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Ground-state baryon mass splittings from unitarity
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We discuss the hadronic mass shifts of the lightest baryons generated by coupled-channel effects. The
contributions from different thresholds are assumed to be related by SU(6) ~ symmetry. Using very gen-
eral arguments, we derive mass formulas for the relative splittings of A-N, X -X-A, and -, which are
satisfied by experiment to within 20%.

It has been well known for a long time that unitarity ef-
fects are important in understanding the hadronic mass
spectrum (see, e.g. , Ref. 1). The difficulty to estimate their
actual magnitude reliably has, however, always been an ob-
stacle. In general, one must evaluate a large number of
loop diagrams generated by unitarity and sum over many in-
termediate states. The most important contributions are ex-
pected to come from two-hadron intermediate states (Fig.
1). Within the QCD framework this means that in addition
to gluonic exchanges one must include contributions from
quark loops.

For the meson sector using an explicit model, the unitar-
ized quark model, one of us has been able to understand
many mass splittings and mixing effects among the light
mesons as well as among the heavy cc and bb states. The
success of this approach suggests that hadronic-loop effects
are important also for the baryons.

Several authors4 have tried to estimate the contribution to
the 5-W mass splitting coming from mainly vrW and mb in-
termediate states. It is generally agreed that this contribu-
tion has the right sign and a magnitude varying from —50
MeV to the whole mass splitting of 293 MeV. The uncer-
tainty in the magnitude stems from the fact that it is very
sensitive to the hadron size assumed and to the number of
thresholds included. The correct sign follows because ha-
dronic shifts are negative and the nucleon is shifted more
than the delta because of the stronger nearby thresholds.
We shall not estimate here the actual size of the mass shifts
which will be done later in an actual model calculation. ' In-
stead we derive below some predictions for the ratios of
mass splittings which should be essentially model indepen-
dent if the unitarity effects are dominant. Under reasonable
assumptions of analyticity and proper behavior of the spec-
tral function p the shift of the mass of baryon B due to the
process shown in Fig. 1 may be written" as a dispersion in-

P, V

tegral:
(') q

m~ —s

= gW; f(ms, s,h', )

where the sum runs over all (open and closed) decay chan-
nels. In writing Eq. (1), we assumed only that the function
p is universal and therefore that apart from the numerical
constant (weight 8;s) the contributions from all channels
become identical in the symmetry limit sth, =independent
of i. The weights 8';~ may be calculated if a symmetry relat-
ing the different channels i is assumed. As the intermediate
states i we shall consider all (allowed by quantum-number
conservation) combinations of baryon (B' in Fig. 1) belong-
ing to the SU (6) ground state and a pseudoscalar (P ) or
vector (V) meson. We assume SU(6) a symmetry for all
BB'M (M =P, V) vertices. The weights IVs can then be
calculated using formulas of Ref. 5 or Ref. 6, and we have
tabulated them in Table I. Since our results are not very
sensitive to the exact value of the q-~' and co-@ mixing we
assume for simplicity in Table I that the singlet-octet mixing
angles are Op=0' for pseudoscalar (i.e., q=q8, q'=q~) and
8 q = 35.2' (i.e., ideal mixing) for vector mesons. From
Table I it can be easily checked that for any baryon 8

X Ws= 48 (2)
i

Thus in the symmetry limit (s,h", independent of i ) the
shift in mass is the same for all members of the 56-piet and
consequently no splitting is generated. However, if the po-
sitions of different thresholds do not match, the resulting
output baryon masses are split.

As in all self-consistent unitarization procedures we shall
start with an input degenerate baryon mass spectrum. The
differences between the positions of various thresholds arise
then only from differences in meson masses. We assume
that a solution to the problem of meson mass splitting has
already been achieved (cf., e.g. , Ref. 3). Consequently for
the meson masses we take their experimental values.
Furthermore, let the zeroth-order splitting of input baryon
masses be such that

FIG. 1. The unitarity loop diagram under consideration.
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TABLE I. Relative weights with which different SU(6)-related thresholds enter the unitarity loop contribution of Fig. 1, for all members
of the ground-state multiplet 56 of SU(6). The singlet-octet mixing angles are here put 8~=0 for pseudoscalar (thus g=q8, q'=pl) and

8& ——35.2' (ideal mixing) for vector mesons.
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If one expands this expression in the threshold positions in
the vicinity of some average threshold (sth„o), the constant
terms cancel due to the sum rule (2). To get the leading
term we keep terms linear in meson masses.

