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Renormalization group at finite temperature
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The renormalization-group equation in quantum field theory at finite temperature is investigated.
Owing to the freedom of the renormalization procedure, one can scale the temperature as well as the
momentum in choices of renormalization points. The result is an extended version of the renormali-
zation group at zero temperature. Its Lie differential form defines two types of sets of
renormalization-group coefficients. Several examples of the applications include the high-
momentum limit (deep-inelastic limit), the high-temperature limit, the low-temperature limit, and
the critical behavior near a phase transition point.

I. INTRODUCTION

The renormalization group emerges from the intrinsic
freedom which exists in our choices for the renormaliza-
tion procedure the change of the renormalization points
induces the redefinition of the renormalized parameters
without changing structures of Feynman diagrams. Its
applications are abundant in many areas of physics; in
high-energy physics, it supplies us with a powerful
method for analyzing the deep-inelastic limit. In statisti-
cal physics, it has become the most powerful method for
calculating the critical exponents. However, it is com-
mon in the latter application that the temperature is intro-
duced ad hoc through mass and other parameters. This
leads us to the following anticipation: the entire formula-
tion might acquire more solid ground and need fewer as-
sumptions if the usual quantum field theory is extended to
acquire temperature.

In recent years, the authors have developed a quantum
field theory at finite temperature (thermo field dynam-
ics). There the usual quantum field theory is straight-
forwardly extended to situations at finite temperature
through a process of doubling the field operators. All the
machinery of quantum field theory with a real time coor-
dinate is usable, including the operator formalism, causal
formulation, and the renormalization procedure. Specifi-
cally, the Feynman diagram method can be used with real
time, and the structure of diagrams is not different from
the one at zero temperature. Since temperature is includ-
ed in the theory, faithfully reflecting the (grand) canonical
ensemble, we can study the renormalization group at finite
temperature in this formalism.

It is common to use the Matsubara Green's-function
method to take into account the temperature effect in the
quantum field system. The extension of this method to
relativistic field theory and gauge theories is studied in
Refs. 8 and widely used among high-energy physicists.
Therefore it may be useful for readers who are not fami-
liar with the thermo field dynamics (TFD) to mention
briefly the relations and differences between TFD and the
Matsubara Green's-function method.

In the Matsubara method, the time variable is taken to
be imaginary (t= —iu) in the finite region [0&u &P,

P= 1/(kz T)], and the periodic (or antiperiodic) boundary
condition on the time variable is imposed to Matsubara
Green's functions because of the trace nature of the
(grand) canonical ensemble average. Thus the Matsubara
method requires a modification of the Feynman diagram
method at zero temperature, by introducing discrete fre-
quencies iso„=2nim/P [or (.2n+1)im/P] Such. a modifi-
cation causes complexities when we identify amplitudes
given by Matsubara Green's functions to those of actual
processes which are specified by (continuous) real energy
variables but not by discrete iinaginary energies. In fact,
the analytic properties of N-point functions are usually
quite involved unless N &2. Therefore an analysis by the
Matsubara Green's functions is often indirect.

Contrary to the Matsubara method, TFD is formulated
with the real time variable from the beginning. The time
variable and temperature are treated entirely on a different
basis. The ground state is identified as the temperature-
dependent vacuum. Any ensemble average is estimated as
an expectation value on this vacuum, and almost all
operator formalisms at zero temperature can be extended
straightforwardly.

It has been shown by use of the interaction representa-
tion that the Feynman diagram method in TFD and that
in the Matsubara's formalism are related through a certain
analytic continuation. The relation between the axiomat-
ic statistical mechanics (the C*-algebra approach) and
TFD was discussed in Ref. 10. The extension to gauge
theory is' found in Refs. 10 and 11. The renormalization
scheme in TFD was studied in Ref. 6, in which the
scheme was shown to be a straightforward extension of
zero-temperature quantum field theory. Owing to the for-
mulation of TFD, one can easily define temperature-
dependent renormalized masses and coupling constants
which are directly related to the real observations, without
analytic continuations. Therefore TFD proves powerful
in analyzing many dynamical systems at finite tempera-
ture.

