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Dynamical chiral-symmetry breaking
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A solution of a quantum-chromodynamic Schwinger-Dyson equation for the quark propagator
approximated in a way that is consistent with asymptotic freedom shows that chiral symmetry
breaks down spontaneously.

I. INTRODUCTION

One of the important problems in particle physics is the
question of whether or not quantum chromodynamics
(QCD) really leads to the dynamical breakdown of chiral
symmetry. ' Computer simulations in lattice gauge theory
suggest that the chiral symmetry breaks down spontane-
ously and that the range of force responsible for chiral-
symmetry breaking is relatively short, independent of con-
finement. This result seems to be quite natural, since we
expect intuitively a very small size for such a tightly
bound state as a pion. In this paper, we derive the dynam-
ical breakdown of chiral symmetry in continuum theory
assuming that the relatively short-range force rather than
the confining force is responsible for chiral-symmetry
breakdown, as a complementary argument to the comput-
er simulations.

Before going into technical details, let us recall a crude
but basic idea about how the dynamical breakdown of
chiral symmetry occurs in gauge theories. Consider a
bound state of a pair of massless quark and antiquark.
Because of the uncertainty principle, the energy of the
ground state (pion) will be given by
E =p g /r=p(1 —g ), where —p and r denote the rela
tive momentum and coordinate, respectively. In a fully
relativistic formulation, this relation may be replaced by
E =p g /r =p (1—g ).—When the gauge coupling
constant exceeds order one, there will be a tachyon bound
state, indicating instability of the vacuum. In order to
cure this instability, the vacuum rearranges itself and
gives mass to quarks so as to keep the pion massless. '

Hence, in the ladder approximation, the chiral symmetry
is expected to break down spontaneously for coupling con-
stants above a certain critical value.

The standard method to describe symmetry breaking in
field theories is to evaluate the effective potential and to
minimize it with respect to some local order parameters.
It is quite difficult, however, to obtain an unambiguous ef-
fective potential when the order parameters are composite
operators like (qq ) because of complications due to renor-
malizations. It is rather tractable to express the vacuum
energy as a functional of a related nonlocal order parame-
ter, the quark propagator itself. The extremum condition
for the vacuum energy, in this case, leads to the
Schwinger-Dyson (SD) equation. In this article, there-
fore, we solve the SD equation for the quark propagator.

The outline of the paper is as follows. In Sec. II we de-

fine the improved SD equation. The asymptotic behavior
of the quark propagator is found by solving the linearized
SD equation. The current-quark mass is defined by the
asymptotic behavior of the quark mass term. Numerical
solutions of the nonlinear SD equation are presented in
Sec. III. The relation between the current- and
constituent-quark masses is also given in this section. Fi-
nally, Sec. IV consists of summary and some comments.

II. IMPROVED SD EQUATION

The SD equation is a nonlinear integral equation for the
quark propagator with, in general, a complicated kernel.
In QCD, however, there is a possibility of simplifying the
SD equation. If the short-range force rather than the con-
fining force is responsible for chiral-symmetry breaking in
QCD as was suggested in Ref. 3, the kernel of the SD
equation may be approximated by the one-gluon-exchange
contribution since the coupling constant becomes smaller
at short distances. With this ladderlike approximation,
the SD equation in the Landau gauge assumes an especial-
ly simple form as '

M(p )= Jd p'
4~i

M(p' )

—(p p') i—e M (—p' ) —p'

where

A, =3Cz(R)g /4' =(3/tr)C2(R)as

and C2(R) denotes the Casimir invariant of the quark rep-
resentation. The inverse quark propagator can be written
as 5 '(p)= —itp —M(p )] in the Landau gauge. The
above nonlinear SD equation, extensively studied by
Maskawa and Nakajima, is known to have spontaneously
broken solutions for A, ~ 1 provided that an artificial ultra-
violet cutoff is introduced in order to tame the violent
short-distance singularity. In QCD, however, a natural
short-distance cutoff is provided through the running cou-
pling constant, so that it may be possible to obtain spon-
taneously broken solutions without introducing an artifi-
cial ultraviolet cutoff. In order to solve the SD equation
numerically, we convert Eq. (1) into a differential equa-
tion. After introducing the Wick rotation and using the
identity ( I/x ) = —4' 5' '(~), we obtain
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d2 d
, +4 +3 f(t)= —A(t)

df 1+f'(t)
and boundary conditions

lim e' +3 f(t)=0
taboo dt

(2)

