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We investigate lepton-number violation in weak interactions with massive Dirac neutrinos. In the
framework of a simple SU(3), X U(1) electroweak model we find that neutrinos naturally acquire
only Dirac masses at tree level, and for an odd number of lepton families, one neutrino remains
massless. After a spontaneous breakdown of symmetry we find that the SU(2) X U(1) effective
theory has lepton-number-violating currents which couple to the standard gauge bosons. Flavor-
conserving | Al | =2 processes such as neutrinoless double-3 decay are forbidden in the simplest
model, but processes such as u~ + (4,Z)—e* + (4,Z —2) and K ~—n+e "~ are allowed.

I. INTRODUCTION

In the standard SU(2) X U(1) model of weak and elec-
tromagnetic interactions,! neutrinos are assumed to be
massless since they are described by two-component van
der Waerden spinors, and since the simplest Higgs struc-
ture for the standard model forbids lepton-number-
violating interactions. Neutrino masses are generated by
(a) the addition of a complex Higgs triplet, or (b) the addi-
tion of right-handed neutrino fields, or both.? Case (a)
generates a lepton-number-violating Majorana mass. So
does case (b), since in this case a bare Majorana mass term
involving right-handed neutrinos is allowed by gauge in-
variance even in the absence of extra Higgs scalars. Ma-
jorana neutrino masses can thus be considered a natural
consequence of gauge theories. Lepton-number-violating
effects, such as neutrino-produced antileptons and neutri-
noless double-f decay, are taken as evidence of a Majorana
mass term for neutrinos.

It is now realized>? that theories with Majorana masses
are much more complex in structure than theories with
pure Dirac masses. It is therefore interesting to explore
the idea of lepton-number-violating effects without Ma-
jorana masses: lepton-number violation arises from a
lepton-number-violating current in the effective weak in-
teraction, and the neutrinos naturally acquire only Dirac
masses at tree level. It is shown here how this can be
achieved within the framework of a previously proposed
SU@3); X U(1) model.* The novel feature here is that lep-
ton number is a local gauge symmetry whose spontaneous
breakdown occurs primarily in the interactions: to lowest
order the free Lagrangian naturally conserves lepton num-
ber while the low-energy weak interactions do not. This
scenario contrasts with the usual one in which lepton
number is broken at tree level by Majorana-type masses.

The theory incorporates three generations of quarks and
leptons, it contains no right-handed singlet neutrino fields,
and with the minimal set of three Higgs triplets can give
Dirac masses to all the fermions. Since the right-handed
neutrinos are not singlets, they undergo gauge interactions

28

at the new lepton-number-violating mass scale. Lepton-
number-violating mass terms can arise from calculable ra-
diative corrections. Since these corrections are very small,
lepton-number-violating effects arise predominantly from
gauge-boson interactions, and neutrinos can be described
to a good approximation as Dirac particles.

The plan of this paper is as follows. Section II gives the
bare ingredients of the model, including all the fermions
and Higgs scalars needed. Section III describes the
gauge-boson masses, fermion masses, and mixing angles,
and Sec. IV describes some neutrino phenomenology.

II. MODEL

We consider the gauge group SU(3); XU(1) as our
model of the weak and electromagnetic interactions.* The
three families of left-handed leptons are assumed to belong
to three antitriplets as follows:

E,
¢(a)= N,
Nq

, a=1,2,3. (2.1)

L

The first two entries in each antitriplet are the usually de-
fined particles while the third is a neutral two-component
lepton field. In the next section we shall be able to identi-
fy the primed fields as the left-handed charge conjugates
of the unprimed neutrino fields. The cancellation of s
anomalies® in models of this type can be achieved by re-
quiring an equal number of triplets and antitriplets, and
requiring that the sum of the electric charges on all the
fermions vanishes.® We thus put the first two families of
left-handed quarks into six (counting color) triplets

u c
d H
d’ L S’ L

(2.2)

The d’ and s’ are two new heavy —+ charged quarks.
The members of the third family of quarks are placed in
three antitriplets:
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(2.3)
t' )L

where the ¢ and ¢’ are two heavy + % charged quarks. In
a model of this kind the triangle anomalies are not can-
celed generation by generation. One cannot arbitrarily re-
move any one generation of quarks and leptons and still
have an anomaly free model. Finally, all the right-handed
components of the charged fields are placed in singlets.
There are no neutral right-handed singlets.

