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The static classical gauge potentials generated by a shell source of SU(2) color are examined. This
is done within an ansatz for the gauge potentials which incorporates not only the Abelian, or
Coulomb, solution but also spans the space of static fluctuations which have been shown by Magg to
lower the energy from its Coulomb value. We find that, for supercritical coupling a & n, = 2, con-

figurations corresponding to the minimum of the ansatz energy functional only partially screen the
external source. Qualifications of this result are discussed.

I. INTRODUCTION

It has long been known' that the classical gauge poten-
tials generated by c-number external sources do not exhibit
confinement in the conventional sense; there is no infinite
energy gap between states of a given physical system
which carry zero and nonzero charge, or color. This is
evident, for example, in the case of the SU(2) external
source

5(r ro )—
gp'(r) =5'3gp(r) =53ct

fp

which describes a charge of magnitude Q uniformly distri-
buted over a spherical shell of radius rp. Choosing all
color components of the gauge potential A' to lie parallel
to p' gives the Abelian, or Coulomb, solution

Ao(x)= f d'x' p'(x'),
4sr

/

x —x'/

A (x)=0,
possessing the finite energy

2
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Moreover, the external source in this case is unscreened, so
that the total color of the system is simply equal to that of
the source:

tot
tot- — =a.

4m.

Thus, even if colorless states of lower energy exist, they
must be separated by a finite gap from the Coulomb ener-

gy 8'COUL since the Hamiltonian is bounded from below
by zero.

The problem, of course, resides in the severity of the
classical approximation, wherein both the gauge potentials
A& and the quark color densities p' are regarded as com-

muting c-number fields. By the correspondence principle,
this implies that we are making two assumptions: the first
is that the number of gluons is large and exist in coherent
states with fixed phase relationships, the second is that the
representation of the quarks in the gauge group is large.
The first assumption may indeed be true; the usual
description of confined quark sources maintains that as
the sources are separated, regions of intense gluon energy
density appear between the sources (flux tubes). This
could correspond to a significant population of many
gluonic modes with correlated phases in a manner suscep-
tible to a classical treatment. However, the fact that quan-
tum chromodynamics (QCD) describes quarks in the fun-
damental representation is in direct contradiction with the
second assumption.

Nevertheless, classical Yang-Mills theories with external
sources, or classical chromodynamics (CCD), ' possess a
remarkable property which may be pertinent to confine-
rnent in the quantum theory and should not be ignored.
Studies of SU(2) CCD with source (l) have shown that
once the external source exceeds a certain critical value

3a)a~= 2

the Coulomb solution becomes unstable. Components of
the gauge potential, which were zero in the Coulomb con-
figuration, through their self-interactions produce color
which tends to screen the source and lower the energy.

This is reminiscent of the critical behavior observed in
classical massless scalar electrodynamics in the presence of
an external electric charge Q. Below ct, (here equal to —,),
the charged scalar field is zero and the gauge potential is
simply the long-range Coulomb potential of the un-
screened external charge. Once a, is exceeded, however,
the scalar field becomes nonzero, reducing the range of the
gauge potential. In other words, a charged scalar field
builds up around the external source so as to totally screen
its charge. That this scenario is consistent with a solution
of the static equations of motion has been demonstrated
by Mandula. Furthermore, this total-screening solution
corresponds to the global minimum of the Hamiltonian re-
stricted to spherically symmetric fields. Thus we conclude
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that the lowest-energy configuration of massless scalar
electrodynamics has zero total charge.

Therefore it is natural to ask whether or not the same
phenomenon occurs in CCD: Does the global minimum
of the CCD energy functional correspond to a configura-
tion of gauge potentials which totally screen external
color? While absolute confinement of quark sources is
unattainable in a classical treatment for the reasons men-
tioned above, the question of whether this remnant of con-
finement, that the energetically favored state is a color-
singlet, is addressable in the formalism of CCD. We shall
call this phenomenon, if it occurs, color confinement. In
this paper we shall attempt to determine if color confine-
ment is a property of SU(2) CCD with external source (1).

Total-screening solutions of other CCD systems may be
found in the literature, but to date these have only con-
sidered source distributions which are extended over finite
spatial volumes or do not model single fixed quark
sources. Hughes has shown, however, that the former
solutions may be gauge artifacts. This is due to the possi-
bility that, by nonsingular gauge transformatiOnss, solu-
tions with extended sources may be gauge equivalent to
finite-energy configurations with colorless sources; these
are clearly uninteresting. Thus, by working with a source
of unextended color, we avoid this inherent ambiguity of
CCD. In this regard, a point-charge distribution would do
as well were it not for the difficulty of applying boundary
conditions at the source or the linear divergence of the
classical Coulomb energy. Both problems are ameliorated
by distributing the charge over a spherical shell.