(3)

where M—:M(0) represents the mass term at low energy
and may be called the constituent quark mass. In the ul-
traviolet region (t~ 0e ), the nonlinear term in Eq. (2) can
be neglected. There, Eq. (2) reduces to the linear differen-
tial equation (confluent hypergeometric differential equa-
tion)

, +4t +(A+3t) f(t)=0.
dt

lim e ' +1 f(t)=0,t~~ di;
(4)

The asymptotic behavior of the solution is, in general,
written as '

where dimensionless variables t and f(t) are defined by
t—:ln(p/A) and M(p ) =pf(t). (For later convenience, the
renormalization invariant mass A of QCD is chosen as an
arbitrary mass scale. ) We are now almost ready to "im-
prove" our SD equation by identifying A,(t) with the run-
ning coupling constant of QCD. If we do so, it will grow
indefinitely at small-t (large-distance) region and our ap-
proximation will break down. This behavior of the cou-
pling constant is believed to lead to confinement. In this
article, however, we are assuming that confinement is ir-
relevant for dynamical chiral-symmetry breaking. Hence,
we throw away the confining force and define our noncon-
fining QCD-like model by (Fig. 1)

2/t (t~t, ),

2/t, (t &t, ),
(5)

f(t) — (M/A)e (6)

(t),
I

1
t

1
l2
1

where 2 =6C2(R)/(11 —
2nf /3) and nf denotes the num-

ber of flavors. From now on, we address ourselves to the
above QCD-like model and solve the improved SD equa-
tion.

Asymptotic solutions of Eq. (2) are easily obtained. In
the infrared region (t ——oo ), the right-hand side of Eq.
(2) can be neglected. Then, the boundary condition (4)
forces us to choose a solution which behaves as

f(t) — (mz/A)t ~ e (8)

Now our task is to solve the nonlinear SD equation nu-
merically. In practice, M has been given as an input, and
the solution (6) at t = —ae has been continued to t =+ Oc

by solving Eq. (2) to obtain the coefficient m~ defined by
Eq. (8). By repeating this procedure for various values of
M=M(0), we obtain a relation of the constituent-quark
mass M and the current-quark mass m~. This relation be-
tween M and m~ contains the infrared cutoff t, as a pa-
rarneter. Dependence of the constituent-quark mass M on
the current-quark mass m~ is shown in Fig. 2 in the case
of triplet quark s and nf ——3 for several values of
t, —:ln(P, /A). For t, &0.88 (P, /A &2.2), the
constituent-quark mass M clearly remains nonvanishing in
the chiral-symmetry limit mz ——0, that is, the chiral sym-
metry is broken spontaneously. If we choose t, =0.4 and
A =400 MeV, we obtain the constituent-quark mass
M =280 (470) MeV for mR ——5 (100) MeV. Of course, we
should not take these numbers too seriously, since the
constituent-quark mass crucially depends on the choice of
the infrared cutoff t, . By plotting the values of M at

M/A

tc 0. 2

tc-0 4

where m~ denotes the multiplicatively renormalized
(current-) quark mass. Since mq appears in the renormal-
ized Ward identity, it represents the explicit breaking of
chiral symmetry. "'

III. NUMERICAL SOLUTION OF SD EQUATION

tc=0. 8

tc= 1.4

t.= 2. 0

0 c

0.88l

l

2
0.5

R/A

FICx. 1. Running coupling constant in QCD-like model for
triplet quarks with nf ——3.

