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Polarization of recoil-electron beam in high-energy Moiler and Bhabha scattering
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Longitudinal and transverse polarizations of the final electron beam in Mgller, and Bhabha
scattering are analyzed in electroweak gauge models involving more than one neutral vector boson.
In pure QED, for given initial polarizations of incoming particles, the polarization of the outgoing
electron beam is the same for Mgller and Bhabha scattering and is energy independent. However, in
various electroweak gauge models, we find that the energy dependence and final-state polarizations
are in general different for the two scattering processes; thus, observing polarization effects in such
scattering processes may be useful to test various gauge models at high energy.

I. INTRODUCTION

The discovery of the weak intermediate vector bosons
W +—(Refs. 1 and 2) and Z (Refs. 3 and 4) at the CERN
pp collider supports strongly the standard model of elec-
troweak theory and sets limits to viable alternative
models. The left-right-symmetric model of Rizzo and
Seojanovic predicts too light a mass for the intermediate
vector boson Z and a bit too large a value for sin 0~.
Another model based on the gauge group SU(2)L,
X Tstt XU( l)tt I, which was considered by Deshpande
and Johnson, predicts also some deviation from the result
of the standard model. However, despite much informa-
tion from recent experiments, there exists considerable
freedom with left-right models. In a left-right model with
the gauge group SU(2)t X SU(2)tt X U(1)tt L, as considered
by Barger, Ma, and %'hisnant, ' the first neutral vector
boson is indistinguishable in mass and fermion couplings
from Z of the standard model while the second neutral
vector boson can have a mass as low as 200 GeV. The
possible existence of a second neutral vector boson with a
smaller effective coupling strength is not ruled out yet

Msiller (e e } and Bhabha (e e+) scattering can be
useful methods to distinguish various gauge models, be-
cause the effect of Z-boson exchange becomes more im-
portant at high energy. These processes have relatively
large cross sections compared to other electroweak pro-
cesses, and high-energy experimental data for them may
become available in the near future from the Stanford
Linear Collider (SLC) and CERN LEP.

The general covariant formula for the spin dependence
of the cross sections for Mgller and Bhabha scattering,
within the one-photon-exchange approximation (i.e., in
pure @ED), was given by Bincer' and by Ford and Mul-
lin. " They discussed longitudinally polarized incident
particles. Raczka and Raczka' considered transversely
polarized incident particles in M@11er scattering. The po-
larization of the outgoing electron beam was considered
by Kresnin and Rozentsveig. '

In the framework of the electroweak models, Mgller
scattering has been considered by Llewellyn Smith and
Nanopoulos, ' Cxastmans and Van Ham, ' DeRaad, ' Bud-
ny, ' and more recently by Puhala, Rizzo, and Young, '
Olsen and Osland, ' and Anders et al. On the other

hand, Bhabha scattering has been considered by Dicus, '

Llewellyn Smith and Nanopoulos, ' Budny and McDon-
ald, Budny, and more recently by Holhk and Zepeda, "
Olsen and Osland, ' and Anders et al. The complete ex-
pressions for the M@11er- and Bhabha-scattering cross sec-
tions at high energy, for arbitrary initial polarization, have
been obtained by Olsen and Osland. ' Puhala, Rizzo, and
Young' have calculated the differential cross section for
M@ller scattering when all particles are longitudinally po-
larized.

As is well known, the initially unpolarized electron and
positron beams in the colliding machine become trans-
versely polarized naturally due to the synchrotron radia-
tion in the magnetic field. Therefore, it is worthwhile to
study arbitrary polarizations of high-energy electrons and
positrons in M@11er and Bhabha scattering. Cooper
et al. have shown that the polarization of high-energy
electrons can be measured by observing M@ller scattering.
Also the transverse polarization can be measured with al-
most the same degree of difficulty.

The purpose of this paper is to give the explicit form
for the longitudinal and transverse polarizations of the
recoil-electron beam in Mgller and Bhabha scattering
when incident beams are polarized arbitrarily. Our result
is model independent but we have examined the predic-
tions for QED, the standard model, and the left-right
model of Barger, Ma, and Whisnant ' at the energy
values of v S =40, 100 and 200 GeV which correspond to
the energies of the present SLAC PEP and DESY PE-
TRA, SLC, and LEP, respectively. The model depen-
dence of the polarization of the recoil-electron beam can
be seen at high energy.

