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The electromagnetic field is expanded in a series of O(4) eigenstates of total spin, and quantized

by specifying commutators on surfaces of constant x„xl"=R in four-dimensional Euclidean space.
It is demonstrated that, under an arbitrary gauge transformation, some of the O(4) eigenstates are

invariant; these gauge-invariant states are labeled by SU(2)SU(2) total (orbital plus internal) spin

quantum numbers (A, B) and with A&B. Only these gauge-invariant states are nontrivial in the ab-

sence of sources, and are quantized. The leading-twist quantum states of the dilation field theory

contain the minimum number of these dilation photons. The remaining spin degrees of freedom of
the electromagnetic field are most simply written as a function of the form B„P(x)+x„g(x)/R .
P(x) is obviously devoid of physics while f(x) is a classical field propagating between radial projec-
tions of two electrical currents x„J1"(x) and y„J1"(y) only if xzx"=y~~. The quantization pro-

cedure described herein may be applied to non-Abelian theories. The procedure does not lead to a
gauge-invariant decomposition of a non-Abelian field, but the identification of leading-twist quan-

tum states is preserved in the zero-coupling limit.

I. INTRODUCTION

Dilation field theory is to conventional (time-evolution)
quantum field theory as spherical capacitor problems are
to parallel-plate problems in electrostatics. When solving
Laplace's equation or d'Alembert's equation, separation in
Cartesian coordinates yields solutions with simple transla-
tion properties, while separation in polar coordinates
yields solutions with simple rotation and scaling proper-
ties.

Fubini, Hanson, and Jackiw formulated a dilation field
theory of massless scalars in Euclidean four-dimensional
spacetime. They carried out a similar treatment for a
class of two-dimensional theories, and outlined the pro-
cedures for quantizing massless Euclidean Dirac fields.
Sommerfield and DiSessa applied the formalism to mas-
sive scalar fields in pseudo-Euclidean spaces of two and
four dimensions, and studied the difficulties of extending
the dilation-field-theory formalism outside the light cone.
Gromes, Rothe, and Stech dilation quantized the massive
Dirac field in Minkowski space. Lovelace developed a
method for calculating perturbed dilation eigenvalues in
dilation field theory. He showed how violation of scale
invariance could be treated in a systematic adiabatic ap-
proximation. He applied the approximation method to P
field theory in six dimensions and checked results against
those found by solving the renormalized ladder Bethe-
Salpeter equation.

The present work formulates a dilation field theory of
electromagnetism in four Euclidean dimensions. To do
this, we must write the vector field A&(x) in terms of
spherical harmonics of O(4), the group of rotations in four
dimensions. O(4) is isomorphic to SU(2)SU(2), i.e., the
generators of O(4) may be written as two commuting
SU(2) algebras, whose generators will be called I.,+ and
I... a=1,2, 3. We can construct all representations of
O(4) from pairs of commuting SU(2) representations, us-

ing as labels the SU(2) Casimir eigenvalues (A,B) for the
(+ ) and ( —) algebras, respectively.

The spin degrees of freedom of the vector field A&(x)
form a ( —,, —,

'
) representation of O(4). The position depen-

dence of each component of the field must be expanded in
O(4) scalar spherical harmonics, a series of (l, l) represen-
tations with l =0, —,', 1,. . .. We construct O(4) vector
spherical harmonics using the Clebsch-Gordan series to
combine the ( —,

'
—,
'

) spin and each (l, l) orbital representa-
tion into (A,B) representations with A,B=l+—,'. Each
vector harmonic is labeled with IA,B,l, a, b, r,sI, where
A & a & —A,B & b & —B; r,s =+—,

' denote the spin indices
of the vector field. We will see that the gradient of a sca-
lar function B&P(x), when expanded, includes only vector
harmonics with 3 =B. It follows that those harmonics in
the expansion of the vector field A„(x) with A&B are
gauge invariant. Furthermore, only the harmonics with
A&B have physically significant nonzero solutions to the
equation of motion in the absence of sources, so only the
A&B harmonics should be quantized. That part of A„(x)
contributed by vector harmonics with A &B will be called
A„(x). We will see that BzA "(x)=0, x&A i'(x) =0.

