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A prescription for massless Feynman integrals in the light-cone gauge n,4} =0, n*=0, is sug-
gested which leads to well-defined and exact, but Lorentz-noninvariant, integrals. As a result the
Yang-Mills self-energy is likewise Lorentz noninvariant, but remains transverse in agreement with
the Ward and Becchi-Rouet-Stora (BRS) identities. It is also shown that the assumption of Lorentz
invariance of the integrals, coupled with the validity of the Ward (BRS) identity, leads to a nonlocal

Yang-Mills self-energy.

I. INTRODUCTION

The light-cone gauge is one of the latest of physical but
noncovariant gauges to find favor among theoreticians. It
belongs, like the axial and planar gauges, to the class of
general axial gauges characterized by an arbitrary but con-
stant vector n,. For the axial and planar gauges, n, need
only satisfy n2s£0—a relatively harmless condition com-
pared with n2=0 in the light-cone gauge. The constraint
n2=0 hides, as we shall see, new technical problems that
endow the light-cone formalism with some unexpected
properties.

In Yang-Mills theory, with the Lagrangian density

1 a 1 2
LYM=—~7(F,W)2——E;(71'A“) , (1)

the light-cone gauge is specified by
n-A%=0, n’=0, (2)

where A4y is a massless gauge field and a the gauge pa-

rameter. The corresponding propagator (we use a
+ — — — metric and employ dimensional regularization
with a space-time of 2w dimensions)
3 5ab
Gh(g)= — 2
wid (2m)*(g% +i€)
n,+q.n ag?
% 5,w~— Q;f v T gy _ q qu‘gv 3)
n-q (n-q)

leads to integrals of the form

I d*%q £(g%,9,,n,,9°P)
(g*>+ie) (g —p)P+ie€lgn ’
Py being an external momentum. Our aim is to prescribe

a definition of these integrals, and then to evaluate them
consistently and unambiguously.

4)

II. PROBLEMS WITH PREVIOUS
LIGHT-CONE GAUGE PRESCRIPTIONS

It is not difficult to see that the usual principal-value
prescription!

1. 1 1
=- lim — + - (5)
2us0 | gon4ip | gn—ip

leads to problems when n?=0, both in Minkowski and
Euclidean spaces. In Minkowski space, both poles of
(g'n+ipn)~!, namely, go=(q-H+in)/ng, lie on a line
parallel to the Img, axis. Their location prevents a Wick
rotation to Euclidean momenta without encircling one of
the singularities so that the conventional prescription (5)
is, clearly, of no help unless the use of Euclidean space
could be avoided. In Appendix B we perform a sample
calculation of several integrals in Minkowski space using
the conventional P.V. prescription (5). We find that this
method leads to integrals which are inconsistent and
which give a Yang-Mills self-energy which contradicts the
Ward identity and Becchi-Rouet-Stora (BRS) identity.

A similar conclusion holds if one assumes, at the very
outset, that g-n=nyq,+1-q is defined over Euclidean
space, and then tries to apply (5). The reason is that
n*=0 implies ny==+i ||, so that (g-n)~! is already
complex and nothing is being gained by adding +iu, as in
(5): the denominator of (g-n+iw)~! remains ill defined.

These comments may help explain why the convention-
al light-cone prescription(s) available in the literature' lead
to poorly defined integrals such as®

fol dx x?"2(1—x)"°=T(w0—1)I'(1—w)/T(0) .