In the renormalization theory of thermo field dynamics,
the arbitrariness of the renormalization point for momen-
tum may lead to the same renormalization group as the
one at zero temperature. However, a new situation arises
from the fact that the renormalization procedure also in-
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eludes temperature; namely, one should choose a
temperature-renormalization point To, at which the renor-
malized parameters are determined. Any physical ampli-
tude at temperature T is expressed in terms of these renor-
malized parameters. This is possible without changing the
fundamental form of physical amplitudes as long as a sys-
tem belongs to the same phase at T and To. It has been
shown that the procedure to write amplitudes at T in
terms of parameters at To is a finite renormalization.
Because of these two types of freedoms of the choice for
renormalization points (momentum and teinperature}, the
renormalization group becomes a two-parameter Abelian
group. If one combines this renormalization group with
the scale transformation (i.e., dimensionality}, the momen-
tum change and the temperature change are performed
through suitable renormalization. To clarify this point
and to formulate the renormalization group at finite tem-
perature are the main purposes of this paper.

This paper is organized as follows. For simplicity, we
use the P model as an example. In the next section, the
renormalization scheme at finite temperature is presented.
In Sec. III, the renormalization group at finite tempera-
ture is obtained. Its Lie differential form leads to two
types of renormalization-group equations in the manner of
Callan and Symanzik, which define two types of sets of
renormalization-group coefficients. In Secs. IV and V,
several applications are presented. It will be shown in Sec.
IV that the deep-inelastic limit (the leading high-
momentum behavior) is not modified by temperature, that
the high-temperature behavior is related to the deep-
inelastic behavior, and that the low-temperature behavior
is determined by low excitation modes. In Sec. V we
analyze how the critical behavior is related to the low-
momentum behavior. The scaling hypothesis' [that the
critical behavior is controlled by the long-range correla-
tion length, g(T)~ ca (T~T, )], is not a hypothesis any
more, but a special result of the present analyses. The re-
lations between the renormalization-group coefficients and
the critical exponents will be shown. The final section is
devoted to the conclusion.

II. RENORMALIZATION AT FINITE TEMPERATURE

with e =+1 and e = —1.
We consider the phase (0(P)

I
P(x)

I
0(P) ) =0, where

I
0(P) ) is the temperature-dependent vacuum and

(0(P)
I I

0(P)) is equal to the usual thermal average.
In the perturbation theory of TFD, the thermal Lagrang-
ian is divided into the unperturbed part 3'p and the in-

teraction part Wl ..
2

~o= g &[ 2 (W~ii)' —2 m'(0ii }'] (2.4a)

2

FI——g d' ——)(pg) +(Z —1)[—,'(Opia) ——,m (pii) ]4t

—5m (Pii ) ——(Z i
—1)($~ )

4t
(2.4b)

with

(2.5a)

go =gZIZ

5m =(mp —m )Z

(2.5b)

(2.5c)

in which

4,

&. J e ik(x —y)g—ar(k)
(2m. )

(2.6)

~"«}=[Us( I ko I )~o«»a(
I
ko

I
}]"

with

Ao(k) =~(k m+i sr)—

(2.7)

(2.8)

1 0
0 —1

(2.9)

1

p irz(e —1)

e Pco/2

e Pco/2 (2.10)

The propagator b, (k) is also written as

The perturbation is carried out by the vertices given by
9'i and the propagator

(0(P)
I T+(x)y]ib» I

0(P) &

For definiteness we choose a simple model of the scalar
model, in which the Lagrangian density is given by h(k) =ho(k) +b p(k), (2.11}

w = —,
' (ay)' ——,

'

4t
(2.1)

where

hp(k) = —2iri5(k2 —m2)fi)(
I
ko

I ), (2.12)

P'(x)
p(x) =

2( )
(2.2)

The field components P~(x) (a= 1,2) are considered to be
independent operators and form the thermal doublet P(x).
The superscript o. will be called the thermal index. The
thermal Lagrangian density is given by

2
W= g e —,'(BP ) ——,'m (P ) — (P )

4fa=1
(2.3)

In the thermo field dynamics, each field has double com-
ponents: 1

fa(o) ) p„pri)/2e —1 e

pco/2

(2.13)

(Examples of perturbation calculations are found in the
third and fourth articles of Refs. 4 and in Refs. 6 and 13.)