To completely span the degrees of freedom of the vector
field, vector harmonics with A =B=l+ —,

' must also be in-

cluded in its expansion. That part of A&(x) composed of
A =Bharmonics may be written as

B„P(x)+ " f(x)
R

with R =x x . Since d„A"(x) and x„A"(x) depend only
on P(x) and g(x) we may contract the equation of motion

014'(x) —B„[BQ (x)]=J„(x)

with x" and t)" to obtain equations of motion for P(x) and
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P(x). Obviously, P(x) has no physical significance, and is
unconstrained by the equations of motion. P(x) satisfies

(x„a.—x„a„)(x„a„—x.a„)
2R

" P(x) =x„J"(x).

f(x) must be zero if x&J&(x)=0, and in any case g(x)
cannot propagate radially; its equation of motion contains
no derivatives with respect to R, so P(x) propagates away
from x„J"(x)along the surface R =x„x". f(x) is a clas-
sical field. Its contribution to the Lagrangian may be
written as an interaction between the radial components of
two currents, x&J"(x) and yQ"(y). The interaction poten-
tial is nonzero only if x&x"=y„y . The analogy between
time in the usual quantization procedure and ln(R) in di-
lation field theory' is reinforced here by the parallel be-
tween the classical interaction potential P(x), "instantane-
ous" in R, and the instantaneous Coulomb potential of the
electromagnetic field.

In the next section we will give the definitions and
properties of the O(4) harmonics used to expand arbitrary
scalar- and vector-valued functions. By expressing c)&P(x)
and x&P(x)/R in terms of vector harmonics and express-
ing d&A "{x)and x„A"{x)in terms of scalar harmonics,
the preceding assertions concerning the O(4) properties of
A&(x), d&P(x), and x&g(x)/R will be demonstrated. In
Sec. III, solutions of the equation of motion will be found
for the quantum field A„(x). Quantization of A„(x) fol-
lows Ref. 1 so closely that little will be said about this. A
projection operator and propagator for A&(x) will be con-
structed in Cartesian coordinates. In Sec. IV we find the
equation of motion and propagator for g(x). In Sec. V we
will discuss complications resulting from the appearance
of the origin of coordinates in the formalism, as well as
the significance of the unperturbed dilation eigenvalues of
the "photons" of this theory: field operators of leading
twist have the smallest possible number of dilation pho-
tons. The possibility of applying this formalism to non-
Abelian gauge fields will also be discussed.

II. CONVENTIONS

bc
1 &abc LI,—= ——
2 2

which satisfy

+L,4, a, b, c=1,2, 3 (2)

[L,Lb ]=iE b L, [L,Lb ]=0 ~

Thus representations of O(4) can be made from a direct
product of two representations of SU(2), each labeled by
the eigenvalues (1+,1 ) of the Casimir operators:

(L —
) =(L) ) +(L2 ) +(L3 ) =1+—(1+—+1) .

We define "bispherical" coordinates and O(4) scalar har-
monics following Keam's work, except for a permutation
of coordinate definitions:

x~ ——R sinvcosP,

xz ——R sinvsinP,

x3 =R cosvslnco,

x4 =R cosvcosco,

x& +x2 +x3 +x4 ——R

(3)

f d'x e(R,'—x')
2' Ro= f dP f des f dvsinvcosv f R dR

—:fdQf RdR.
A complete, orthonormal set of functions on the unit
sphere, grouped into (1,1) representations of O(4), may be
written

The rotation group in four dimensions has infinitesimal
operators

L" =i (x"d x "d—"), p, v=1,2, 3,4

usually combined to form

' 1/2

Zl {Q)=(—1)I n + [exp[i' (cd +P)]exp[2i W~v]exp[i W3(co —P)]] (4)

where W& 3 are (21+ 1) &&(21+ 1) SU(2) matrices. After writing the infinitesimal operators (2) in terms of R, v, g, co, one
may verify the following identities for (l, l )=(—,', T~), and W~ 3

——cr~ 3/2 (cT~ 3 are Pauli matrices).