III. DIFFERENT APPROACH

We should now like to describe the following different
prescription for (g'n)~! in the light-cone gauge.
Remembering that ny,=+i| 1| in Euclidean space, we
first write (gn)"'=(—q-H+i|1H|qs) !, where the
minus sign has been chosen. The second step is to ration-
alize the denominator,

—(q-i+i|d]|q,)
= (6)
(g-f)"+1°q,

1
gn

1699 ©1984 The American Physical Society



1700 GEORGE LEIBBRANDT 29

and then add a small, but real number ,u2, @ >0, to ensure
positive definiteness of the denominator. Our prescription
in Euclidean space amounts, therefore, to replacing
(g-n)~!by

(7

in the integrand of (4).
In Minkowski space, we first write

(g'n) 1=(nggo—1-q)"!

n n-
— oot T (82)
no"qo-—(1-q)
and then add +ie, €>0, which places the poles in the
second and fourth quadrants of the complex g, plane.
Our prescription in Minkowski space amounts, therefore,
to replacing (g-n)~! by

. nogo+1-q
_L: lim 090 q ' (8b)
gn >0 | p2g02 (6-q)+ie

It is “safe” now, in the case of a typical integral, to com-
bine the various propagators according to Feynman, pro-
vided the same +ie is used in each propagator. If so
desired, one could then evaluate the integral entirely in
Minkowski space by first finding the residue(s) in the
complex g, plane and then using dimensional regulariza-
tion to integrate over the remaining (2w — 1) components.
This procedure is discussed in detail in Appendix A.

On the other hand, a Wick rotation in (8a) with gq=iq,
leads to

(q- )__1__ —("10444—33)
= =
noqs"+(1-q)

For a consistent evaluation of the integrals it is important
to add a small number A%, A >0, just as in the Euclidean
case discussed above:

1 . q-1+inogs
——=—lim .
q-n A0 (R-q)2+no2gs>+ A2

Note that the n, vector remains fixed here, i.e., no=ny.
A somewhat different prescription, but also not a princi-
pal value, has been used by Mandelstam.3

IV. SAMPLE CALCULATION IN EUCLIDEAN SPACE

As a sample calculation let us evaluate one of the basic
integrals,

[ a*q{l(q —pP+ielg-n)~'=1I,
in the light-cone gauge. Using dimensional regularization

and omitting henceforth the i€ in [(g —p)*+i€], we get in
Euclidean space

d*q (G -8 +inggs)
I=itim [ ATl (9)
B=0" (g —p)noqs +(1-4) +p]

Since the integrand is not Lorentz invariant, it is necessary
to divide the region of integration according to

d*q=d*~'qdq,

and to employ exponential parametrization for the two
propagators:

o + o0
I=i lirr%) fo daddeZ“’_lfjexp(~E1) f_ dqslexp(—E,) (-8 +ingqs) (10)
p— ©

with

E,\=aop’+Pp*+Bq*—2B4 B+al@-§),

E,=(B+ane®)qs’—2Bq4ps, Eo=B4>—2Bq B+a(i-q)*.

Instead of using formulas (A9) and (A 10) in the second paper of Ref. 4, we integrate over ¢, and g space with the aid of

the following integrals:

+
f_ dgaexp( —Ey)=(m/4)%exp(+B°ps?A~ "), A=B+no’a,
f—°° dq4q4exp( '—Ez )=Bp4(77')1/2A —B/ZCXP( +sz42A —.l) ’

f d2w—1q>exp( —-Eo):ﬂm_l/zBI_wA —-1/2exp

f dZm——la aﬁ exp( _EO)ZTrw—l/ZBZ—wﬁ_ﬁA —3/26Xp

Hence,

I=in®B-B+ingps) lim [~ dadBB>~"(B+any?)~>
p—0 0

Xexp | —ap®—Bp*+BB >+

2 aB(B-H)*
Bp A

BB*

(11a)
(11b)
, (11c)
2.7 2
—4“3(2 i) (11d)

—aB(P 1)+ Bps’
(B+any?)
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Integrating over parameter space and keeping only the
pole term as w— 27, we readily obtain

nopo+1-P —

I= I[(R-B)+no’ps’1° 2,
ﬁ2
(12)
I= nopo+n-p T,
ﬁ>2
where I denotes the divergent part of
[ o
(g2+ie)[(g —p)+ie]
iT°T(2—w)(—p?)°~ 2[1‘(@4)]2
= -—)0 .