In order to generate masses for all the charged fermions,
we require at least three triplets of Higgs fields f*), f(?,
and 3. Their electric charges are

0 1
f“)—> 1, f(2)yf(3)_) 0 2.4)
—1 0
and their vacuum expectation values are
ky 0
(f(1)>0= 0 (f(2)>0= k2 ,
0 n
0
(fN= |0 (2.5)
ks

These are the most general vacuum expectation values
consistent with electromagnetic gauge invariance.
The eight gauge bosons of SU(3) are denoted by

wh,; 2 w2, =0, a,b=1,2,3

and the singlet field is denoted by B,,. At this point we
can separate the nine gauge bosons into three distinct
groups denoted by charge and CP transformations. We
thus obtain

i) wiwsi wiwi;
(ii) B,
F=—(3)"wi,
H=—‘/%(W§—W§) , 2.6)
\/E W2+W );
(iii) X2=7.2—i(W%—W§);

where we have dropped the Lorentz indices for ease of no-
tation. In the absence of CP violation there is no mixing
of X, with any of the fields in (ii). Linear combinations of
B and F above are defined through

F
Bl=

cos¢ —sing

sing cos¢ ’ 2.7

Xo

where A is the photon field. The fields Xy, X, and H can
mix with each other to form heavy neutral gauge fields Z,
Z(l), and Z(Z).

Finally, the SU(3) coupling constant g and the U(1) cou-

pling constant g’ are specified by deﬂmng the gauge-
covariant derivative of the Higgs scalar f® as

(D f ™), =8,f3— VigW: Oy ite'B .
(2.8)

The coupling constants are related to the magnitude of the
electron charge |e | by

g'sing= —?g cosp=—|e| . 2.9
The convenient parameter*
x = %00524) (2.10)

has the same significance as the standard x =sin?0, but
with the limit 0 <x < 3.

III. BOSON AND FERMION MASSES

The terms in the Lagrangian

3 + s
— 3 D fND,F) 3.1

j=1

along with the vacuum expectation values in Eq. (2.5) gen-

erate the gauge-boson masses. We shall assume that

k3>>(ky,k,,n) so that, essentially, our model will break

down to the standard low-energy (100 GeV) theory.” The

three light intermediate vector bosons W+, W, and Z

are

= W% +€W% ’
W-=Wj)+eWi, (3.2)
\/§smg+a H 1—aV3 sing
(3sin%$+1)!7? (3sin%p+1)!/2
+BX, .
The small mixing parameters a,f3,€ are given by
. k 2 k 2
—Bsing_ | 0 a2 |
(3sin“p+1) ks kj
(3.3)
k,n
e=(1—x)1"2= - (3.4)
kj
The masses also obey the standard mass relation
2
m¥ Wi)=m2(Z)(1—-x)=—g£—(k,2+k22) i (3.5)

The small parameter € gives an effective coupling between
the primed and unprimed fermions, and will describe the
flavor-changing weak interactions of these fermions. The
parameter « is a small correction to the flavor-conserving
neutral currents. All the other massive gauge bosons will
have masses proportional to (k3)?, and will not contribute
significantly to the effective interaction Lagrangian. For
completeness, we have, neglecting quadratic terms in the
small parameters,
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W't=W3—eWw?,

W o=Wi—eW,, (3.6
ZW_ _ —1+aV3sing _ \/Bsin¢+a
(3sin’p+1)72 (3sin?p+1)12
+V3singBX, ,
Z2)_ —2BV3 sing_ . B3 sin’p—1)
3sm2¢+1)‘/2  (3sin?p+1)172
+X1 ’
and the masses of all the heavy gauge bosons are
mAW ) =mAX,)=mAZ?)
=_3.5_12‘12Lm2(z<1))
3sin“p+1
2
b4 2
=T . 3.7
5 (ks) 3.7

The three sets of Higgs scalars f (n) also generate fer-
mion masses. If we designate ({™)? as a typical fermion
triplet and S’ as a right-handed charged fermion [which
transforms as a singlet under SU(3).], then we see that
Yukawa terms like

S P SSE +He. (3.8)
m,n,p
will generate masses for all the charged fermions. The

constants g,,,, are the appropriate couplings.