L+3Z' „(Q)=mZ „(Q), L3 Z' „(Q)=nZ' „(Q),
(L -+)'Z'„(Q)=l(1+1)Z'„(Q),

(L~ +iL2 )Z „(Q)=[(1+m)(1+m+1)]' Z~+r„(Q),

(L& +iL2 )Z „(Q)=[(l+n)(l+n+ I)]'~ Z „+&(Q) . (8)

The Clebsch-Cxordan series for SU(2) rotation matrices can be applied to the Z „(Q), ensuring that (5)—(8) are true for
1l) —-

I /2

Zb, (Q)Z,f(Q)= g C(ADGbeh)C(ADGcfk) Zbk(Q) .
Ghk 2~ (2G~1)
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Since WI, W3 are real and symmetric, the definition (4)
implies

[Z'„(Q)]'=(—1) "Z' „(Q) . (10)

These harmonics are complete and orthonormal on the
unit sphere:

f dP f de f dvsinvcosv[Zb, (n)]*Z,f(n)
=5AD5bs 5cf . (11)

As with all such orthonormal functions on the unit
spheres

[z'„(n )]'z'„(n)= '+' c,', (n n)—,—l &m, n &l 2~2

(12)

The addition theorem for tensor harmonics is

g [z"'"(n )]"z'" '(n)=5 5 5'(n —n)
A, B,l
a, b

(19)

f dn'5 (O' —Q)f(n')=f(n) .

A four-vector makes a ( —,', —,
'

) representation of O(4).
%'e rewrite the Cartesian coordinates x„, p=1,2, 3,4 as

1

X~, I',S=+ 2'.
—lx) ) = (x] Ix2) ~V'2

where the Cql(x) are Gegenbauer polynomials. Also,

[z~„(n')]*z „(Q)=5 (o' —Q) .
l =0, 1/2, 1, . . .—1 &m, n &l

We will write an arbitrary scalar-valued function g(x) as

f(x)= g f' „(R)Z'„(Q) . (14)

mn

A tensor-valued function T~ (x) whose spin degrees of
freedom make an (R,S) representation of O(4) could be
written as a multiplet of scalar-valued functions and ex-
panded in terms of scalar harmonics:

T~ (x)= Q T' „~(R)z' „(Q)

—1x, , = (X4 —ix3)
2

l~ (X I +IX2)

1x ( ) = ~ (x4+Ix3) i
22 2

so that
Ooj. 1

x~ =U 2mRZoo ~' '(Q) = [Z„', (Q)]" .
2

The metric tensor which satisfies

~ 2 =&rsgrs~u &tu

ls

(20)

(21)

or, equivalently, in terms of O(4) tensor harmonics,

TRs( ) y TABI(R )ZABIRs( Q )
ABl
ab

with the tensor harmonics defined as

(15)

g,„=( —1)"-'5„,5, (22)

Since we will deal exclusively with vector and scalar har-
monics, henceforth we write

ABl 1 l

Z b (Q):—g C(1RAmra)C(1SBnsb)Z „(Q) . (16)
m, n

And the I T,b (R) j uniquely determined,

T,"b (R)= g C(1RAmra)C(1SBnsb)T~„(R) .
m, n, r, s

Defining J, =L, +S,—, a =1,2, 3—whe—re Sc+,S, are the
spin matrices for the tensor degrees of freedom, one may
verify that Z,"b ' (Q) is an eigenfunction of (J+), (J ),
(L+), (L ), (S+), (S ), J3, J3, S3, and S3 with
respective eigenvalues A(A+1), B(B+1),l(1+1), l(1+1),
R(R+1), S(S+1),a, b, r, and s. From (16) and (10) it
follows that

[ZABIRs(n)]e ( 1 )PZABIRs (n)
with

I' =A +a +B+b+R +r +S+s .

l
2l +1

1/2

Vmnrs (23)

where the Vm„~' are vector harmonics as defined above,
but with total spin eigenvalues 2 =B=l and orbital spin
eigenvalues 1+—,'. This can be shown using (21), (10), (16),
and the identity

1/2

We will suppress the angle argument Q, writing Va~ ~ and
Z „ for vector and scalar harmonics when no ambiguity
arises.