T2w—2)

The same result (12) is obtained in Minkowski space, as
shown in Appendix A. The right-hand side of (12) may
be rewritten as

=215 g (13)

n-n*

by usmg the notation n, =(ny,M) and n,, (ng,—n). We
note in passing that for the special value of the momen-
tum p,, =(po,0,0,p3), with n —(no,O 0,n3), Eq. (13) actu-
ally reduces to I=2p%(p-n)~'I, which is Lorentz invari-

ant. Similarly it may be shown that
J

P

2(p)=c®T(2—0) | 4 (p28,—p by

2p-n*
42t
p-nn-n

where c¢®=in’C Mg28“b and 8%°Cyy = f“”fb“i Despite
overall Lorentz nonmvanance, the self-energy is seen to
contain the traditional -(p S,W—p#pv) term and the fac-
tor [2p? nuh,—p* n(p,,n +pyn,)] which is reminiscent of
the YM self-energy in the planar gauge.* Moreover, it is
easy to see that (17) is transverse,

puII(p)=0, (18)
in agreement w1th the Ward identity
1 iSab gf-abc
—nun PG (p)— v BS(p)=0, (19
Wl PO (D)= iyt e BYP 19

whlch follows from the Lagrangian (1). Here G;Lzb(p
denotes the bare propagator to one-loop order and BS(p) is
the Fourier-transform vacuum expectation value of 4¢ 2,
and which is a tadpole term, vanishing in d1mens1ona1 reg-
ularization.

Alternatively, the BRS identity gives®

Hab(p)oc dea)qn 1 Gab(q)

— +8aba_p_‘_’_
where ¢'=q —p.

2 2
[sznynv_p'n(nvpu+nppv)] - ;‘Bn—*

1701
dZw * _
[ = e T (14a)
(g*+ie)(gq—p)+ielg'n n-n
20
f 2, g q2 : = (14b)
(g°+ie)l(g —p) +ielg'n

for the divergent part of the integrals on the left. It is in-
structive to recall, at this stage, the results in the axial
gauge:*

2pn

[ d’*q I, n%£0, (15)
n
[(g—pY+ielg:n  n?
20
[ d™%q qu —‘;—I" n%£0, (16a)

(g®+ie)[(g —p)*+i€lg'n
f d2a)
(g% +ie)(qg —p)+i€lgn

We see that there exists a remarkable similarity between
the basic integrals in the light-cone gauge and those in the
axial gauge.

=0, n%£0. (16b)

V. THE YANG-MILLS SELF-ENERGY

Using the new prescription and the integrals (13) and
(14), we find that the infinite part of the Yang-Mills (YM)
self-energy in the light-cone gauge reads

(p,,n +pvn )

(nuny+n,ng) |, a7

|
VI. DISCUSSION

In summary, a prescription for (g-n)~! in the light-cone
gauge n-4°=0, n*=0, has been suggested leading to exact
and well-defined, albeit Lorentz-noninvariant, integrals.
The Lorentz noninvariance manifests itself through the
appearance of terms proportional to p-n* and n-n* as
found, for example, in the one-loop Yang-Mills self-
energy (17).

This Lorentz noninvariance, which may be traced back
to the momentum-space integrals (13) and (14), is an unex-
pected peculiarity of the light-cone gauge. It is intimately
connected with the fact that, in the light-cone gauge, ex-
pressions like (p-n)*/n’p? cease to be meaningful invari-
ants. As shown explicitly in this paper, the appropriate
replacement, in the light-cone gauge, of a term like
p-n/n%isp-n*/n-n*.

We are the first to admit that a Lorentz-noninvariant
quantity like the self-energy (17) may be somewhat unset-
tling. But if one insists on a Lorentz-invariant set of in-
tegrals (as assumed in the literature) and assumes, more-
over, validity of the Ward (BRS) identity, one arrives at a
self-energy I1% uv Which is nonlocal. The details of this
analysis are explamed in Appendix C.