Denoting

1 tlat (mk sthr)Ck=
k 8(gsthr) thr l thr, k)

and using Table I and assumption 3 we obtain from Eq. (4)
(with m, =m„)

mk —mht = Co(m~ 2m„+ ~—m„+ ~m, )1 2 (6a)

From Eq. (6a) it is clearly seen that large mq-mh splitting is
driven mainly by the smallness of the pion mass compared
to the other members of the pseudoscalar and vector
nonets. The sign of Ck is positive on the very general
grounds that the farther the threshold the smaller is the ab-
solute value of the negative shift. Thus the signs of the
5-N and p-m splittings are related.

Formulas similar to (6a) may be easily derived for other
splittings:

m, —mx= Ct[m mk+~—(m, —m„)]2

m + —m~ ——Ct[~(m ~ —mk)+-y(m~+m, —2m )], (6c)

m a —ms= Cp[m ~ mk+ ~ (m— —m~) ]2 (6d)

The constants C, are equal in the SU(6) limit and this
equality should still be a good approximation for broken
SU(6). We thus find the following remarkable relations:

2 l
m m mp 2m~+ ~m r+ ~m~

'yl

2 2mx m ~ —mK+~m —-Tm
K

(7a)

m ~ —mg
X

m ~ —mx

&
m —mK+ 2m + 2m —4m„

'n

2 2
m ~ —mK+~m, —Tm„

(7b)

m ~ —mg8 =1
m ~ —mxX

(7c)

Because of the approximations made in deriving these re-

We adopt a similar notation for output baryon masses (with
meson mass differences zero), i.e. , mq= mjtr = mo, etc. The
first-order splitting of output baryon masses (say b, and N)
is then given by

ma —mht = g[IIrtPf(mO. Sth'r ) ~ X(mO, Sth, )]

lations we expect them to hold to about 20%. Inserting ex-
perimental masses in Eqs. (7) we obtain the first two
columns of Table II.

From Eqs. (7a) and (7b) we find the relation between
X-A and b, -N splitting:

mx —mA 2 p mg ™~ ~K mK

ma —m~ 3 m —2m +~m r+Tm„2 1

with the left-hand side (LHS) =0.26 and the right-hand
side (RHS) = 0.33. Within the framework of QCD-inspired
calculations of the baryon mass spectrum, there exists a
well-known explanation of the sign and size of X-A splitting
relative to that of 5-N. Equation (8) provides a similar re-
lationship between those two splittings if the unitarity ef-
fects are dominant. Within the dual unitarization frame-
work the X-A splitting was explained by one of the authors
in the so-called linear baryon model which was very succes-
ful in describing separately natural and unnatural leading
baryon Regge trajectories. There was however no possibility
to relate it to 5-N splitting since the latter two particles have
opposite naturalities.

The deviations from equalities (7) may be qualitatively
understood as second-order effects as follows.

Equation (6a) overestimates the relative size of the 5-N
splitting since there is a kind of "negative feedback": once
5 and N are split the 6 gets a larger second-order shift
down in mass due to the presence of the nearby b m thresh-
old (see Table I). For X'-X splitting (6b), this effect is
smaller since the contribution to X' shift from the X'm

channel is approximately half compared to the b, —Am case
(see Table I). Therefore the right-hand side of Eq. (7a) is
actually an overestimate, in agreement with experiment.

The origin of the deviation from equality (7b) is similar.
Namely, there is a second-order effect which shifts down in
mass the heavier X more than the lighter A. Thus the RHS
of (7b) is also an overestimate.

The deviation of the LHS of Eq. (7c) from 1 may be un-
derstood as a result of the imperfect cancellation of the C~
and Cq factors from Eqs. (6b) and (6d). In fact when un-
folding unitarity effects the effective strange-nonstrange
quark mass difference generally decreases. In other words,
one expects a larger shift for the 0= 2 case as compared to
the k= 1 one and, consequently, the RHS of Eq. (7c)
= Cq/Ct & 1. A similar effect is also at work in relation
(7a) where it acts in the same direction as the b, -her cou-
pling effect discussed above.

Another way to improve the prediction, which includes
some of the above-mentioned effects, is to average over the
actual physical threshold positions, whereby both meson and

TABLE II. Comparison of the mass ratios of Eq. (7) with the predictions of Eqs. (7) and (9).

Ratio
Experiment

LHS Eq. (7)
Prediction

RHS Eq. (7)
Prediction

Eq. (9)

1.54 1.96 1.55
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baryon masses are used in a self-consistent scheme. Then
the predicted mass differences satisfy

ms, —ms, ~ g (8, ' —W~') (s,I,'", ) '~' (9)

Using this formula, and in addition taking into account the
more accurate meson mixing angles Op = —11' and

0~= 38.8', one finds the numbers given in the third column
of Table II. The agreement with experiment is now better
than 12%.
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