Below we search for energy minima by solving the static
SU(2) Yang-Mills equations with source (1) within a cer-
tain ansatz for the color and spatial dependences of the
gauge potential. This ansatz designates a sector of func-
tion space including the Coulomb solution (2) as well as
fluctuations about (2) which have been shown by Magg to
destabilize the Coulomb solution in the supercritical re-
gion of coupling (3). After preliminaries and a discussion
of the merits of the ansatz in Sec. II, we present our solu-
tion of the resulting equations of motion in Sec. III.
%'hile for all supercritical values of the external charge
probed a minimum of the ansatz energy functional is
found with energy 8' ~ 8'couL, we discover that the total
color of the system is always nonzero, though of subcriti-
cal value. This suggests that color confinement is not a
property of classical Yang-Mills systems. Some further
qualifications of this result and our conclusions are given
in Sec. IV.

II. THE ANSATZ

We shall assume the following ansatz for the color
dependence of the gauge potentials:

ga o =%40

ElQ ~O
pi ~

& pjkgqjk

This gives

gE'= —53 VAp+6]ApA,

gB'=5& V ~A,
The total energy of the system is

8'= f d x( —,E'E'+ —,8'8')

, f d'x(
I
~~0 I'+ l~oA I'+

I
~&« I')

2g

which we shall express in terms of the reduced energy

+couL
&COUL

Finally, the Lagrangian

L = f d'x( —,
' E'E' ——,

' 8'8' —p'A 0)

d x —,
'

VAp + —,
'

ApA

——,
'

~

V' x A
~
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may be varied to determine the static equations of motion:

—V Ap+(A A )Ap ——gp,
V' A+(Ao) A= V'(V A) .

(6a)

(6b)

Thus we see that the gauge coupling g and the source
strength Q enter the problem as a single parameter, name-
ly, a.

In a moment we shall further restrict ansatz (4) with a
specification of the spatial dependences of Ao(x) and
A(x ). However, already at this stage, the ansatz possesses
a number of desirable features which we now consider.

First, we note that by specifying the color dependences
of the gauge potential, we have already fixed the gauge in
which we work. It is possible to ascertain to what extent a
gauge has been specified by considering all (necessarily
time independent) gauge transformations which leave the
ansatz (4) and the external source (1) in the same general
form. If the operators T' form a representation of the
SU(2) Lie algebra.

[T',T "]=i@'~T',

then these gauge transformations may be written as

p'T~~ U( p'T') U

A T'~U(A'T')U

From the definition of the field strength tensor

Ip„——BpA —B~Ap+ge ApA ~,
we may extract the chromoelectric and chromomagnetic
fields via the definitions

where UH SU(2). Using (7), it is easy to show that all
gauge degrees of freedom have been eliminated save for
the transformations
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A~ —A.
%'e leave this remaining discrete symmetry intact, as it
will pose no difficulty toward the numerical solution we
undertake later.

Second, we have specified a static external source, with
p'=0. However, due to the antisymmetry of I'& with
respect to its Lorentz indices, p' must also satisfy the con-
sistency condition

gg + b~bc 0

Clearly we must have A 0 color parallel to p'.
Next we notice that the ansatz accommodates the

Coulomb solution, given by

Ao(x)=$(x)= —P aa [x[
ro l'0

where

—N'= —f d'x
I
Vf I

'.

V.A=O

r.(V XA)=0, (13)

are responsible for the instability of the Coulomb solution
at u, . Thus we supplement the specification of the ansatz
with conditions (13), implying A is of the form

T

A(x)= —g g h~ a—(TJ ()),P), ()4)r. . ' rj=l m= —j

Since, in view of Eq. (6a),f is necessarily nonzero whenev-
er A is, the theorem follows.

Magg has shown that the axial-vector modes A, satis-
fying the conditions

or

—V9=gp (9)
where

1 d
[ y( }]

5(z a)
zdz a

The solution

1, z(cx
(}()(z)= . z)a

z

is regular at the origin and possesses the finite energy
8'C~UL» i.e.»

5' =0.
Perhaps most important, the ansatz incorporates, in the

simplest possible manner, a nontrivial color structure for
the gauge potential. We have allowed for a vector com-
ponent A which admits screening solutions, as seen by
computing the total color vector Q'„,:

f(x)=f(r, &),

A(x) =A(r, g},
(15)

then we may restrict the sum (14) over m to m=O, and
drop the m index on the functions hj . This further as-
sumption also permits the expansion of f(x) in terms of
Legendre polynomials:

[J(J+I)]'" '
is a vector spherical harmonic and hj (r) is a radial func-
tion to be determined. Note that, with conditions (13), we
have broken the manifest spherical symmetry of the gauge
potentials. If, as a final assumption, we take symmetry to
be broken only along a particular axis (z ), that is, if we
take

gg;., =n; f d'x(gp —A m, )

+5'i f d x( —A. VAO} . (10)

f(x)= —g f a—F (0) .1 r
~ i=o

Together conditions (13) and (15) imply
Thus, as expected, the gauge potential itself carries color
contingent upon the existence of a nonzero A. Later we
shall further specify Ao and A so as to eliminate the
second term in this expression. In that case, all color,
source and field, lies color parallel and the occurrence of a
total-screening solution arises as a distinct possibility.