Let us also mention the following two technical features
of the light-cone gauge. The first is that differentiation
with respect to n,, under the integral ceases to be a useful
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tool, because the components of n,, are no longer indepen-
dent. The second point concerns the parametrization of
massless propagators. It seems that in Euclidean space
exponential parametrization is superior to Feynman’s con-
ventional method of combining propagators. Although
Euclidean- and Minkowski-space methods lead to the
same results, our experience has been that calculations in
Euclidean space [using the prescription (7)] are generally
less complicated than those in Minkowski space, especial-
ly for integrals involving three or more propagators.

Finally, it remains to be seen what the implications of
the present prescription will be for QCD, especially with
respect to the evaluation of ladder graphs in the leading
and next-to-leading log approximations.
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APPENDIX A

In this appendix we apply the new prescription (8b), in Minkowski space, to the integral

d*°q
I= f oV iela-
[(g—p)+i€lg:n
] d*q (-1 +noqo)
= Ilﬂ})f 5 . 2 2 =2 .
=0 [(q —p)*+i€llnoqo*—(1i-q) +ie]

—tim [ dx4=2 [ a4 [* dgo(si-G+nogo)

€—0

where
A=x+(1—x)ny%, B=xp,, d=B*—AC,
(A3)
C=xpy’—x(d—P) —1—x)H-q)*.

The g, integral has double poles at g5 =(B+V'd Fie)/A;
it suffices, therefore, to evaluate the integral at the double
pole go, closing the contour above the real g, axis.
Hence,

feo dqo(noqo—}—ﬁ“ii)
—» [(go—B/A)?—d/A*+ie/A)?
imAd* | noB  1-q4
T2 | g3 g (A4)
so that
_im ! 2o—1= | 0B 1i-q4
I==- fo dx [ d*='q PR L (AS5)

To integrate over (2w — 1)-dimensional g space it is con-
venient to define (4 —P)=Q, in which case

noB  H-(F+0Q)4
d3/2 + d3/2

I=i—;-— foldx fdz“’"(_j

[ 1
=T [, ax(i+0), (A6)

(A1)
B|” 4 il
ie
I
J1=n0de2“’—l(_jd-3/2,
(A7)
Jy=4 [ d*~ Q- (F+Q)d 2,
and
d=aQ?+2b%-Q+g(H-Q)+f;
a=Ax, b=(1—x)A0-p, g=(1—x)4 ,
(A8)

f=01—x)[4(F-B)—xne’po?] .

We analyze the two J integrals separately.
In order to evaluate J, we employ the representation

d=¥2=[[(3)]~! fow daa'%exp(—ad)
and write

noB
)

Ji=

[ daa” [ d*-1Qe. (A9)

The a‘integration is then readily performed with the aid
of the formula*
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@ 1/2 2 2 20 .2
d*?q exp[ —a 2_2B g —vy( ,n)Z - | a ex BP _ YB(p n)
J d*q exp[—aq prq—v(gn)y]l=|— @ty 2 | o T atatyn?)
and yields
Br?—1/2q1-o ® 2222 i
Ji= n03 f”/z [ daa'~exp a2
(5 )a +g1i%)!72 70 (a+gHi?)
27° " noBa'=? e
= ] [, daa'~®exp(—aG), G=x(1—x)N? N*=(%-B\—no’po’, (A10)
2nB7° T2 —w)(NH)*~H1—x)*~2
Ji= : (A11)

xA®

From (A6) integration over x gives

] 1
%‘ fO dx Jl = inopoﬂ""F(Z—a))(NZ)"’_z

f‘ dx(1—x)?"2
0 [x +(1—x)n]®
_ nopo( N~ 4T (2—w)

n02

(A12)

The computation of the second integral J, is similar to
that of J; and yields

_ 27 'TQ2—0)B-HW?)* 2

T2 xA4e+1
X[A(1=x)°"2—8%(1—x)*"1], (A13)
so that
i ! iR pr2—w)(N?)*—2
o [y dxJa= : . (A19)

no

From Egs. (A6), (A12), and (A14) we finally obtain, for
the divergent part of the integral (A1),

f dqu

_ (nopo+1-Pp) iOT(2 — @) (N2)2—2

(q—pPg'n  no’
(A15)

n¥* _
e LU PO (A16)

nn

This result is identical to the expression in the main text,
Eq. (13), obtained with the Euclidean prescription.