Given a scalar-valued function

P(x) =P(R)Z~„,
we may express x„f(x) as xrsg(x) using (19). Then

1/2

x~g(R)z „=RP(R) V~„+„,
'

2l+1

Orthonormality of the tensor harmonics is

g f dn[zabrs (Q)] cdrs (Q) 5AC5BD5lk5ac5bd

(18)

C(RSTrst) =( —1)
2R +1

Since

C(TSRt —sr) .

(24)
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+2 —2[(l- +)'+(i —)']8
R ~p ~p

(26)

Bp BR

We can go from (23) to the expression for the gradient of
a scalar-valued function,

8 P(R)Z „
1/2

1 I+1
R 2I+1

V'"+'" 2/ y—(Z)mnrs
p

r

V'„„,'/' —+2/+2 P(R) .
Bp

1/2

(27)

Using (16), (20), (21), (10), (9), (25), and orthogonality of
the Clebsch-Cxordan coefficients we can show that

AB/ 1/2
ABI ABI ~AB~ b (+) 2/+1

x~g„,tgA, b (A) V,b,„——— ah2 +

W„,(x) 1 W,s (A)
R R ABI (4/+2)1/2

ab

(30)

g „,(x)
J~(x):—

~ABI(g )

R ABI (4/+ 2)
(31)

We insert these expansions into the equation of motion

UA„(x) —B„[B,A "(x)]=J„(x) (32)

to get equations of motion for the M,"b'(R). The result
for harmonics with A&8 is particularly simple. By (29),
13„A"(x) involves no W",s '(R) with A &B. By (27),
B„[13,A "(x)] creates only harmonics with A =B. There-
fore if we equate the coefficients of V,b„,(Q) on both sides
of (32), we find that for A&A, (32) becomes

III. EQUATION OF MOTION—
DILATION QUANTIZATION

To expand the vector field A~(x) and its source J„(x) in
vector harmonics we replace each x„,@=1,2, 3,4 in (20)
with the corresponding Cartesian component of the vector
functions to define A~(x), J„,(x), r,s=+ —,'. Following
(15) with R =S= —,', A,B=/+ —,',

ABI ABl~-g tuAab (»Vair.

&AB 2I +1
M2R 2A +1

X —2(A —/)[2A+1 —4(A —/)] A.", '(8) .
Bp

(28) ~ABI(~ )
VABI g ABI(~ ) VABl

A&B: (33)

2
8 (2/+ 1 )2 ~AB!(~) ~ABI(~ )
p

If we def1ne A&(x),J&(x) as the sum of those terms in (30)
and (31) w1th A&&, (32) becomes the massless Klein-
G-ordon equation

Equation (27) demonstrates that B„P(x) is expressed in
terms of O(4) vector harmonics V,"&~ with A =B.
Therefore, only that part of the vector field A„(x) made
up of vector harmonics with equal total spin quantum
numbers can be changed by a gauge transformation
A„(x)~A„(x)+B„P(x);the rest of A„(x), proportional to
vector harmonics with A&B, is gauge invariant. Further-
more, Eqs. (28) and (29) show that this gauge-invariant
part of the vector field is annihilated by contracting with
either 8& or x„. These observations allow one to show
that the equation of motion for the gauge-invariant part
of A„(x) is just the Klein-Gordon equation for massless
fields.