Finally we may observe that if nontrivial solutions exist,
then it is possible to show that they must possess energy
lower than the Coulomb value, that is, 8' &0:

Theorem. Given the ansatz (4), the Coulomb solution is
a local maximum of the energy.

This theorem, due to Frenkel and Ball' who utilized
ansatz (4) in a different context, follows simply from Eqs.
(5) and (6). If we define the field

f(x)=Ho(x) —Q(x),
then the proof amounts to showing that the reduced ener-

gy is negative semidefinite:

III. THE SOLUTION

Inserting (11) into Eqs. (6a) and (6b), eliminating gp via
(9), and using (13) we obtain the equations of motion for f
and A

( —V +A A)f= (A A)P, —

[V +(P+f ) ]A=0.
{I7a)

(17b)

Reexpressed in terms of the functions f~(z) and hj(z} and
using the relation (8) between P(x) and P(z), we obtain the
coupled set of nonlinear differential equations:

A V'Ao ——0.
As promised, this assures that the total color density (10)
points solely along the third direction in color space.
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and

00 OO 00

z'
z

—I( !+1) fi —g g I'j h, h,' 5y zP+ g JII »f» ——0, I )0
dZ j,j '=1 l'=0 k=0

(18a)

00 00 00

z j—(j +1)+z p hj+ g g f~ljj hj ~ 5p 2zp+ g Jp»f» ——0, J )1,
dZ l, l'=0 j=1 k=o

(18b)

where

1'
IJJ —— dQYloTjo TJ'o ~

l'»0, j,j'»1,

subject to a prescribed set of boundary conditions on I.
Let

F'+ "(z)=F"(z)+5"(z),

and

Jg» = I d 0Yjp YI 0 Y»0, /, l ', k )0 .

where I""and I'+" satisfy the boundary conditions and
6" satisfies the appropriate difference boundary condi-
tions. Then if F" is an approximate solution of (20), we
may expand to first order in 5".

(19)

establishes the validity of this approximation scheme.
[The second equality in (19) follows from Gauss's law

(17a) and the definition of f(x) in terms of the functions
fI(z) (16).]

The solution of Eqs. (18) seemingly poses a formidable
problem. Fortunately our results indicate that, for the re-
gion of coupling —', &a &8, the set of functions (fo,f2,h~)
determine 8' and a„, to a relative accuracy of better than
1%. Thus the entire complexity in solving (18) lies in the
nonlinearity of these equations. The technique we employ
to surmount this difficulty, first developed by Henyey and
%ilets, " is a functional generalization of Newton's
method for finding the roots of a, in general nonlinear,
function. We outline the method below. Let H(F;z) be a
nonlinear (differential) operator on a space of functions
F(z). We wish to solve

H(F;z) =0 (20)

Gur task is now to solve this coupled set of equations,
with appropriate boundary conditions, in a series of ap-
proximations beginning with a solution of the truncated
set of functions (fo,h ~) and including additional functions
fI and hj as the approximation is improved. Convergence
in the reduced energy 8' and total color

a„,=a—I d x(P+f)A A

fi-z l+1

hj-z j+1 (22)

as z~0, are consistent with Eqs. (18). Series expansion
analysis about the point z =0 shows that relative correc-
tions to (22) are of the order z, and so may be neglected.

Determination of the asymptotic behavior as z ap-
proaches infinity is a more difficult proposition. We
could begin with the supposition that fr falls off faster
than f~, and similarly for h~ and hI, for l&l'. In this
case, one could naively drop all but coupling to h

~
in (18a)

and fo in (18b). This yields fI and hz approximately satis-
fying the equations

H(F'+",z)=H(F"';z)+ 5"(z) .
F F(i)

This linear, inhomogeneous differential equation for 5"
can be solved by any of several standard techniques. An
iterative algorithm is thus defined; provided convergence
is achieved, the fixed-paint function I'' ' will be the
desired solution of the full nonlinear equation (20). In
practice, the method has proved to be quite stable provid-
ed the initial guess F' '(z) is "reasonable. " Stability is re-
lated to the imposition of the boundary conditions at each
iteration of the algorithm.