We shall assume negligible mixing between primed and
unprimed quarks. This is perhaps an inelegant feature of
the model, but it is not unreasonable considering the fact
that the primed quarks are very massive.®

In addition to (3.8), we can construct another Yukawa
term for the leptons of the form

*
5 zeﬂ 2ap¥C " Yipf () +Hoe. 3.9

where C is the charge-conjugation matrix and gog= —gg,
are the coupling constants. This term couples the primed
and unprimed neutrino fields together. Equation (3.9)
creates Dirac masses for the neutrinos when we identify

(Nor)=(Ng)p =(Ngg)°, (3.10)
where N€ is the charge conjugate of N
N¢=CNT.
The mass matrix for the neutrinos then becomes
— L mass= EB(N,, )xMap(Ng), +H.c. , 3.11)
a,
Mop=8apk - (3.12)

Since the mass matrix is an antisymmetric 3 X3 matrix,
one of the mass eigenvalues must be zero and the other
two are degenerate. In fact, given any N XN antisym-
metric matrix M, we have

Det(M —AI)=Det(M —AIT

=(—1)"Det(M +AI) (3.13)

so that the nonzero eigenvalues of M can be arranged in
pairs, W, — W. If N is odd, one of the eigenvalues must be
zero. Signs here are unphysical and one may choose
phases in the diagonalizing matrices in such a way that all
eigenvalues are real and positive. It follows then that for
an odd number of lepton families one neutrino is massless
while the others are doubly degenerate.

Since we have placed both particle and antiparticle in
the same multiplet, radiative corrections can induce
lepton-number-violating Majorana mass terms as first no-
ticed by Wolfenstein.® A massless Dirac neutrino at tree
level will not remain massless. As we shall show in Sec.
IV, these radiative corrections are extremely small, and we
are perfectly justified in ignoring them at this time.

The weak neutrino eigenstates N, in (2.1) are related to
the (Dirac) mass eigenstates v, by a unitary transforma-
tion'® Ny, = U v, (@=1,2,3).

" Substituting this into (3.11) we have

(Up)'M(U)=D, (3.14)
where the diagonal matrix D is of the special form
D =diagonal(0,m,m) (3.15)

as a result of the skew symmetric nature of the Yukawa
coupling in Eq. (3.9).

Notice that the diagonalizing matrices U; and Uy are
not unique since one can always perform an arbitrary rota-
tion on the eigenstates of the two degenerate mass eigen-
values. This freedom will be used later in order to simpli-
fy the parametrization (4.3) for the leptonic mixing ma-
trix, Eq. (4.2). In addition the antisymmetric form of M
in Eq. (3.12) lets us always write

1 00
U, =UrS=Up |0 0 1 (3.16)
0 —-10

for any parametrization of Uj.

IV. NEUTRINO PHENOMENOLOGY

Since we are dealing with massive neutrinos we expect
leptonic mixing to be nontrivial. Indeed, the usual
charged-current weak interactions are described by a 33
unitary matrix K

jcc(AI =O)=%W”8_L’}/"KVL +HC (41)
given by
K=0lu, , 4.2)

where (), is a unitary matrix which defines the physical
mass eigenstate fields e; in terms of the weak eigenstates
E;, Eq. (2.1),

E; =Qe ,

and U} is a similar transformation on the left-handed neu-
trino fields [Eq. (3.14)].

Due to the special form of the neutrino mass matrix in
this model, the unitary matrix X is in fact much simpler
than the Cabibbo-Kobayashi-Maskawa matrix for the
quarks. In addition to the possibility of performing diago-
nal phase transformations, the degeneracy between v, and



v, allows one to perform an arbitrary unitary transforma-
tion in the v,-v; subspace so as to bring K to a canonical
form of the type

cc' s s'c

K= |—s¢' ¢ —ss'|, 4.3)

—s'" 0 ¢
where ¢ =cosy, ¢’=cosy, etc. Notice that K is real (CP
conservations) and depends on only two mixing angles 1
and ¢’. This is considerably simpler than the correspond-
ing situation for massive Majorana neutrinos.>>
We now turn to the new lepton-number-violating gauge
interactions. Since in our original assignments for the lep-
ton fields, Egs. (2.1) and (3.10), we have placed both parti-
cle and antiparticle in the same multiple, we expect lepton
number to be violated in the gauge sector in a natural way.
The effective Al=2 charged-current interaction Lagrang-
ian will be
ZLoclAl=2)=

—>=€W, eLy”K (‘Vc)L +H.c. 4.4)

f

Notice it is proportional to the small parameter € of Eq.

(3.4). The matrix K’ is given by
K'=0jUs, 4.5)

where Uy, is the unitary matrix in (3.14) which transforms

the right-handed neutrinos. From (4.2), (4.5), and (3.16)

one has the relation
KST=K

The above equations have interesting phenomenological
consequences.