CM„(x)=Jp(x) . (34)

At this point, the dilation quantization of quantum elec-
trodynamics looks like scalar field theory, as treated by
Fubini, Hanson, and Jackiw. The similarity is most obvi-
ous in comparing our Eq. (33) with Eq. (3.40) of their
work. We see that the orbital quantum number I found in
their work is equivalent to 2/ as used in (33).

The Green's function for Eq. (34) must be the inverse
d'Alembertian (21r

~

x —y ~
) combined with a projection

operator for the A&B harmonics. We construct this pro-
jection operator by making the following observations.

Applying (28) to (30) gives

x A "(x)=— 1 [~AAA +1/2(g ) +~AAA —1/2(~ ) ]ZA
2 (2A + 1 )

1/2 ab ab

—A (a,b(A

While (29) applied to (30) gives

B A"(x)=—1 1 8 AAA +1/2
~p Bp

(36)

Of course, M,b
'/ (R)=0 for A =0. If we require x„A"=0 and 1}„A"(x)=0 everywhere, the coefficients of Z,q in

(35) and (36) must each be set to zero. Indeed, the conditions c}&A"(x)=0, x&A "(x}=0are necessary and sufficient to set
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all Mab
—' (R) to zero so that Ap(x) =A&(x). Thus a projection operator Pp with the properties x"P„„=o,(3"Pp„0——,

P„Q "(x)=Ap(x) will extract the A&8 harmonics from (30). Since x„A "(x)=0, ()„A "(x)=0 by (28) and (29), the
necessary properties are possessed by

P„„(x)=gp„

The Green's function solving Eq. (34) is

—1I ~pI.
2 a

'a-0
Bp

(37)

(39)

D„„(x,y )=P„„(x) 2 2, (38)
4~2(x —y)2

'

A„(x)=—f d yD„„(x,y)J„(y) .

To quantize A„(x) we could set all A =8harm-onics to zero in (29) and (30), substitute these field expansions into the
Lagrangian

I, = f W(R) = f R'dR dQ [—,'A„(x)~ "(x)—~„(x)J"(x)],
R

(40)

and follow the procedure of Fubini, Hanson, and Jackiw to quantize the coefficient functions Wab (R). Neglecting the
interaction, the outcome of the quantization is an expansion of Ap(x) in terms of free-field creation and annihilation
operators,

~(+ )ABI ~(—&ABl
(2l+1)pVABI + —(21~1)p[( 1)r sVABI —]a

(4l+2)' (4l+2)'

where p =lnR. %'e postulate the commutators

[~(+)ABI ~(+)CDk] 0

[~ab i~ad ] '4C4D~lk~auf)bd

The vacuum is defined by

w(;""~o&=0, &0~0&=i,

{0
~

~(+ )ABI ()

The free-field dilation operator is

(2( + 1 )~(+)ABI~( —)ABI

A~B

(41)

(42)

(43)

(44)

[b,o, W (x) ]= M (x) .
8p

I Vabrs(Qx)[Vabuw(Qy)l guw tu+grs, uw[Vabuw(Qx)] Vabtu(Qy)I
A~B, I

a, b
u, w =+1/2

Using (41) and (42) we may compute equal-R commutators:

x =y: —M (x),Wt„(y)
Bp 2

(45)

Here Q„,Q» denote the triplet of angles specifying the unit vectors xp/
~

x
~

and y„/ ~y ~, respectively. We recall that
g,w,„,g „w are metric tensors defined in (22). Instead of explicitly limiting the sum in (46) to 2&8 harmonics, we will
sum over all A, 8=1+I/2 and remove 2 =8 harmonics with the projection operator Pp„(x), applied to V,b„,'(Q„). Of
course, we must combine the tensor components of Pp„(x), p, v= 1,2, 3,4 in accordance with (20) to construct Pd fg(x),
d ef g=+2:

(x),Wt„(y) = ——,
' g P~ fg (x)
f,g =+1/2 ABI

ab
u, w =+1/2

V.bfg«)[V.b. «y)]*g. , t.