To apply this method to Eqs. (18), we must know the
asymptotic behavior of the functions f~ and hz. This will
supply us with the required boundary conditions. At the
origin, it is easy to see that the conditions

d 00

z
z

—1( I+1) f~ —g l»(h, ) 51Izg+ g J~&»f»;0, l &0
dz l'=0, 2 k=o

(23a)

and

d foz' j(j+1)+ zp+—
dZ 4m.

2

hj-0, j»1

(23b)

A consistent asymptotic behavior for fr o ~ and h~ in this
case is

ft —z, 1 =0,1,
—v +1/2hj-z ', j»1,
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FIG. 1. The reduced energy F as a function of the external

color a.
FIG. 2. Total color a, , as a function of the external color o:.

where vj =(j+ —,) —a„, . Note that the functions h fall
off faster the better the external source is screened.

The situation for f»i is less clear. Based on the sup-
posed approximate equations (23), involved analysis shows
that

—k(2vi —1)
f2k-&

—k(2v& —1)—1

f2k+i -z
as z~oo. These expressions may indeed be invalid, how-
ever, since we have neglected couplings in (23) of hz to fi
of the form

hIhI fI, ,

where k=
~ j—j'~. The angular momentum k, in such

instances, could be small, indicating that this coupling, as
opposed to the (Ii, ) coupling supposed above, may be a
dominant factor at spatial infinity.

To extricate ourselves from this difficulty, we shall sim-
ply adopt the following boundary conditions:

—v +1/2
J z

(24}

as z~oc. It is possible to show that if we integrate the
equations out to sufficiently large z, the particular boun-
dary conditions we apply are unimportant. '

Our final results for 8' and a„, for 2 & a & 8 are
presented in Figs. 1 and 2, respectively. As mentioned
above, these results, involving a truncated calculation in-
cluding only the functions fo, f2, and hi, are in relative
error by less than a percent. Numerical difficulties associ-
ated with the slow falloff of fi 0 z preclude consideration
of the range a, = —,

' &a &2. Nevertheless extrapolation
from a=2 to a, in these figures is self-evident.

From Fig. 1 we see that for all a probed, 8' &0. In ac-
cordance with the theorem above, we have therefore deter-
mined, within the context of the ansatz, energy minima
corresponding to gauge potentials of truly nontrivial,
non-Abelian nature.

However, while these configurations screen the external
source, they do not color confine (Fig. 2}:for all values of
a examined, no a„, is identically zero. Instead, a„, is re-

duced to subcritical (&a, ) but finite values. This partial
screening of the external source is the primary result of
our work. ' In the next section we qualify this result,
which appears to infer that color confinement, that is, to-
tal screening of an external source, is not a property of the
CCD ground state.

IV. CONCLUDING REMARKS

The ansatz [Eqs. (4), (13), and (15)] for the gauge poten-
tials, while not obviously restrictive UIs-a-Uis a classical
description of color confinement, is still of limited color
and spatial structure. While we have determined energy
minima (one for each value of a) within the function space
of the ansatz, these do not, of course, necessarily corre-
spond to the minima of the full CCD energy functional.
Indeed, the true minimum may lie connected in function
space to the solution we have determined here by paths
which monotonically decrease in energy. This possibility
may be tested by performing energy stability analysis'
about our solutions, an involved task we have not per-
formed.

Because of the spatial dependence of the ansatz, the
gauge field contribution to the total color (19) is spherical-
ly asymmetric. One may argue that total screening of a
spherically symmetric source would be difficult to achieve
with this restriction. We point out, however, that the
gauge color density is a gauge-variant object [cf. Eq. (7)],
so that spherical symmetry is not a priori requisite.

A more likely possibility is that our solution corre-
sponds to a true local minimum of the full energy func-
tional, but nevertheless is not the global minimum. By
construction we have determined the closest minimum to
the Coulomb solution in function space. We cannot pre-
clude the existence of another minimum of lower energy.

In this regard it may be interesting to consider the alter-
native ansatz due to Witten. ' It describes, within gauge
transformations, a spherically symmetric gauge potential
which couples, in a nontrivial fashion, jLorentz and color
indices. It is possible to show that the sector of function
space delineated by this ansatz excludes the Coulomb solu-
tion. Furthermore it incorporates quartic interactions of
the spatial components of the gauge potential A, a feature
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which appears to be associated with the total screening ob-
served in classical Yang-Mills systems with an infinite
plane of color. ' A study of this alternative, with source
(1), is currently underway.

While this manuscript was in preparation, we learned of
similar work by J. Mandula, D. Meiron, and S. Orszag, '

who determined the static axially symmetric Yang-Mills
potentials generated by an external point source. In spite
of the different source distribution, our values of a„, are

in accord with their results for the total effective charge at
spatial infinity.
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