4.6)

A. Neutrino oscillations

Since leptonic mixing, given in (4.1)—(4.3) is nontrivial,
this model has neutrino oscillations.'®~1? If at time 1 =0
a neutrino is produced in association with a type “a’ elec-
tron, the probability amplitude for it to produce, after
traveling a distance L ~t, a type-f3, electron is

Ala—Bit)« SKoKpe 7, @.7)
Y
where the usual approximation is
m, 2
E,~E+ E (4.8)

which holds when m, << E where E is the neutrino energy.
Due to the unitarity of K, Eq. (4.7) can be rewritten as

A(a—B:L)x<8,5+R(L) 3, KoyKpgy » 4.9)
v=2,3
where the oscillating factor R is, in our case,
= —im?—= | = Pl . (4.10)
R(L)=exp |—im 2E 1, m«<|P|

Thus, ordinary neutrino oscillations are described by a sin-
gle mass parameter and only two mixing angles. It is easy
to see then that the oscillations between v, and v, are
suppressed (by small mlxmg angles) relative to Ve-Vy and
ve-v, oscillations. This is consistent with experiment.'’
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Similar features were discussed in a phenomenological
model by Petcov.’

B. Neutrino masses from 8 decay

A very sensitive method of measuring the mass of the
electron neutrino has been to observe the deviations from a
straight-line Kurie plot near the end point for the 8 decay
of tritium.!* The Kurie plot, in the presence of neutrino
mixing, depends on the mixing angles and masses of all
the neutrino mass eigenstates which couple to the electron.
The end point of the Kurie spectrum is determined by the
lightest neutrino, but the shape is determined by all the
neutrinos.'

When a neutrino of mass m, is emitted in B decay, the
Kurie function K takes the form

K 2=F*A(A2—m »)'*0(A—m,) ,

where A=E;—Eg. Here E; is the maximum allowed
electron kinetic energy and Eg is the kinetic energy of the
electron. Fis the nuclear Coulomb factor.

When there is neutrino mixing, the neutrino which cou-
ples to the electron is a linear combination of mass eigen-

4.11)

states v,. The Kurie function then becomes
=2PaKa2
a
=3P, A(A?—m ) 20(A—m,)F? (4.12)
a

where P, is the probability that the neutrino v, is emitted
in B decay. From Egs. (4.1) and (4.3) one has

2e2)A(A2—m2)'V20(A —m ) +c2c2A? .

4.13)

As we see the deviation from a straight line near the end
point of the Kurie plot denotes a massive neutrino, but the
poor statistics at the end point and the finite resolution of
any experiment make it quite hard to see.

We also mention that in the present model the lepton-
number-violating 8 decay n—pev, would also occur due
to Eq. (4.4), but with a smaller rate (see next section). The
effect of including this mode in our calculation is to mul-
tiply the right-hand side of Eq. (4.13) by (1+€?) (see next
section).

C. Al=2 interactions

From Eq. (4.4) we see that lepton number is violated in
charged-gauge-boson exchange. Thus, in addition to the
usual weak decays there will be lepton-number-violating
decays which proceed with a strength proportional to the
small parameter € of Eq. (3.4). For example, in the case of
'+ decay in Figs. (1a) and (1b) we have

Rlw”—>e™%) (4.14)
—_————— =€ . .
R(mt—etv,)

By the same mechanism one obtains the decay

pt—e*vavg etV,vg in addition to the usual muon de-

cay. Both of these rates are also proportional to €2. A
maximum value of €~0.1 is consistent with experiment.'®
New contributions to the muon decay width proportional
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d v d u
I Iw
(v)l () i (v:)l (b) €
FIG. 1. (a) Lepton-number-conserving interaction. (b)

Lepton-number-violating interaction.

to €* would also be present.

In addition to decays, one can see lepton-number-
violating effects in neutrino charged-current events. A
neutrino produced in association with a lepton can also
trigger a charged-current reaction off hadrons to produce
an antilepton. The amplitude is proportional to the pa-
rameter €. This process will be distance independent in
contrast with ordinary A/ =2 oscillation process generated
by a bare Majorana mass.” In the present case the neutri-
no in flight does not oscillate into an antineutrino. Notice
also that this lepton-number-changing interaction will al-
ways change the lepton flavor. By this we mean that an
incoming v,, for example, can produce an outgoing u* or
7+, but never an e*. We can see this from the neutrino
mass term in Eq. (3.9). The antisymmetric structure of
the flavor indices shows that the N, and N¢, for neutrinos
of the same flavor never couple. For this reason the
model with the mass term in Eq. (3.9) cannot produce neu-
trinoless double-f decay since all lepton-number-violating
terms must also change flavor. Neither can one have rare
Al=2 K decays such as K- —7wte e~ or
K-—7tu~p~. What is allowed, however, is
K~ —m*te~u~, since this violates both lepton number
and flavor. One such diagram is shown in Fig. 2. From
(3.2), and (4.4) we can estimate very crudely,