P fg(x) g [V,bflg
(Q„)]'V,"bt„(Q» ) .

f,g =+1/2 ABE
ab

(47)

The sums over vector harmonics may now be replaced with 5 functions using the addition theorem (19);
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Similarly,

(x),M«(y) = —P «(x)5 (Q„—Q~) .
Bp

(48)

and

x =y: [W (x),W«(y)]= W (x),—M«(y) =0
P P

e(x' —y')(0
I
A„(x)A„{y)

I
o)+e(y' —x')(0

I
A, {y)A„{x)

I
0) =

(49)

(50)

IV. THE CLASSICAL FIELD Substituting the right-hand side of (54) into (32), we find

The equation of motion for vector harmonics with
A =B takes a simple form in Cartesian coordinates. From
(23) and (27) it follows that any vector function of the
form

+4 2
=Jp(x) J„(x)—.x„g{x)

g2 P gp g2 P P (55)

( ) [ ~AAA —1/2(R ) I/AAA —1/2

R

+~AAA ~1/2(R )
I/AAA+ 1/2] (51)

This satisfies current conservation and, of course, is in-

dependent of P(x). Contracting x" into both sides of (55)
and using (26) leads to

may be expressed as
2

1)'j(x)=R x J"(x) .P (56)

A (x) = pb(R)Z b+B p b(R)Z b Substituting the harmonic expansion (14) for g(x) and de-
fining

~AAA —1/2(R )
",b(R) =

[A(2A+1)]'"

~AAA + 1/2(R )

[(A +1)(2A+ 1)]'/'

R x„J"(x)=gg' „(R)Z „
l

(57)

1/2
2A + 1 ~AAA —1/2(R )ab

' 1/2
~AAA + 1/2(R )ab

—2 + 1 P",b(R)
p

(53)

A„(x) A„(x)=d„P(x)+— " g(x) .
R

(54)

In the case A =0, setting W,b (R ) =0 in (53) and
neglecting 1/A terms will give the correct result. Thus
the contribution of all vector harmonics with 3 =B may
be written

—41(1+1)P „(R)=g „(R)
With the exception of the l =0 term, we see that g(x) =0
when x„J"(x)=0. The exception is artificial, because
x„g(R)/R can be rewritten as B&P(R) and is annihilated
in (55). Therefore the expansion of g(x) in scalar harmon-
ics actually starts from 3 = —,'.

Since (56) contains no derivatives with respect to R,
g(x) does not propagate in a radial direction. We should
then consider P(x) to be a classical interaction potential
between radial components of the current, analogous to
the Coulomb-gauge electrostatic potential in time-
evolution field theory. In addition, the equation of
motion for g(x) is gauge invariant. We solve Eq. (56) by
writing

2 d4x = —x d y 3
$ = 1/2, 1,3/2,—I, &m, n &I

Z' „(Q„)Z'*„{Qy )

4l(l+1)

By (12) the quantity in brackets is

1 n+1
2 g C2„(cos8)

2~2 „,n n+2

1 ooI dz —+z g z "C„'(cos8)
Since
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g z"C„(cos8)=(1—2zcos8+z )
n=0

we find

g(x)= f d"y G, (x,y)y„J"(y),
(59)

G(xy} 5 lxl —lyl [i+(g—~)cote].
4rrz lx I

The classical field appears in both the kinetic part of the
Lagrangian

f d'x ", [ag„„—a„a„]x&g(x ) x „rj'j(x)

and the interaction

xpf(x)—fdx " J (x).

Using (59) and (56), we find the net contribution is

x J' (x) y~J~(y)
L, = ——, f d xdy G, (x,y) . (60)

a

Ra„—(x~a +3) " A"(x)=0. (61)

Substituting (47) for A "(x) above gives

L„L""P(x)=0 . (62)

Imposing (61) as a gauge condition makes x&A "(x)
equivalent to f(x), so x&A (x) is a classical field which
cannot propagate radially. This completes the analogy to
the Coulomb-gauge quantization in time-evolution field
theory, wherein the timelike component of A&(x) is a clas-
sical field which propagates instantaneously.