APPENDIX B

The purpose of this appendix is to demonstrate that in
the light-cone gauge n2=0, naive use of the prescription

1 1 5. 1 1
_=—11m R N > 0 Bl
gn  *uso|qgn+ip +q-n——t,u B> (B1)

leads to integrals which are internally inconsistent and, in

addition, violate the Ward and BRS identities. It suffices
to consider the three basic integrals
q

|
[(g—pP+i€lgn’
f dqu
(g®+ie)(g —p)+i€lg:n ’
f dqu q”
(g*+ie)(q —p)+i€lgn '
We adopt the following notation, frequently employed in
calculations in QCD:

qi=qoi¢ha ni=noin3 s
¢*=97¢ -4 ,%,4d . =q:>+q,°,

gn=2"Yntq +n—q¢g*t—-2%8,"4,),
. (B2)
n0=2—l(n++n—) ’

ny=2"Ynt—n");

d*q=|J |dqg*dg~d**~*q,, |J |=Jacobian .
The choice n,=(ng,ny,n;,13)=(1,0,0,1) implies n ~=0,

nt=2, and § =0, and will be used throughout this ap-
pendix.

1. The integral fdz“’q{[(q —pP+iel(gn)}?

Applying the prescription (B1) we first write

f dZa:q

[(g —p)*+i€lg'n

=I,+4+1,, e—~07, (B3)

where
dqu
L=+ lim [ o — (B4a)
en—0" [(p—q)+ielgn+in)
. dqu
I,=+ lim . (B4b)
2T e,u—>0f [(g—p)*+iellg'n —iu)
Hence,



1704 GEORGE LEIBBRANDT 29

. 2 o w dg~
I,=|J| lim d—%q, dg*t
e"‘""f f_“’ f_°° [(g—p)* (g —p)~—(G,— BV +iellntg ™ +2ip)
=|J| i d*-2q, [ dg+Ir , (BS)
I 16,5130f [ _da*r;
where
r=[" fqz_ : —, @ =(g—p)*.
*[Q*g™—pT)—Q  +ielln*g™ +2ip)
The last integral has poles at g~ = —2iu/n ", and
—Q2+p~| Q| +ie
Q +f’Ql|Q [+i€ o+ <o,
7] 18,240 —ic (B6)
1 — .
o+ if 0t >0.
Closing the contour above the real g ~ axis, we readily find
IT = —2mi Q*t<o0,

ntp=QF | —Q.2+id)
where A=e+(2u | Q1| /nt)>0. Substitution of I7 into (B5) gives
2w ~ 0 -
Il=inl+lil_ lim dem——ZQl f_wdQ+(P_ Q| —Q24in!

A—0t
— 2T ] gy [ g7, [ | (BY)
n A—0+ xp~—Q >+iA

The procedure is similar for I,, except that we close the contour below the real g~ axis, evaluating the integral at the
pole

¢~ =(p~Q*+Q. —ie)/Q*, Q*>0,
and adding an overall minus sign for closing the contour in the opposite (clockwise) direction:

= —21:+J lim [ d%-%Q, [ dx (B3)

A—0* xp~+Q2—ik
This integral, like (B7), is divergent. Nevertheless, we proceed, imposing a cutoff A. Hence, from (B3)
i - A
L+L="2"TL i tim [ 4%, [ ax 1 + 1 ,
Rt asorAse xp~+Q =ik xp~—Q ik

(B9)

A 2)2 —\242

. — Q%) — A
I+1I,= 2im|J lim fdz“’_ZQlln Q. ?)
n+p_ A—>w (Ql2)2

where we have omitted the /A. It is not necessary, for our subsequent discussion, to evaluate the integral (B9) explicitly.
2. The integral f d**q{(g*+ie)[(qg —p)+i€lg'n}~!