As was discussed in Ref. 6 in detail, several theorems
related to the renormalizability are easily proven; since 60
has the same structure as that of zero temperature and
there is no divergence caused by hp, a theory is renormal-
izable if it is renormalizable at zero temperature. Also all
divergences are renormalized by the temperature-
independent counterterms. Therefore the renormalization
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at different temperatures is related through finite renor-
malization. The same counterterms renormalizing
greens functions with identical thermal indices can re-
normalize those with mixed thermal indices. Since the re-
normalization schemes and the topological structure of
the Feynman diagrams are not changed from those at zero
temperature, the multiplicative renormalization of quan-
tum field theory is also true at finite temperature.

For the renormalization conditions, we shall consider
the following two schemes.

B. TQ-renormalization scheme

One can express amplitudes at T in terms of the renor-
malized parameters at To. This renormalization scheme
will be called the To-renormalization scheme. A renor-
malized N-point proper vertex function is denoted by
I ' '(p, T;g, m, )M, To), where g and m are renormalized
coupling constant and mass at a renormalization point
(p()M), TO). The vertex function I' ' is related to the un-
renormalized one through the relation

I' )(p, T;g, m, p, TO)=Z ~ I „' '(p, T;go, mo, A), (2.22)
A. T-renormalization scheme

where A is a cutoff momentum which will be taken infin-
ite (A~oo), Z(T) is the wave-function renormalization
factor

Z ( T) =Z(g ( T),m ( T),p, T;A)

and (go, mo ) and (g ( T),m ( T) ) are related through

go ——g ( T)Zs(g ( T),m (T),p, T;A),
m 0 ——m ( T)Z~ (g ( T),m ( T),)M, T;A ) .

(2.15)

(2.16)

(2.17)

The renormalization conditions used in this section and
Secs. III and IV are

Rel"' '(p, T;g(T),m(T), p) ~~ ~(„)—— p m(T)— —
(2.18)

We can define the renormalized coupling constant g (T)
and the renormalized mass m (T) at each temperature T.
This renormalization scheme will be called the T-
renormalization scheme. A renormalized N-point proper
vertex function is denoted by I (~)(p, T;g(T),m(T), p),
where p is the abbreviation of the set of external momenta
(p(, . . . , p)v) and p denotes the renormalization point of
momentum. I ' ' carries also the thermal indices
(a( . a)v) with a;=1 or 2, which are omitted for con-
venience. The vertex function I ' ' is related to the un-
renormalized one, I „' ', through the relation

I (+)(p, T;g(T),m(T), p)=Z(T) ~ I „' '(p, T;g,m, A),
(2.14)

where Z is the wave-function renormalization factor at
To. The renormalized parameters g and m, and Z are re-
lated to the bare parameters go and mo, through the rela-
tions (2.15)—(2.17) with T replaced by To. Therefore the
renormalization conditions are

Rel (p, T;g, m, p, To)
~ p —p(p)

—p —m(2I ——2 — 2

T = TQ

(2.23)

Rel ' '(p, T;g, m, p, To) ~ ~(„) —1, ——
Bp

(2.24)

ReI (p, T;g, m, p, To)
~ ~ ~ (p)

—g . ——(4)

T TQ

(2.25)

The relation between I ' ' and I' ' will be clarified in
the next section. Since g(T) and m (T) are directly related
to the coupling constant and mass at the temperature T,
I ' ' is convenient for investigating its properties of pa-
rameter dependence. For example, the condition m (T)=0
for p =0 indicates the existence of a massless mode at the
temperature T.