Just as the Coulomb-gauge condition does not survive a
Lorentz transformation, a translation breaks the dilation-
gauge condition (61), by making P(x) nonzero. This is
demonstrated by resolving an infinitesimally translated
solution of Eq. (32) into gauge-invariant (A&8), classical,
and gauge terms:

Then the dilation "Coulomb" gauge condition is
a&A +(x)=0 or

V. DISCUSSION

The decomposition of the vector field described here is
a natural consequence of applying the dilation-field-theory
quantization procedure to the vector field. We cannot de-
fine a dilation momentum conjugate to Ag(x) =x„A&/R
because the Lagrangian density W= 4Fp.FP i—s in-
dependent of (a/aR}Aa. We may contrive a dilation-
theory analog to the Coulomb-gauge condition V.A(x)
=0, if we decompose both a„and A&(x) according to

b.a A„(x)=A„(x)+ ", y(x)+a„p(x)

=5A, (x)+ ', 5$(x)+a„5y(x) . (63)

We may contract both sides of (63) with x&, a&, requiring
that x„A "(x), a„A "(x},x„5A "(x), and a„5A "(x) be zero
Similarly, P&„(x) may be contracted into both sides of
(63), annihilating terms proportional to x& and a&. Thus
we arrive at expressions for the terms on the right-hand
side of Eq. (63);

5$(x ) =b& a"P(x ) +5%(x),
I.pv

2

r

5@(x)= +2 b„A "(x)+ b„a"
Bp

b„x"
+4 " g(x),

~p R'

(64)

L„„L" g I.„„LI'

2
5$(x)=R Db A "+

Bp 2

5A„(x)=b„a A„(x)—x„a—a„+2P gp

L~„L"" b„x"
b„a&q(x) —+4 + '" ", p(x),

Bp Bp 2
—1I aP

2
b„A (x)+P „b ~ (x) .

(65)

(66)

Equations (65) and (66) verify that 5$(x) and 5A&(x) are
independent of P(x), the gauge function before translation.
Equation (65) demonstrates that g(x) retains its status as a
classical field under translations, since 5$(x) cannot pro-
pagate radially and is zero in the absence of sources [i.e.,
when A„=O and g(x) =0]. In order to see that the equa-
tions of motion (34) and (56) survive a translation of the
fields, one must determine the translation properties of the
sources J„(x) and x&J"(x). The decomposition of the
vector field used in Eqs. (54) and (63) depends only on the
O(4) properties of A&(x) and is applicable to any vector-

J„(x)=J„(x)+ Clxp —a„+4
Bp

J(x)
R

with J(x) a scalar-valued function. One can find the
translation properties of

valued function, in particular J„(x). We may make
current conservation an explicit constraint on that part of
J„(x)proportional to V,b with A =8 by writing
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5J„(x)=b a J„(x)

=5i„(x)+ a „—a„+4P P 5J(x)
R

analogous to Eqs. (63)—(66) and verify the form invari-
ance of the equations of motion (34) and (56),

P
CI5A„(x)=5'(x), — 5$(x) =xp5J"(x) .

Lovelace' showed that, for a scalar field P(x), the kets
of the dilation field are "local products of field (I)(x) and
its derivatives, evaluated at x& ——0." His argument applies
to the dilation field theory of quantum electrodynamics
described here. Each term in the creation part of the vec-
tor field, B„'(x)—a„[a B'.(x)]=J„'(x), (72)

x„p(x)/R or the unimportant a„p(x). Dilation field
theory thus offers justification for applying Lovelace's
program ' to a gauge field theory. The deep-inelastic
structure functions could be calculated in a renormalized
ladder Bethe-Salpeter approximation, and no many-vector
intermediate states need be included. The renormalized
ladder is trustworthy only for an asymptotically free-field
theory, so the dilation quantization procedure would have
to be applied to a non-Abelian gauge theory.

