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Equation of motion for bubble boundaries
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The equation of motion of a (non-null) bubble boundary, in the thin-wall approximation, is obtained
directly from the Lanczos equations for all spherically symmetric, cylindrically symmetric, and pseudo-
spherically symmetric embedding four-geometries. No explicit form for the intrinsic surface energy three-
tensor is used up to the evolution of the surface mass.

Recently, Wu Zhong Chao' has discussed the effects of
gravitation in the collision of bubbles in the very early
universe by using the thin-wall approximation. The first
integral of the motion was obtained for a pseudo-
Schwarzschild —de Sitter embedding. The purpose of the
present calculation is to point out that the equation of
motion follows directly from the Lanczos equations without
integration or any dependence on the explicit form of the
intrinsic surface energy three-tensor. Moreover, it is shown
that the spherically symmetric, cylindrically symmetric, and
pseudo-spherically symmetric cases can be handled generally
and simultaneously. In view of the possibility of a simul-
taneous transition of the vacuum, the case of a spacelike
boundary is included here.

The surface layer (X) is characterized by a four-tangent
u and four-normal n, , where

n = +e'+I""t n = +e"~'"r n =n =0l' nr —+e r, nq=n@=

where an overdot denotes d/dr
From Eqs. (4) through (9) we have
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where 8 and $ are taken continuous through X. Without
loss of generality, only two of the functions a, P, and R are
arbitrary. The four-normal to X is given by

nn = —uu +1 timelike X
—1 spacelike X
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The general Lanczos equations read

S7rSJ = e(ygg —yg)
From Eq. (10) we have the identity

(2)
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where g~ is the metric intrinsic to X, y —=g' y ~, and
y j [X/J] [We have used Israel's convention for the sign
of X&, that is Xs ————n 5(8x /rig~)/5(', (' the intrinsic coor-
dinates of X.] In terms of the intrinsic tangent u', the sur-
face density a- is defined by the eigenva1ue equation

Eee+ = (Tee+2 —Tee 2+M )2
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Finally, from Eqs. (11) and (13) we obtain the equation of
motion

From Eqs. (1), (2), and (3) we have

Sn o= —(ey+ y,q.u'j~)

For the intrinsic metric write

dsx = R (r) d 02 —e dr2

where
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[Wu Zhong Chao's equation (4.23) follows directly from
Eq. (14) with the substitutions r x, R = t —"s",
e = e s f ', and e = + 1.] The history of X is complet-
ed by relating an explicit form of the intrinsic three-tensor
S&J to the jump across X of the energy-momentum tensors
of the enveloping four-manifolds. ' From the Gauss-
Codazzi equations, the Einstein field equations, the Lanczos
equations, and Eq. (3) we have

[T ttu ns] =e(cr+(rO+S~'V'&u')

The spherically symmetric, cylindrically symmetric, and hy-
perbolically symmetric (pseudo-spherical) cases have k
= + 1, 0, and —1, respectively. The intrinsic three-tangent
is given by

u'= 5'

For the metric in the enveloping four-geometries ( V+ and

where 0 gives the three-expansion of X. For a dust shell in
vacuum, with the symmetries given by Eqs. (5) and (6), it
follows from Eq. (1S) that

(16)

Equation (14), with suitable initial conditions, then com-
pletely determines the history of X in this case.
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