III. THE RENORMALIZATION GROUP
AT FINITE TEMPERATURE

Let us start from the proper vertex functionI' '(p, T;g, m, p, To) of the To-renormalization scheme.
The scaling of the renormalization point into (ps, Tot)
leads to the new renormalized parameters (g (s, t), m (s, t) ):

ReI ' ){p,T;g(T),m(T),p), ,
= —1,

P
(2.19) (p, T())—+(ps, T()t),

(g, m)~(g(s, t), m(s, t)) .

(3.1)

(3.2)
and

ReI '4'(p, T;g(T),m (T),IJ, )
~ ~ ~ („)=—g(T), (2.20)

where

p()M) =(0,p()M)), p(p)'=)M (2.21)

and p;()M ) denotes a certain set of momenta to renormalize
I ' '. In (2.18)—(2.20), all the thermal indices of each
I ' ' should be equal to 1; for example, I ' ' in (2.18)
means I ~] . Any other I ' with a thermal index 2 is re-
normalized by the same counterterms determined by the
above renormalization conditions. The real parts are
used since I ' usually has an imaginary part because of
the thermal effects.

=p(s, t) ~ I ' '(p, T;g(s, t), m(s, t),ps, Tot),
where p(s, t) is given by

Z(g (s, t), m (s, t),)us, Tot; A )
p(s, t)= lim

Z(g, m, IJ, , Tp,'A)

(3.3)

(3.4)

The renormalized parameters (g, m) and (g(s, t),m(s, t))
are related to bare parameters go, mo) through relations
similar to (2.16) and (2.17):

Note that g=g(1, 1) and m =m (1,1). With finite wave-
function renormalization, we have a renormalization-
group equation:

I'(~)(p, T;g, m, p, T, )
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go =gZs(g, m, pi To'A)

=g(s, t)Zs(g (s, t), m (s, t),ps, Tot;A),

mp ——mZ (g, m, p, Tp', A)

=m(s, t)Z (g(s, t), m(s, t),ps, Tpt;A) .

(3.&)

(3.6)

and

g (s, t) =9 (g, m, p, To,'ps, Tpt),

m (s, t) =~(g, m, p, To,'ps, Tot),

p(s, t) =W(g, mp, Tp'ps, Tot) .

(3.7)

(3.8)

(3.9)
Therefore g (s, t), m (s, t), and p(s, t) are functions of Because of the multiplicative renormalizability, P, ~,
(g, m, p, To) and (ps, Tpt): and A satisfy the relations

Q(g, m, p, To,'ps, s2, Tot, t2) =S(g ( sl tl), m(sl, tl ),psl, Totl,'psl s2, Totl t2),
~(g&m&pi Tp&psls2 Tptl t2 ) ~(g (sl, tl ),m (sl, tl ),ps 1, Tptl', psls2, Tptl t2 )

(3.10)

(3.11)

~(g, m, P, To,Ps 1s2, Tot, t2) =%(g,m, P, To,Ps 1 Tot 1 )A'(g (s l, t 1 ),m (s l, t 1 ),Ps 1, Tot 1 iPS ls2~ Tot 1 t2) .

It can be shown, in a similar way as in the case of zero temperature, that transfortnations R, , defined by

R, ,(p, Tp) =(ps, T()t),

R, , (g, m) =(g(s, t), m (s, t)),
and

=p(s, t) N/21 (N)

form a group:

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Transformations R, , define a two-parameter Abelian renormalization group. If we combine the scaling transformation
(ditnensionality)

(3.17)

with DN 4 Nbeing ——the—dimensionality of I', we have the relation

I' '(p T;g, m, p, Tp)=l )()(s, t) I' ' — ;g(s, t), —D T m(s t) s Tot
(3.18)

Various asymptotic limits can be discussed by use of this relation.
The differentiation of (3.3) with respect to s and t leads to two types of renorlnalization-group equations in the manner

of Callan and Syrnanzik:

p +P, +O, m —Ny, I (p, T;g, m, p, Tp) =0, (3.19)

