. The terms with y fixed may be put on a common
footing with other terms with the help of

A special case results from the limit m ~n
xn —1 nx" 'y lnxD

gn+ 1
(C4)

APPENDIX D: ANALYTIC EVALUATION
OF a2 m, /m„s~ CONSTANTS

In Sec. IV C the numerical evaluation of constant
a m, /m&E~ contributions was presented. It was men-
tioned there that the breakup of the muon propagator
given in (1.7) was useful in the analytic evaluation of these
constants. In particular, the second term in this order of
m, /m& becomes 2qri 5'(po)/2E—, and yields a m, /
m„sz(71n2 ——,) in a calculation very similar to that
which gives the nonrecoil term. The third term turns out
to be less trivial, which we demonstrate in this appendix
by calculating a part of its contribution to the constant.

The term we choose to concentrate on is the last term
of (3.10) which is somewhat simplified by having the pa-
rameter y fixed to be 1. Its contribution to hyperfine
splitting is

~ 2 29&a m8 mi Ep ~
g

~ podpo 1
—"(p')' ' ~(y =1) p' 2m„po+ie —p'+2m„po+ie

The term in large parentheses is split up as described before [see (1.7)] and we isolate the term
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EE3———

At this point we introduce the Wick rotation in the form po~ m—,p+ipq and scale out m, to find

jg 2Q

7T p,
0 0 1 —x 0 p4 +p [p 2+ p 2+p2+px/( 1 x)]2

1 1 P2+ +0
p —2m&po+i e p +2m&po+i e 2m& (po+i e)

~ 2 29ia m~ EF ~~ 2 J~ dpo ~i xdx
2m' 7T , p'dipl

p (po+ le) ( 1 —x )[p +2m, po —xm, /(1 —x)]
Rather than directly rotate po~ip4 we first combine p and b, (y =1) with a Feynman parameter p:

~ 2 29~me E~ 2
' xdx ' dpo 1p'dipl

2mzn. o o 1 —x o ~ Po+i& [(Po+m, P) —P m—, P P—xm, /(1 —x)]

(D2)

(D3)

(D4)

(D5)

Finally gathering together the denominators with a Feyn-
man parameter y allows the p and p4 integrations to be
performed with the result

9e EF m
AE3 ———

87T m p

1 dyx dx dp
o o o vy p(1 —x)+xy

This integral can be evaluated with the final result

5E3 ——— o.'EF .15 2 me
(D7)

16 mp

Note the absence of ~ in this expression, which suggests
that this sort of term will be numerically significant. Un-
fortunately, while it is always possible to generate parame-
ter integrals such as (D6), we have not been able to evalu-
ate analytically in a systematic way the four-dimensional
forms we have examined, but suspect that with enough ef-
fort this could be accomplished.
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