II. MUFLLER SCATTERING OF A POLARIZED BEAM

In Mgller scattering, let (p~i, s~i ) and (p~2, $~2 } denote the
momenta and polarizations of incoming electrons and
(pi",sfi") and (pz",sf2") the corresponding quantities for
outgoing electrons. Ciiven the initial state

U tt u (pis 1 )utt(p2$2) (1)

the final state Uftt can be obtained in the form (MU') ti.
A general electroweak model with more than one neutral
Z boson, together with one-photon exchange, can be
described by the Lagrangian
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egfgfrpff~ + g gzgfrpl ~L;( l rs)+~R;( l+r5)Nfz
f E

where f indicates specific ferrnions, and gz, ez, and e~ are model-dependent parameters. The final state can then be

written as

U~~p—=(MU') p=—
2 m +p)

y„u(p, s, )
m +p2 y"u (p2sp)

27?Z P

m +p)
2&i

rpu (p2$2 )
a

m +p2
2m Y u (pls1 )

Rz,.
2

t —Mz, 2

m +p(
yl [&L,(l —y5)+&a,.(i+y5)]u (p)s))

m +p2
y"[&1., ( l —ys)+&g. ( l+y5)]u (p,s, )

Rz,.
2

+g
u —Mz

m +p)
yp[&L, (l r5)+&g ( 1+r5)]u (p2$2)

m +pz
r"[&1.(l —rs)+&~.(l+y5)]u(pcs&)

2121 l
P

(3)

where r and u are equal to (p& —p'~ ) and (p& —pz),
respectively.

The density matrix for the final state is obtained from
UfUf. In particular, if one looks at only one of the out-

going electrons in the process, the density matrix for its
polarization is given by

p~~ = Uf~pU~ p/Tr(UfUf) . (4)

The differential cross section with polarized incident elec-
tron, when summed over the final-state polarization, will

be

Therefore, one may approximate

pPs"= p. s+sP,
t?l

(7c)

where s T
—= s —pp s is the transverse component of s (or

of s), and p is a unit vector in the direction of p.
From Eqs. (3), (4), and (6), the final polarization of the

outgoing electron beam can be obtained. For the calcula-
tion, we have found that the following relations are espe-
cially useful:

p p's p( s)
S =S+ —p S +ST,m(E+m) m

(7a)

o p. s
s = =p s

Pl 821
(7b)

do ~ Tr(U U ) .

&iso note that the polarization four-vector of the outgoing
electron beam can be expressed as

sf'= Tr(rely pf)

Since the polarization four-vector s" is defined to be
(0, s ) in the particle's rest frame (s: general spin vector), it
becomes at high energy

1 (l+r5s') —= (l Psrs gTy—5)—'
(&a)

With s &" divided into two parts as shown in Eq. (7c), the
longitudinal polarization can be obtained from the coeffi-
cient of p&" /m while the transverse polarization s ]T is
available from the explicit value of s ~ multiplied by
( l —P'u"'»).

We now give the results of our calculations. In the
center-of-mass frame, the longitudinal polarization of an
outgoing electron beam with (p &s~~) is given by
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r

p I sfI —— . (1+pl.s&)(1+pal. sz) sin (8/2) 1+ gh;(t)hatt, + cos (8/2) 1+ gh;(u)ez
M l l