T() +P, +Otm —Ny, I (p T g m p T())=0,(} 'B (} (N) (3.20)

where the renormalization-group coefficients are defined by

P, =s g(s, t)
d
6$ s=t=l

8, = s m (s, t)
1 d

Pl dS s=t=1

y, = —,s lnp(s, t) s =t =1,
ds

(3.21)

P, = t g(s, t)
dt s=t=1

8, = t m(s t)
d

m dt s=t=1

y, = ,' t 1np(s,t)—
dt s=t=1
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These quantities are functions of g, m, p, and To. For finite s and t, g (s, t), for example, satisfies the relations as follows:

s g(s, t)=I3,(g (s, t), m (s, t),ps, Tot),d
dS

t g (s, t) =P, (g (s, t), m, (s, t),ps, Tot) .d
dt

(3.22a)

(3.22b)

The g (s, t) and m (s, t) are the generalizations of the running coupling constant and mass, respectively.
By use of the renormalization conditions (2.18)—(2.20), we can have several relations among the renormalization-

group coefficients. From the definition of the running parameters, we have

—p s —m(s, t) =p(s, t)ReI' '(p, Tot;g, m, p, TO) ~~

—1=p(s, t) ReI' '(p, Tot;g, m, p, T())
a

(3.23)

(3.24)

g(s, t) =—p(s, t) ReI' '(p, Tot; g, m, p, To )
~ z

Differentiating (3.23)—(3.25) with respect to s and t at s =t = 1, we have

2

O, =y, 1+

(3.25)

(3.26)

and

dp;(p)4 =4gr, —p dp

2

O, =y, 1+

(4)ReI (p, T;g, m, p, T()) ~, p(„),
ps

t t

T Tp

1 (3 (2)

2&i BT
T ReI (p, T;g, m, p, To) p, p(p),

0

(3.27)

(3.28)

P, =4gy, — T Rel "(p, T;g&mpp&TO) p —p (p) .(4)
aT

T Tp

Functions I ' ' and I' ' are related through the following equations:

(3.29)

I' '(p, To,'g, m, p, To)=I ' '(p, TO', g(TO), m (To),p),

r("'(p, T;g, m, p, T, ) =p(T) ""I"'"'(p,T;g ( T),
—
m (T),p)

(3.30)

(3.31)

with [cf. (3.5)—(3.7)]

p(T) =p T
Tp

=A'(g, m, p, To,p, T), (3.22)

g ( T)=S(g,m, p, To,p, T), (3.33)

m(T)=~(g, m, p, To,p, T) . (3.34)

IV. ASYMPTOTIC BEHAVIOR

In this section, we apply the renormalization-group equation (3.18) to discuss the several asymptotic limits. Equation
(3.18), i.e.,

p'+'(p T'g m p T )=l ~p(s, t) 21' ' p —;g(st)N N T m(s t) s Tot
(4.1)
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indicates that the change of the temperature is related to
the change of the momentum scale' with suitable renor-
malization of the coupling constant, and of the mass, and
vice versa. The physical intuition of the above fact is that
the thermal excitation modifies clouds around particles,
inducing the renormalization of parameters, and of the
range of the correlation. Therefore the asymptotic limits
of the momentum variables and those of the temperature
are expected to have a close relationship.

A. High-momentum limit

The high-momentum limit can be obtained as usual by
scaling p into Ap and by choosing I=i,, s=X, and t=1
(i.e., t fixed): and

g (A,,A, ) =S g (A, , 1 ), ',p, ;p, To
m (A, , 1) To

=9'(g(A, , 1)),

m(A A) —+ A~(g(A 1) 0 p 0 p To)

=A, M*(g(i, , 1)),

p(A, , A, ) ~ p(A, , 1)A'(g(A, , l),O, p, ,O;p, To)

(4.8)

(4.9)

mk, l Ton' (g 1)—x/21 (w p .g(g 1) =p(A, , 1)%'(g (A, , 1)), (4.10)

p(A, , 1) / I ' '(p, O;g(A, , 1),O,p, O),
A~OO

where we assumed

m(A, , 1)/1, ~ 0 .