Although gauge invariance is not determined simply
from O(4) quantum numbers in a non-Abelian theory, all
added complications in this case are proportional to the
asymptotically weakening coupling constant. Each gluon
Bz(x) satisfies

A (+)( ) ~ ~(+)ABI~2lyABI(fl)
ab abrs

A~BI
ab

(67) so writing

B„'(x)=B„'(x)+a„p'(x)+ " g'(x)
has position dependence which, tracked back through the
definitions of the vector and scalar harmonics, is just a
polynomial of order 2/ in the Cartesian coordinates x@.
Thus

~(+ )ABI
~

0 )

is the result of taking a 21th derivative of the vector field
at the origin of coordinates. An X-photon state

will eliminate P'(x) from the left-hand side of (74) and
give us the same propagators for B '(x) and P'(x) as were
found in the Abelian case, and P'(x) can be determined by
fixing the gauge. Enforcing (61) will set P'(x) to zero, but
Faddeev-Popov ghosts will arise from this choice. ' Set-
ting x"B„'(x)=0 will give no ghosts, but we must have

n=1
(68)

P'(x) = —g, (x),
Bp

(73)

has an unperturbed dilation eigenvalue

g= g (2l„+1)

and a maximum O(3) spin of

J= g(A„+B„).

N
J= g (2l„+1—A„—B„)=N .

n=i
(71)

Evidently the polarization vectors associated the spin
components of Az(x) have scale dimension zero. If dila-
tion quanta could have total spins A =B=l+—,

' (e.g., in
the Feynman gauge), zero-twist, many-photon states
would reappear in dilation field theory. %'e have seen,
however, that the potentially troublesome O(4) eigenstates
with A=B=/+ —, are found only in the classical field

The importance of this state in an operator-product ex-
pansion on the light cone would be measured by its twist

g —J.' When applying the expansion to a field product
with fixed scale dimension, the most singular coefficient
functions are paired with the lowest-twist composite
fields. " At first sight, composite fields with any number
of photons have equal twist because the twist of A„(x) is
zero. Lovelace' observed, however, that in dilation field
theory the zero-twist part of the vector field does not con-
tain dilation quanta; instead, a classical potential appears.
The dilation quanta have A&B so A+B=2l. Thus a
noninteracting N-photon state like Eq. (68) has twist

so a~(asap) 'g'(x) will appear on the right-hand side of
(72). In either case, the isomultiplets [Bz(x) I and

t g'(x) j are coupled by the equations of motion.
The QED Lagrangian

l.= J d x [ —,'A&(x)CL4 "(x) A„(x)J"(x)]-
——, f d x d y y„J"(y)G,(x,y )x~J"(x) (74)

is gauge invariant no matter what quantization procedure
is used. Two gauge-invariant quantization procedures for
quantum electrodynamics in Minkowski space have ap-
peared in the literature. Weinberg' showed that a (1,0) or
(0, 1) representation of the Lorentz group may be used for
the internal degrees of freedom of a massive spin-one
field. He writes creation and annihilation operators for
eigenstates of helicity and momentum. Then, in the zero-
mass limit, the zero-helicity state disappears from the
theory without producing an undefined propagator. The
choice of gauge is not an issue in his approach, since the
fundamental quantum fields are components of the elec-
tromagnetic tensor F& . Gambini and Hojman' showed
that the equation of motion in momentum space,

k Aq(k) —kp[k A (k)]=0,
gives no constraint on A&(k) polarized along k„, so fields
with this polarization can be ignored. In addition, when
k&k"=0, the equation of motion requires that there can
be no Az(k) with momentum k& ——(ko, k) and polarization
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in the direction of q& ——(ko, —k). If one simply ignores
photons polarized along k„and g& everywhere in momen-
tum space, the remaining 2 degrees of freedom in A„(k)
can be quantized independent of gauge. Since this ap-
proach involves only quantum fields in the absence of
sources, the classical potential does not appear.
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