Consider next the prescription (B1) for
dqu 1 dka
J (g*+ie)(g —p)l+i€lg'n fo J (k2 4+A%+ieln-[k+p(1—x)] ' 2
L=I|,,_,, A*=x(1—x)p> (B10)

with

1 — © © dk—
I=1|J] i dx [ d*—%K dk+ . (B11)
1= |E,,i‘30fo x [ S ek ], (k24 A2 tiel{nT[k—+p—(1—x)]+2iu)
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The k ~ integral, being characterized by a double pole at
k~=(—k 2+A4%+ie)/|k*|, k* <0, has the value
(contour is closed above)

—27i
n*[ | k* |p~(1—x)+A42—K 2+idk]?
_+.
K=E+—2'H—l—li—'_|— .

n

Substituting this expression into (B11) and remembering
that only k * <0 contributes to the integral, we get

. 1 dZa)—ZE
Il___Z'rn J lim fo dx f 1

ntpT Aot l—x % ¥ 2 x(1—x)p2—ir

_ 2mi |J | fl dx
- 0

-1 n2(1_ w—2
ntp- T (7T T2 =) —p*(1—-x)x]°7%},

where the iA is no longer needed and has been dropped.
Hence,

_2in”|J | (—p*)° To— 12 —0)(0—2)

I
! ntpT'(20—3)

(B12)

Our next task is to evaluate I,, for which we close the
contour below the real kK~ axis. At the double pole
k—=(k ,2—A4%—ie)/k*, k* >0, the kK~ integral has the
value

+ 27i
ntktp~(1—x)+K 2—A42—iAJ?
Thus,

1705

d2a)—2E‘L

K 2—pZ(1—x)—iA

I,= 2mi lim fol dx f

ntp~ o+ 1—x

=I,
so that
) —
(g*+ie)(g —p)*+i€lgn
_4ir*°|J |[TQ2—0)(0—2)[(w—1)(—p?)°—2
B ntp~T(2w—3) '

(B13)

(B14)

The curious double pole at w=2 has already been men-
tioned in the literature.?

3. The integral f d**q q,{(q*+ie)[(qg —pV+ielgn}~'=I,
We proceed as in Sec. II, using again

(@*+ieN(g —pP+iel)™ = [ dx(k2+A>+ie)2,

k, +pu(1—x)=q,, A2=x(1———x)p2 ,

in which case

1= fldx f d*k [k, +p,(1—x)]
0 (k*4+42+ie)n-[k +p(1—x)]

EII#+12;4 ) (B15)

where
1 d*k
lu ufo f(k2+A2+ie)2n‘-[k+p(1—X)]
dz“’kk”
+i€)’n-[k +p(1—x)]

1
Tu=Jy o | (k>+42

(a) The integral I,,. Apart from the additional factor p,(1—x), this integral has already been evaluated in Sec. II

above [cf. Eq. (B10)], with the result that

dZw—Zl_('l

dimp, |J |

lim fol ax [

1
” A—0t

ntp~
_ 4im°p, [J | (=pH* T T2 —w)
= e

_ 4in”|J | (—pz)“’_ZI‘(Z—w)[F(a)—l)]zp
ntpT(2w—2) B

K 2—pxx(1—x)—iA

(B16)

1
fo dx x°~(1—x)°~2

(B17)

(b) The integral I,,. Application of the principal-value prescription (B1) leads to two integrals:

I2[.L =121;1 +122[L ’
where
2
d*k k,

(B18)

1
Iy,= li d:
W= M, Joaxf (k2 +A2+iel{n-[k +p(1—x)]+ino}

» Ty =1y, 1”0_._#0, Al=x(1—x)p?.