—(1—pl s&)(1—pq sz) sin (8/2) 1+ gh;(t)eL+, cos (8/2) 1+ gh;(u)eL,

+2(pl sl —pq. sq) cot (8/2) 1+ gh;(t)eL 6g
l

—tan (8/2) 1+g h;(u)eL ez

and the transverse polarization by

f 1
s1T

+M
p I X [(p 'l+p, ) X s IT]sin (8/2) 1+g h;(t)el ez

r

(1—pz. sq) sin (8/2) 1+ g h;(t)eL +cos (8/2) 1+ g h;(u)eL, .
l

+ (1+hz sz) sin (8/2) 1+g h;(t)@++co, s (8/2) 1+g h;(u)e~
l l

+p I X [(p I
—pl )X spaz ]cos (8/2) 1+ gh;(u)et 6~

r r

X, (1—p& s|) sin (8/2) 1+.Qh;(t)eL, +cos (8/2) 1+/ h;(u)eL,
l l

+(1+Pl si) sin (8/2) 1+ gh;(t)ea + cos (8/2) 1+ gh;(u)e~,
l l

2r

D~ ——(1—
p& s&)(1—pz. sz) sin (8/2) 1+ gh;(t)et +cos (8/2) 1+ gh;(u)et.

2

+(1+pl.sl)(1+pq. sq) sin (8/2) 1+ gh;(t)Eg +Cos (8/2) 1+. gh;(u)e~
l

+2(1—pl stpq. sq) cot (8/2) 1+g h;(t)eL @++tan (8/2) 1,+ g h;(u)eL ez
l l

+4(s» szT —2sin 'Hp l. sITp I s~T) 1+ gh;(t)Et.ta'.1+ +hi(u)eL e~
J

In the expressions (9) and (10), 8 denotes the angle between p, and p '„and h;(t), h;(u) are defined as

h, (t)=4gz '«["(t ~z '.)], .

h;(u)=4gz, .~u/[e (u —Mz, )]

and D~ by
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If we here choose the vectors p 1, p 1, s, T, and s 2T ac-
cording to

and the differential cross section obtained by Olsen and
Osland' can be recovered:

Pl ———p2=(0, 0, 1),
p 1

———p 2
——(sin8cosg, sin8sing, cos8),

s &T
——

I
s &T I

(cosg&, sin/1, 0),
S2T I S2T I

(cos02 Sln42 0)

(13a)

(13b)

(13c)

(13d)

da a2
2

dQ 4s
DM [$=(P1+P2) ]. (15)

III. BHABHA SCATTERING
OF POLARIZED ELECTRON-POSITRON BEAMS

as in Ref. 19, the following relation can be used in the last
term of Eq. (12),

s1T s2T 2sin 'u 1 s1TP 1 s2T

» Bhabha scattering, for the initial state of electron
and positron as given by

U~tl=u (p&s, )u&(p2$2),

= —
I

s 1T I I
s 2T I

cos(2$ —$1—$2), (14) the corresponding final state can be described by

2 m +pl
2m X,u(P 1$1)

a

m —p2
V(P2$2 )Y

2P1

e 2

+ U(P2$2)Ypu(P1$1)
S

m +pl
2m

m —p2
yP

2m aP

gz,.
2

m +pl
2HZ

Y„[eL (1—X5)+eR (1+75)]u(plsl )

m —p2X U(p2$2)Y [6L;(1 Y5)+BR;(1+Y5)]

gz,.
2

+y, . U(p2$2x), [~ ,L1(—Y5)+~R,.(1+Y5)]u(plsl)
s —Mz. +iMz. ~l

m +pl
2&l

m —p2'Y")~L (1—'r5)+&R.(1+7.5)]t 2' aP
(17)

In Bhabha scattering, note that timelike vector-boson propagators become important near the resonance energies, and I";
in Eq. (17) denote the resonance widths.

Using the same method as in Sec. II, we have obtained the longitudinal polarization of the outgoing electron beam for
Bhabha scattering in the center-of-mass frame:

2pl. s 1
—— cos (8/2) (I+pl. sl)(1 —p2 s2) 1+ gh;($)eR sin —(8/2) 1+g h;(t)eR

B l

2—(1—pl sl)(1+p2 s2) 1++h;($)eL —sin (8/2) 1+g h;(t)eL
l l

—2sm (8/2)(p& s, —p2 s2) 1+ gh;($)EL ER+2s111 (8/, 2)(p1 sl+p2. s2) 1+ gh;(t)EL ER