FIG. 2. Dependence of the constituent-quark mass M on the
current-quark mass m~ for triplet quarks with nf ——3.
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2z(p )M(p )

(p p
(9)

where the pion decay constant F is defined by

d4piP"I =—Z2 ' P Tr y~y p;I'
(2'�)

mz ——0 for various values of t„we find how the dynami-
cally generated mass M depends on I;, in the chiral-
symmetry limit. Figure 3 shows the dependence of the
constituent-quark mass M on P, —:A exp(t, ) when chiral
symmetry is exact (m~ ——0). Thus, in our QCD-like
model, the chiral symmetry for triplet quarks is realized
in the Nambu-Goldstone phase for t, (0.88 and in the
Wigner phase for t, & 0.88. We have also studied this crit-
ical value of t, for other color representations of quarks.
We found critical values t, =1.9, 1.8, and 3.5 for 6-, 8-,
and 10-dimensional quark representations, respectively.

It is amusing to compare these numerical results with
our intuitive picture of chiral-symmetry breakdown.
Since C2(R)= —, , —', , 3, and 6 for 3-, 6-, 8-, and 10-
dimensional color representations, A in Eq. (5) is given by

—, , 2, and 4 for these representations, respectively,
when n~ ——3. Then, coupling constants A, ( t, )

—=A /t,
evaluated at these critical values of t, are equal to one, in-
dependent of quark representations.

As seen from Fig. 1, if we take I;, smaller than 0.88, the
critical value determined by A, (t, ) = 1, we are including the
effect of the relatively strong coupling region. In this
case, the attractive force between qq may be strong enough
to make a bound state (pion). Since a bound state of
massless particles is necessarily a tachyon in nonconfining
theories like our model, the chiral-symmetric vacuum be-
comes unstable. In order to cure this instability, the quark
acquires a dynamical mass M and the bound state (pion)
becomes a massless Nambu-Goldstone boson. In fact, it is
not difficult to derive a relation between the Bethe-
Salpeter amplitude X(p;P) of the pion and the quark prop-
agator S(p)—:iz(p )[p—M(p )] ' in the chiral-symmetry
limit (m~ ——0), namely, '

We may summarize our results as follows. We have de-
fined our QCD-like model by throwing away the strong-
coupling region where confinement takes place, neverthe-
less, we found that chiraI symmetry breaks down spontane-
ously as far as the effect of the intermediate coup/ing re
gion is incorporated, namely, as far as the condition
A, (t, ) & 1 is satisfied. Since in confining theories like QCD
A,(t) increases indefinitely as t tends to minus infinity,
there is certainly an intermediate coupling region where
A, & 1. Therefore, we may conclude that chirai symmetry
has to break down spontaneously in QCD. In other
words, confinement is a sufficient but not a necessary con-
dition for chiral-symmetry breaking.

Now some comments are in order.
(i) Consistency with the renormalization group (RG).

Since we have discussed a nonperturbative effect by solv-
ing the SD equation, comparison of our results with those
obtained by the RG equation is important for a check of
reliability. The RG equation for the quark propagator
S(p)=iz(p )[p M(p —)] ' gives the asymptotic behaviors
ofz and M:

z(p ) ~ 1,
I v2l ~~

2
—2/2

M(p ) mg —,
' ln

Jp2f ~~ A

where

(10)

with Z2 being the wave-function renormalization constant
of the quark. Equation (9) tells us that nonvanishing
M(p ) implies the existence of the massless Nambu-
Goldstone boson.

On the other hand, if we take t, larger than the critical
value determined by A,(t, ) = 1, the attractive force between

qq is too weak to make a bound state. Therefore, the
chiral-symmetric vacuum is stable and the quark remains
massless in this case.

In summary, a criterion for dynamical chiral-symmetry
breakdown is given by A(t, ), & 1, in accordance with our
intuitive picture discussed in the Introduction.