DK~ —ate u™)
(K~ —>7r°17,,,u )

~(eGpmf siny )?, (4.15)

where f, is the pseudoscalar decay constant [f,~m(7)].
If we take €~0.1 and m~0.5 MeV (the upper bound on
the muon neutrino mass) then (4.15) becomes proportional
to 10~ %, well below the experimental limit'7 of 107,

Diagrams such as the one in Fig. 2 also lead to rare
Al=2 7t decays, such as 7 —et7 7~ and
77 —ut o7, where

Ao

Ac

=y

yo

cy

FIG. 2. Contribution to K ~—#*e ~pu~ decay.

L~ —eta—a™)
T —e ’IT7T~ ztgzlﬁ.

Dr~—utr— ™)

We can generalize the mass term for neutrinos to allow
for lepton-number-violating and flavor-conserving interac-
tions by adding a completely symmetric complex sextet
bap =¢p, Of the Higgs scalars to the theory. The covari-
ant derivative of ¢, is

[’ 2i ,
D;A¢ab =ap¢ab - 732 Bac Wlfy +éep W:[l -+ ~3_g ¢abe .
(4.16)

If the only nonzero vacuum expectation value is
(¢23) =(¢3)=v/V2. Then via a new Yukawa coupling
term of the form
1 Ta ~—1 b
‘—/—‘Z“Eham/’(a)c dap¥ip+H.c. (4.17)
a,B
(where h,g=hg,) a symmetric Dirac neutrino mass ma-

trix is generated, in addition to Eq. (3.11). The complete
Dirac mass matrix

M, g=8gaupk+hapv ,

is now totally arbitrary so that we can now have lepton-
number-violating interactions that do not change flavor.
In particular, we can have neutrinoless double-S decay!'®
mediated by a quasi-Dirac neutrino.!” Notice also that
such a pattern of vacuum expectation values does not des-
troy the mass relationship in Eq. (3.5). This is unlike the
situation in an SU(2) X U(1) model augmented by a sym-
metric Higgs triplet? where one is forced to have a bare
Majorana neutrino mass in order to generate the (88)o, de-
cay by the standard diagram. This would in turn break
the “canonical” W-to-Z mass ratio.

In such a generalized sextet scheme, however, a tree
Dirac neutrino mass matrix may be argued not to be
technically natural, to the extent that there is no compel-
ling reason to set (@) =0(h33).%°

Finally, a word about radiative corrections. In models
of the present type one in general expects Majorana masses
to be generated radiatively.’ It is clearly so, if the model is
to engender the (8f)o, process, as discussed in the first
work in Ref. 9. Moreover, since the model is renormaliz-
able and the free Lagrangian is invariant under lepton
number, the radiatively induced Majorana mass has to be
finite. Specifically, consider the diagram depicted in Fig.
3, which is present in the sextet model. It may be roughly
estimated as

¢t em? m?

B In—— .

47’ mAW) mA2Z)
If we take m~0.5 MeV, m(W)~m(Z)~100 GeV,
€~10"1, and g2/47°~1073 then

M (Majorana)
M (Dirac)

Charged-gauge-boson-exchange contributions have been
estimated by Wolfenstein and Petcov.” Although typically
much higher than Eq. (4.18), they are still rather small® so
that we are justified in ignoring Majorana terms and treat-
ing the neutrinos, to a good approximation, as Dirac parti-
cles. Of course one can imagine neutrino-oscillation ex-

(4.18)

~10—1 | (4.19)
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FIG. 3. Radiatively induced Majorana mass term.

periments accurate enough to be sensitive to such small
mass splittings.

Noted added. A coupling similar to Eq. (3.9) was pro-
posed by A. Zee [Phys. Lett. 93B, 389 (1980)] in the con-
text of an SU((2)x U(1) model. We also note that, as we

finished the work reported here, we learned of a paper by
K. Enquist, J. Maalampi, and K. Mursula [Phys. Lett.
124B, 89 (1983)], which discusses the possibility of
lepton-number violation with Dirac neutrinos in a left-
right-symmetric model.
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