We demonstrate the method of evaluation for 7,,,. Recalling that
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kt+k— K kt—k~

ky=(ko,k1,kz,k3)= kLT ,
we define
Iy, =(H,H ,H;),
where
Hy=7|J| e,};i:ﬂofoldx dew—Zi{l f_wmdk+ f_wwi](_(lc;—+lc_)EH(1+)+H(1_) ’

Ho=|7| tim [ dx [ a0k, [ akr [7 S0
kt—k7)

i ! w—27 © o dk—( _
Hy=1|7| Jim [ dx a7, [7 aer [0 SSSE S sm on
Yo

D=(k+tk——K 2+ A%+ie?{n [k~ +p~(1—x)]+2ip,} .
Proceeding as in Sec. II, we obtain
f_°° dl;"z N - —217i _ —, k+ <0,
* nt[ |kt |p (1—x)4+A42—k > +ir]?
fw dk "k~ _ 2mrip —(1—x) _ ’
-~ D nt[ |kt |p~(1—x)+A42—K 2+iL]?

kt<0,

i |J . T dx T~
H(+):—i|—]— lim —=— [ d**7 2k [In(aA+b)—(Inb)—1]5_, o »
1 n+(p_)2 Ao+ fo (1—x)2 f l[n 1 ]A ©

a=p~(1—x), b=A*—K *+i\, A=e+2uo|k*t|/nt,

while
—im®|J [ TQ2—0)—p?° T(w—1)]
n*T(20—2) ‘
Adding Egs. (B21) and (B22) and taking the limit «—2%, we finally get

—iT*|J | T2—w)
n+

(=)
H{” =

H = +M(b),

jmr | J . U dx -
M(b>=—’—’ﬂ—L— lim d*7 2k, [In(aA+b)—(Inb) —1]5_, ., -
nt(p~) a0+ f° (1—x)? f il Ia
The component ﬁl in (B19) vanishes, since
_ dZQ—ZELEl =(_)’ ,
k 2—pix(1—x)

while the computation of H;=H '+’ — H{™ is similar to that of H; and yields, as o—2%,

_ T’ |J|T2=w) .

H,
nt

(b) .

Substituting (B23), (B25), and (B26) into (B19) we find

Ly =M b)—|J |IT/n*+,0,0M(b)+ |J |I/n ™),
where, as usual, I =div fdz“’q [¢¥g —p)* ] '=ir’ T2 —w);

Iy, =(M(—b)— |J |I/n*+,0,0,M(—b)+ |J |I/n").
Finally from (B15), (B17), (B18), and (B27)

(B19)

(B20a)

(B20b)

(B21)

(B22)

(B23)

(B24)

(B25)

(B26)

(B27a)

(B27b)
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dZw 4i 2 e — _ _
[ g, = HTUTILQ=0) ) 5| Fnt0,0M 4210 | T/nt), (B28)
q°(g —p)q'n nrp

where M =M (b)+ M (—b). We see that the right-hand side of (B28) is not Lorentz invariant.
The basic integrals (B9), (B14), and (B28) are internally inconsistent. This can be seen, for example, by multiplying

(B28) by n,, (recall that n-p=n*p~/2,n*=2,n"=0):

u f 2d2@q q; = f 42
q%(q—p)iq-n q%(q—p)?
_ 4iT’T(2—0)|
- -

=2 |J | +no(—4|J |I/nt)=2T|J | =2 |J | =0;

the answer “zero” contradicts the well-established value of

f d*q _ iTT(2—0)[T(w—1)]A—p?)*~2
qXq —p)? 2w —2) )
Other inconsistencies emerge when some of the other
integrals are computed exactly, such as
d*°4q,q,19Mq —pPq'n]~"  and [ d*qq’q%q
—p)g-n]™".

Another problem with the integrals (B9), (B14), and
(B28) is that they lead to a Yang-Mills self-energy which
no longer satisfies either the Ward identity or the BRS
identity, as may be verified by explicit calculation.

APPENDIX C

Our aim in this note is to show, for n2=0, that under
the assumptions of Lorentz invariance of the momentum
integrals and validity of the Ward (BRS) identity, the
Yang-Mills self-energy to one loop becomes a nonlocal
function of the noncovariant vector n, and the external
momentum p,,.