IV. SUMMARY AND DISCUSSION

2

p

M/n

R 0

pc

3/2

mz =mz —,
' ln p

A

denotes the renormalization point (p ) independent
current-quark mass. Equation (8) coincides with Eq. (11).
Therefore, the behavior of the quark mass term due to the
explicit chiral-symmetry breaking (mz ) is consistent with
the RG.

When chiral symmetry is exact (mz ——0), M(p ) van-
ishes identically in the chiral-symmetric phase. If the
chiral symmetry is broken spontaneously, the quark mass
term M(p ) no longer vanishes but is generated dynami-
cally. The behavior of this dynamically generated mass
term has been discussed by Politzer using the operator-
product expansion:

FIG. 3. Dependence of the constituent-quark mass M on

p, =A exp(t, ) when chiral symmetry is exact, i.e., m~ ——O.

—2 2 2
'A/2

y ln
3p2 A2

(12)
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where

g (P ) =@P P'—)g (P —) +i)(P' P )g (P' —)

With this change, Eq. (2) will be replaced by

f+4f+3f U(f+f)=——(A, ——,A)
1+f'

where

U=—(1,—2A, )/(A, —2A, ) .

(14)

(16)

Now the asymptotic solution of Eq. (1S) is given by

2
' —A/2-.

M(p )= mR —, ln
A

' A/2

+cg (p ) —,
'

ln
p A

(17)

which is completely consistent with the RG. ' Since Eq.
(17) is consistent with the RG, in principle, we can find a
relation of mz, M, and P=——,

' cA as we did in the previous
section. In this paper, however, we used the simplest im-

( 1~2/A2 )A /2

is the renormalization-point-independent vacuum expecta-
tion value of qq. Because of 1/p in Eq. (12), the mass
term due to the spontaneous breaking of chiral symmetry
decreases rapidly at high energy, and does not introduce a
new mass counterterm. Since the linearized SD equation
is a second-order differential equation, it has two funda-
mental solutions. Therefore, the asymptotic behavior of
the solution is given by another (nonleading) solution

3/2

M(p ) — C —,
' ln (13)

lu l~~
when m~ vanishes. By comparing Eqs. (12) and (13), we
notice a discrepancy in the power of logarithm although
1/p is the same. This is caused by our simple introduc-
tion of the running constant in Eq. (1): g —+g (p' ). In-
stead, we can recover the consistency with the RG by re-
placing g in Eq. (1) with'

provement because we found no qualitative difference in
our conclusion.

(ii) Choice ofgauge. Throughout this paper we used the
Landau gauge. Although the expressions (11) and (12) are
derived in the Landau gauge, we note that these expres-
sions are independent of the choice of gauge parameter as
far as the leading behaviors are concerned, since the Lan-
dau gauge is a fixed point' in the RG. On the other
hand, it seems difficult to reproduce these expressions to
the solutions of SD equation in the ladder approximation
with a gauge other than the Landau gauge. ' Therefore,
the Landau gauge seems to be the favorite gauge in the
ladder approximation, in the sense that the correct asymp-
totic behaviors are reproduced in this special gauge.

(iii) Effect of the deconfining phase transition. At finite
temperature, it is important to know the effect of the
deconfining phase transition on the spontaneous break-
down of chiral symmetry. As we found, confinement is
not necessary for the dynamical chiral-symmetry breaking
if there is an intermediate coupling region. That is, the
temperature of chiral-symmetry restoration (TF ) is higher
than the temperature of deconfining phase transition (T, ).
At the deconfining phase transition, the long-range con-
fining part of the potential disappears, whereas the short-
range Coulomb potential remains as before. What is not
clear is the fate of the potential in the intermediate cou-
pling region. If this intermediate coupling region, where
A, & 1, survives the deconfining phase transition, the left-
over unconfining force is still sufficient to break chiral
symmetry, then TF is significantly higher than T, . If the
force in the intermediate coupling region disappears to-
gether with the confining force at the deconfining phase
transition, the leftover short-range force is not strong
enough to break chiral symmetry, then Tz will be closed
to T, in this case. Recent Monte Carlo simulation' in
lattice gauge theory suggests the latter possibility.
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