(4.2)

(4.3)

where we have assumed again m(A, , 1)/A, ~O as k~oo.
Equations (4.4) and (4.8)—(4.10) show that, in the limit
A,~no, r' ' approaches

I' '(p, A, To,g, m, p, To)

p(A, , 1) / A'*(g (A, , 1 ))
A~oo

Equation (4.2) indicates that, at the limit k~ ao, the expli-
cit dependence of m, T, and To disappears. The result
shows that the leading behavior of the asymptotic limit
p ~ 00 is independent of the temperature.

8. High-temperature behavior

Choose T=ATo, l=A, , s=A, , and t=A, in (4.1). We
have

I' '(p, zTo,g, m, p, To)

in which SP, S', and ~ are functions of g(A, 1). Ap, art
from the g(A, , 1) dependence, the scaling factor of the
high-temperature limit is the same as the one of the high-
momentum limit. Therefore when g(A, , 1) approaches a
constant as k~ao, the leading behavior of the high-
temperature and the high-momentum limits are the same.
This is physically understandable since the high-
temperature behavior is controlled by high-energy excita-
tion.

(4.4)

where (3.30) was used. In order to investigate the A,

dependence of p, g, and m, we use the transformation
properties (3.10)—(3.12). We have

m (A, ,A, ) =~(g(A, , 1),m (A, , 1),pA, , To,'pA, , T,A, ), (4.6)

and

C. Low-temperature behavior

Low-temperature behavior is closely related to the low-
momentum behavior. Examples of this are discussed in
the textbook of Ref. 4. A systematic investigation of the
relations between low-energy behavior restricted due to
symmetries (i.e., restrictions from Ward-Takahashi rela-
tions), and the low-temperature behavior, are found in a
recent paper of Ref. 15.

To study the low-temperature behavior, it is convenient
to use renormalized parameters at zero temperature. Then
the temperature dependence appears in the Feynman dia-
grams through propagators b.(k), each of which is
separated in a boson case as (2.11):

p(A, ,A, ) =A(g, m, p, To,'pA, , To) &(k) =ho(k)+bp(k) . (4.12)

XW(g (A, , 1),m (A,, 1),pA, , To',p&, To&) (4 7)

By considering the dimensionality, in the limit A.~ 00, we
have

When the mass m of zero temperature is finite, the
temperature-dependent part b,p in (4.12) damps faster than
exp[ —Pm/2] as P~ ao (T~O). Therefore the low-
temperature behavior is controlled by the lowest excitation
mode. Special interest lies in the case of a massless mode,
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which is a possible lowest mode. We write I' ' in the fol-
lowing form:

r(")(p,zTp;g, m, p, O)

I ' )( 0, T, ;g, m, )M, Tp) =0,

which gives T, as a function of g, m, p, and TO..

(5.1)

r

??
( )

—x/2r(N) p T .
( )

m (s~ ) ps ()

(4.13)

where p(s, ), g(s, ), and m (s, ) indicate that they depend
only on the scale parameter s of the rnornentum renormal-
ization group.

We assume that the boson mass I vanishes at zero tem-
perature, which leads to the condition

T, =T, (g, m, p, Tp) . (52)

Rel"' '(p, T„'g,m, p, T()) ~p () cc
~ p ~

p~0
ReI' )(O, T;g, m, p, Tp) ~

~

T —T,
~

r .
T~T

(5.3)

(5.4)

Note that Eq. (5.1) defines T, independently of the renor-
malization procedure. Because of the definition of T,
given by (5.1), the phase transition we consider is the
second-order one. Owing to (5.1), one can define the most
fundamental critical exponents, q and y, as

m(s, ) ~0. (4.14)
s —+0

The massless particle may interact even in the zero-energy
limit and therefore

It is convenient to use the following renorrnalization con-
ditions which are different from those of the previous sec-
t1ons:

g'(s ) ~g
s —+0

(4.15) ReI' '(O, To~g, m, p~To)= —m (5.5)

with g be1Ilg a certa1Q nonvaQlsh1Ilg cQIlstaIlt, .
When m (s, )/s goes to m" (finite) as s ~0, choose s =k

in (4.14). We have

r' )(p, aT„g,m, p, , O)