The basic integrals needed to evaluate the YM self-
energy are (dg =d*°q)

J

TIRP |y (M —2(0 | T/n*)—ny(M +2|7 | T/n*)

(B29)
[

1) i

[(g —p)+i€lg'n’
1) d

(¢*+ie)(g —p)P+ielgn ’

d

I 99p (1)

(g>+ie)(g —pP+ielgn ’
where the i€ terms will not be shown explicitly in the sub-
sequent discussion. On dimensional grounds, i.e., in terms
of the available vectors Dushy, and under the assumption
of general Lorentz invariance the above integrals must

possess the form
2

[ dqlq —pgn]~'=aL— (C2a)
pn
CYSINERNRY SO S G |

[ dala*q —pig-n] D, (C2b)

1 2
d 20 —pVgnl—1—= LI 4 .
J daqula*q—pg-n] P“Ep-n +n,‘G(n_p)2
(C20)

Inserting the integrals (C2) into the one-loop self-energy
we obtain

%(p)=5Cymg*8® | %(p?8,,—pup, )T —8p°D8,,+8Ep,p,

2
+ %(p,‘nﬁpvnu)(zc; 43D —A —2E)+4

Agreement with the Ward (BRS) identity implies that
Hzlf,(p) in (C3) must satisfy

(c4)

which leads to the following condition among the four
coefficients:
A+D—2E —-2G=0.

P IIE(p)=0,

(C5)
The coefficient E may be determined by multiplying (C2c)
by n,,

dgq g,

n ————5——=E +n*Gp*/(n-p)?=T
w I g —pram —E+nG*/npP=I,

2
2
L\ n,n(4—-D-2G)|. (C3)
n-p
T
or
E=I (n*=0), (C6)
so that (C5) becomes
2G =A +D —2T . (C7)

As usual, T denotes the divergent part of the basic integral
f dqlq*(q —p)*]~!. We note that multiplication of (C2c)
by p, merely reproduces (C5) and so does not lead to a
second condition among the four coefficients.

Replacing 2G in (C3) by the right-hand side of (C7) we
readily find
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2 sab

%(p)=+Cymg

2
+82 - (p-D
np

=5 Cymg 8% l 2Tz(ADZS,W—p,LpV)I_—— 8p2D

_ 2
4 81

with pvﬂz':,=0._ The self-energy will be local only in the
event that D =1. On the other hand, Hff:, will be nonlocal,
in the light-cone gauge, if the divergent part of (C2b) ei-
ther vanishes, D =0, or if D>«I. The argument, therefore,
hinges decisively on the integral (C2b).

As far as locality is concerned, it can only be achieved
if D=I. Unfortunately this value for D leads to the
wrong expression for the YM self-energy, namely,
II,“,’:,: ——%(p_zsm,-—p,,pv)l—CYMg%"b, according to (C8).
Hence, D =1 must be ruled out.

A value such as D =0 is certainly more plausible as the
integral (C2b) appears to be both UV and IR convergent,

GEORGE LEIBBRANDT

2

P;an‘*‘pvny, - n-p nynv
1
S;Lv— E(Pnnv+pvnp)+

pppv_ _’;L.p_(pynv_’_pvnu)'!'

%z—(P Zs;w_Pppv)I__ 8(17 2D8,uv"‘fpppv)

2

y4
(n+p)?

nuh,

2

nun,

] (C8)

p2
n-p

[

at least by power counting. (It might be useful to recall in
this connection that the corresponding integral in the axial
gauge n’£0 has also been shown to have a vanishing
divergent part.*) Of course the problem in the light-cone
gauge is that invariants such as (p-n)?/n2p? are no longer
admissible, as has already been pointed out by Crewther®
and Konetschny.’

To summarize, if we assume a Lorentz-invariant set of
integrals as well as validity of the Ward (BRS) identity we
are led to a nonlocal Yang-Mills self-energy. This would
have rather unpleasant implications for the renormaliza-
tion program in the light-cone gauge.
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