—2sin (8/2)cos (8/2)
I s&T

I I
s2T

I

X cos(2$ —
p&

—$2)Re 1+ g h,*(s)eL eR g(eL eR)[hj(s) ——sin , (8/2)hj(t)]
l J

+sin(2$ —$1—$2)lm g h;($)(eL eR )—
+sin (8/2) gh;($)eL eR 2+ ghJ(t)(EL + ~R )

l J



POLARIZATION OF RECOIL-ELECTRON BEAM IN HIGH. . . 1913

In Eq. (18), h;(s) is a complex function defined as

h,.(&)=4gz 's/[e'(s —mz '+i' r, )]

=Rehj(s)+i 1m'(s)

and the quantity D~ is given by

Dz ——cos (8/2) (1+p&.s&)(1—pz sz) 1+ gh;(s)ez —sin (8/2) 1+ gh;(t)erat
l

(19a)

+ (1—pi si)(l+pz. sz) 1+ gh. (s)el —sin' (8/2) 1+ gh;(t)el
1

+2sin (8/2)(1 —pi. slpz sz) 1+ gh;(s)el Ez +2sin (8/2)(1+pi sjPz. sz) 1+ gh;(t)eL ez

+csin (8/2)cos (8/2)
I

s iTi i
s zr i

r r

cos(2$ —
P&

—Pz)Re 1+g h;*(s)eL ett2+ ,Q hj(s)(EL+es), ,

2 J

—sin (8/2) 2+ g h (t)(el +.alt )
J

r

+ sin(2$ —P|—Pz) g Imh;(s)(et ez)—1+s,in (8/2) g hJ(t)eL ez
J

The corresponding final transverse polarization is

(20)

f 1
s &r

— sin (8/2) 1+g h;(t)eL hatt
B l t

l

X p i X[(p'i+pi)X s|T]

X (1+pz sz) 1+g Rehi(~)eL ' —sin (8/2) 1+ g hJ(t)etJ 1J J

+ (1—pz. sz) 1+ QReh (s)ez —sin (8/2) 1+g hi(t)e~,J jJ J

—2pi Xf(Pi —pi)X szT] 1+ QReht(s)~~, .~~,.

T

+p 'i X Ip'i X [(p'i+pi) X s iT]I (1+pz sz) g Imh;(s)e'I —(1—pz. sz) Qlmh;(s)Eg,
l

2p f X Ip i X [(p f p] ) X s zT] Ip ' s ] g Imh ($)e'I Ett
l

(21)

The differential cross section for Bhabha scattering with
polarized incident electron and positron beams, when
summed over the final-state polarization, is equal to

The result (22) has been previously obtained by Qlsen and
Osland. '

IV. DISCUSSIONS

Q
Dg .

4s
(22) In pure QED, the polarization of the outgoing electron

beam can be obtained from Eqs. (9), (10), and (12) for
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Mlllller scattering and from Eqs. (18), (20), and (21) for
Bhabha scattering, if we neglect eL and ez terms entirely.

Explicitly, for M@ller scattering, they are

p I.s I
—— [2(pi si+P2. s2)

+(pi.gl —p2 s2)cos8(1+cos 8)], (23)

s,T= —
~ [cos'(8/»p I X[(p ', +pi)X

sir�

]

+sin (8/2)p 'I X [(p 'I —p, ) X s2T]I,

where A is defined as

(24)

2 = I(1+pl.slp2. s2)+(1—pl slp2. s2)[sin (8/2)+cos (8/2)]
—2sin (8/2)cos (8/2)

I
s ITII s2T

I

cos(2rt —pl —$2)I . (25)

For Bhabha scattering, they become
~p ~f i ~fpl s1iBhabha pl —I IM@ller»

~ f ~ fs IT I Bhabha s 1T I M@ller»

(26)

sin(9 gr [I I(1 —sin 8B )+xII] .
[xII(1—xII —sin'8B, )]'"

(30c)

do 4 do
Bhabha o (8/2) Mailer» (28)

if we use (p2, s2) to denote the momenta and polarizations
of the incoming positron for Bhabha scattering and the
corresponding electron for Mgller scattering. Therefore,
if incident particles are unpolarized in Mgiiler and Bhabha
scattering, the final electron beam will not be polarized in
QED if only one outgoing electron beam is observed. This
can be immediately seen from Eqs. (23) and (24). But, it
can be longitudinally polarized in general electroweak
theories. Also the polarizations of the outgoing electron
beam in Mgller and Bhabha scattering are identical and
energy independent in @ED; but this will not be true in
the general Z-exchange gauge models.