I (p, Tp, g, m, p, T() ) = —1

p

ReI (p T()gmp Tp)
i ~ p (p) g(&) (5.7)

)
—x/2r()v) P T .g+ me + 0

A, —+0
16) We define 1 and 1 o 1)y

7 —T Eg p TO —TO Tg o (5.8)

Therefore the momentum-independent part of I '

behaves like A, p(/(, , ) / at low temperature.
When m (s, )/s goes to infinity as s~0, we can always

choose s as

Since T ls a function of (g m p Tp), I ' ' can be also con-
sidered as a function of (g, m, p, r, rp):

r(~)(P, T, +~;g, m, P, T, +~p):—r (~)(P,r;g, m, P, rp) .

m(s, )/?(, =m* (4.17) (5.9)

for small A, , where m* is a certain mass parameter. We
denote s which satisfies (4.17) by s (A, ). Then we have

r'"'(p, zTp, g, m, p, O)

p(s(A, ), ) I ' ' —,Tp;g",m", 0,0, (4.18)
A, ~O

where we have used

ps pm s
m(s, )s o

The momentum-independent part of I' ' behaves as

p(s(A, ), ) / at low temperature. These results show
that the low-temperature behavior of physical quantities
which are independent of momentum (such as the coeffi-
cients of momentum expansions) is controlled by the
behavior of the low-excitation mode of m (s, ); specifical-
ly, a massless mode.

( ) )v/2r ()v) p r
( )

m ( ) ps 0
p l'l' ' ' l

(5.10)

In the renormalization scheme of (5.5)—(5.7), the mass pa-
rameter and the wave-function renormalization factor are
defined at a fixed momentum p =0. Therefore the
renormalization-dependent quantities, p and m, depend
only on t. The correlation length is defined by

2 ReI ( )(p, r;g, m, p, rp)
(~)

(()/()p )ReI ' '(p, r;g, m, p, rp)
(5.1 1)

By following an argument similar to the one in Sec. III
and by taking account of the renormalization-point
independence (p, To independence) of T„we have a
renormalization-group equation similar to (3.17):

I ' '(p, r;g, m, )((,, rp)

V. CRITICAL PHENGMENA

In order to discuss the critical behavior, we modify
the definition of 1 ' ) by use of the temperature measured
from the critical temperature T, . The critical temperature
T, is defined by

which is renormalization-scheme independent. The defi-
nitions (5.5) and (5.6) indicate that

m (,t) =g(~) (5.12)
/

/

with t=r/rp (T —T, )/(To —T, ).——It should be insisted
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'r, = T, (g (s, t), m (,t),ps, r, t) . (5.13)

The Lie differentiation of (5.10) leads to two types of sets
of renormalization-group coefficients (P„O„y,) and
(P„O„y,), among which 8, =y, =0 in the renormaliza-
tion scheme (S.5)—(5.7). (Although we have been using
the variables r and ro instead of T and To, hereafter we
use the same notation as before for the renormalization-
group coefficients, etc. , in order to avoid notational com-
plexities. )

The condition for the critical point (5.1) leads to the
condition

m(, 0) =0.
Then we can define another critical exponent, v, by

(5.14)

that the critical temperature T, is independent of the re-
normalization procedure and that m (s, t) does not depend
on s, and therefore

m(, t) ~m* t ".
t~O

(5.15)

m(, t(A))=p*k

with p* being a certain mass parameter. Note that

t(A, ) ~ t A,
'~~

A, ~O

with a constant to given by (p'Im*)' "and

t(g) 0 (v( 1)

~ o to (&=1) .