To obtain the polarization of the outgoing electron
beam in the framework of the standard model, we may set

e
gz =

2 sin8~cost9 g
1eI =I3 —Qf S111 8~=
2 +Siil 8Br

(29a)

(29b)

= —Qf S111 8p =S111 8~ »

gz =&I, =&a =0
~2 2 2

(29d)

in Eqs. (9), (10), and (12) for Mlsller scattering and in Eqs.
(18), (20), and (21) for Bhabha scattering.

Barger, Ma, and Whisnant (BMW) have considered the
case of the left right model with the gauge group
SU(2)i, XSU(2)II XU(1)BI, where the first neutral vector
boson is indistinguishable in mass and fermion couplings
from the standard model while for the second neutral vec-
tor bosons gz, , eL, , and ez are given by

Mz, ——93 CieV,

sin ggr ——0.23,
I z ——3 GeV,

(31a)

(31b)

(31c)

and

Mz, ——210 GeV,

I z ——4.2 GeV,

xg ——0.5 .

(32a)

(32b)

(32c)

The values for Mz, sin 8~, and I'z are consistent
1 1

with experiments, and x~ and Mz are also allowed values

as discussed in Ref. 9. On the other hand, I z is chosen

roughly on the basis that, if Zi and Z2 have the same type
of decay modes into lepton and quark pairs, one can get
the ratio of the total widths of ZI and Z2 by using the
coupling-constant values given in Eqs. (29) and (30), i.e.,

rz sin Op

I z, Mz, xII(1—xII —sin'8' )

3(1—xII —sin'8B, ) +2xII
'

X
(3—6 sill 8~+ 8 s111 8B )

2 4

In these equations, II and Qf are, respectively, ——,
' and

—1 for electrons. On the other hand, x~ and Mz are not

independent parameters and the allowed region for them
has been discussed in Ref. 9.

To get some feelings for the numerical values of the
outgoing-electron polarization in the standard model and
in the BMW model, we have chosen the following values:

e
gz2=gz, =

2 sinO~coso~

= 1.4. (33)

sln0 gr
E'L „;x~(13—Qf ),[xII(1—xII —sin 8II )]'i

(30a)

(30b)

It is not certain what the suitable value for I"z is for
2

Bhabha scattering. The Imh;(s) terms are usually negligi-
ble except at the resonance energy since I; is known to be
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a few CxeV while Mz are larger than 90 GeV. When the
total energy of the incident electron and positron beam
reaches the resonance energy, the Imh;(s) terms become
important and one can test various electroweak theories
around the resonance energies. However, since we do not
know the exact resonance-energy value for Z2, we have
considered the (slight1y) off-resonance regions for both Z~
and Z2 to get the numerical values for the polarization.

The experimental value of the transverse polarization
can increase up to 0.92 ideally. But, because of the
depolarization effect, it will be usually less than 0.92.
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We have chosen a few values for the initial polarization to
see how these values effect the polarization of the final
electron beam.

From Figs. 1(a), 2(a), 3(a), and 4(a), one can see that nu-
merical values of the final-electron-beam polarizations
predicted by QED, the standard model, and the BMW
model are almost the same at v S=40 GeV. The polari-
zation is symmetric at about cos0=0 in Mufller scattering
as in Figs. 1 and 2.

Longitudinal polarization of the final electron beam in
Mufller scattering provides a simple method to distinguish
between the standard model and the left-right-symmetric
model of Rizzo and Senjanovic as shown in Ref. 18. But

it does not apply to the models we considered here. The
model dependence can be seen clearly by observing the fi-
nal transverse polarization in Ms)lier scattering and the fi-
nal polarization in Bhabha scattering at high energy.
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