(5.16)

(5.17)

(5.18)

Then we have

We first assume that v(1.
The low-momentum behavior of I"' ' at the critical

temperature (r=0) is obtained in the following way. In
(5.10}, replace p by Ap and choose I =s =A, . Also choose
t =t(A, ), where t(A. ) satisfies

v~i
I ~ ~(~p0 g m p ro) Ip, o~(poto) ~ I (P0g p p [« I) luo=o for

A,~O
(5.19)

where

limg(i, , t(A, ))=g*,
A, —+0

p(, t) ~got ',
(5.20)

(5.21)

with y, being the limiting value of y, (,t)/2. The infrared stability (5.20) is physically reasonable since the renormalized

coupling constant should be well defined even in the low-momentum limit. The coefficient I' ' ' on the right-hand side
of (5.19) is nonvanishing since @&0.

Let us now consider the ~~0 limit for static and homogeneous quantities, i.e, p; =0 f«»1 ~ By choosing &=rot
I =s, we have

I '+'(O, rot;g, m, p, ro)=s p(, t) I ' ' 0, —;g(s,t), ',p,

( t)
—K/21 (w () .

( t) (S.22}

The function I" ' ' in (5.22} is the renormalized vertex function of the T-renormalization scheme (see Sec. II), and there-
fore g (s, t) and m (,t) Is are considered to be a coupling constant and a mass at temperature ~otls. Now choose s =s (t),
where s (t) satisfies

m (,t) =p*s(t) .

Note that

(5.23)

s(t) s,t",
t~O

where so ——to ——m /p . Then we have

(5.24)

I ' '(O, rot;g, m, p, o) s, "p, ~'t" " ' " 'I'~'(0, I', ~, );g*,p*,p) fo (5.25)

where use was made of (5.21) and (5.20):

limg(s(t), t}=g* .
t~O

(5.26)

We can make I ' ' on the right-hand side of (5.25) non-
vanishing by choosing p* (p' =so 'm' =to m*) suitably.

The A, behavior of t (A, ) in (5.1&) or the t behavior of s (t)
in (5.23) originates from the critical behavior of the corre-
lation length (5.15). Therefore (5.19) and (5.25) indicate
that the critical behavior of static quantities is controlled
by that of the correlation length f(r), which proves the
scaling hypothesis.
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From (5.19) and (5.25), it is easy to obtain the scaling
law

(2—g) =y/v

by identifying that

(5.27)

(5.28)

(5.29)

with 8," being the limiting value of 0,(,t). From the
derivation of the critical exponents in this section, it is ob-
vious that they are closely related to the low-momentum
behavior of physical quantities, rather than the higher-
momentum behavior, in the present formalism. The criti-
cal behavior strongly depends on the appearance of a
massless mode at T, . Therefore we may expect that the
scaling law such as (5.27) continues to hold in each of
various theories even below critical temperature as far as
massive partners of Goldstone modes incline to massless-
ness.

When v& 1, the low-momentum behavior at T, is given
by a relation similar to (5.19):

there is no choice of s, which makes both t/s and
m (,t) /s finite simultaneously with the condition
lim, om(, t)/s&0. Therefore one needs to know the
m~O behavior of I ' '(O, ro, g*,m, p); this limit usually
induces an infrared catastrophe.

V. CONCLUSION

In this paper, we have studied the renormalization
group in quantum field theory at finite temperature and
presented several applications. Thermo-field dynamics is
a powerful ingredient in the analyses since the structure of
Feynman diagrams is not changed and therefore the free-
dom of the temperature and momentum renormalization
point comes in the theory naturally. Because of this free-
dom, we can relate the momentum change to the tempera-
ture change, which makes it possible to discuss, for exam-
ple, high-momentum and high-temperature behaviors and
the critical behavior in the renormalization-group ap-
proach. In thermo field dynamics, the frequency depen-
dence is also included in the theory. Therefore no modifi-
cation of the theory is required to analyze the dynamical
critical behavior. Examples of explicit calculations of
critical behavior in the present formulation and the exten-
sion to the dynamical critical behavior will be discussed
elsewhere.

(5.30)

However, since the ~~0 limit at p; =0 is obtained from

I ' '(O, tro'g, m, p ~o)

&&2 D~ ~&~
&ot m (,t)=p(, t) ~ s I'' ' 0, ;g(s, t), ',p, (5.31)
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