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We compute up to and including all the ¢ ~2 terms in the dynamical equations for extend-
ed bodies interacting through electromagnetic, gravitational, or short-range fields. We show
that these equations can be reduced to those of point particles with intrinsic angular

momentum assuming spherical symmetry.

I. INTRODUCTION

The dynamical description of a many-particle sys-
tem requires the use of many variables depending on
the degrees of freedom of the system and the
dynamical theory used. When a system of structure-
less particles is clumped into subsystems whose di-
mensions are much smaller than the distance among
them (finite-size bodies) the motion of these bodies
can be considered ignoring to some extent their
internal structure and the number of variables is re-
duced drastically.

In this series of papers we have investigated what
are appropriate dynamical variables for one such
description, under which conditions it holds, and the
dynamical equations governing such variables
within the framework of predictive relativistic
mechanics (PRM).

We can now take a closer look at the problems
that have been considered and the ones that have
been left.

In the previous papers!? (hereafter referred to as I
and II) we have shown that the dynamical descrip-
tion of interacting spherical bodies can be given by
using the mass, center of mass, velocity, and the
spin of bodies as variables. Our results within the
slow-motion approximation were developed only for
two long-range interactions (electromagnetic and
gravitational) and neglecting nonlinear terms
(second order in the coupling constant). In general,
however, the static nonlinear terms are of order ¢ ~2
and they must be considered in a slow-motion ap-
proximation scheme.

In this paper we shall take up the two problems
just mentioned. First, we will apply the method to a
short-range interaction such as the scalar short-
range interaction. Second, we will include the non-
linear terms and will study whether their inclusion
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requires the use of new dynamical variables or not.

The plan and contents of the paper are as follows:

In Sec. II the scalar short-range interaction is con-
sidered including the two possible theories which are
characterized by a parameter ¥ (y=0,1). We first
deduce, in the framework of PRM, the acceleration
for a system of pointlike particles interacting via a
short-range field including all the ¢ ~2 terms. They
are the starting point for the evaluation of the
dynamical equations of the finite-size subsystems.
For the y=1 theory the acceleration agrees with the
acceleration that can be deduced from the Bopp La-
grangian® which does not include quadratic terms in
the coupling constant. Our results include as a par-
ticular case those of Bel and Martin* for a two-
particle system.

In Sec. III we make use of the results for pointlike
particles to evaluate the quantities H;, P;, J;, and
K; for a body i (i =1,2) and the equivalent set of
variables M;, X;, V;, and S; which were defined in
paper I and have the physical meaning of the mass,
center of mass, velocity, and spin of the bodies. The
dynamical equations for these variables are then
evaluated up to the order ¢ ~2 in the linear approxi-
mation, assuming that the range of the field, u~!, is
larger than the dimension of the bodies. Some pecu-
liarities of the interaction are that although the ac-
celeration of the center of mass of a body has depen-
dence on the spin S;, it has no direct dependence on
the “magnetic” moment, [i;=¢€%,T,XV,, and it
contains no spin-spin terms. These are features not
shared by the electromagnetic and gravitational in-
teractions. This may be explained by the fact that
being a scalar interaction the coupling with the spin
is weaker than in vector or tensor interactions.

In Sec. IV a Lagrangian formulation is given
which describes the short-range interaction of finite
size bodies. The construction of the Lagrangian can
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be made if a coordinate transformation is performed
from the “physical” coordinates mentioned above to
some ‘“‘canonical” coordinates. A similar coordinate
transformation has been studied by Bel and Martin®
for the electromagnetic interaction, by Barker and
O’Connell® for the gravitational interaction, and also
in paper II.

Finally, in the last section we consider the non-
linear terms in the coupling constant for the three
interactions considered. The main difference from
the linear terms is that they give rise to terms of
self-energy and their derivatives which prevent a
multipolar development. However, they can be
properly included in our scheme without the need
for new dynamical variables. Their role is some-
what different for each interaction.

For the electromagnetic interaction the self-
energy terms cancel each other. The remaining non-
linear terms are identical to those for the interaction
of pointlike particles.

For the gravitational interaction the situation is
different since the self-energy terms do not cancel.
However, “renormalizing” the mass of the bodies at
the ¢ 2 order by including their self-energy, we ob-
tain results for spinless bodies that are also identical
with those for pointlike particles. This result is
similar to that from the parametrized-post-
Newtonian (PPN) formalism for extended fluid
spheres.’

For the scalar short-range interaction, y=1
theory, a similar result to the gravitational case is
obtained renormalizing the scalar charge. However,
for the y=0 theory the renormalization is not possi-
ble and the dynamical variables proposed are not

J

sufficient for the description of this interaction up
to the nonlinear terms.

In conclusion, the ten dynamical variables
describing the mass, center of mass, velocity, and
spin of finite-size spherical bodies can be used to
describe the dynamical interaction among bodies
under the electromagnetic, the gravitational, and the
scalar short-range (y=1) interactions including all
the effects in the slow-motion approximation (in the
framework of PRM).

Similar formalisms for the electromagnetic in-
teraction, although in a quantum context, have been
studied by Krajcik and Foldy®® (see also references
in paper I). For the gravitational interaction we
should mention the works by Barker and
O’Connell'® and references therein.!!"1?

II. THE SHORT-RANGE SCALAR INTERACTION

The short-range scalar field is defined as the solu-
tion of the Klein-Gordon equation

(O—p?)@(x)=4mp(x) , 2.1

where [01=23"9, and p ! is the interaction range. We
use signature + 2, and c =1.

A pointlike particle with scalar charge e is the
source of a scalar field whose charge density is given
by

por=c [ " drd'x —g(r)] ,

where ¢%(7) is the world line of the charge. The
Klein-Gordon equation can easily be solved with
this source term and under suitable boundary condi-
tions one finds

J(u[—yHm)]V7?)

D(x%e)=e 1eF "1 u? f_+°° d76[e(T—7)]

where

yHr)=x*—¢%T) ,

P=—[x =g Mpa(h), =2,

0 is the Heaviside step function, € takes only the
values —1 or -+ 1 for the retarded or the advanced
solutions, respectively, 7 is the value of the parame-
ter 7 for which the world line of the particle inter-
sects the light cone with vertex at x%, and J; is the
Bessel function of the first kind and of the first or-
der.

The motion of a particle of scalar charge e and

[_yZ(T)]l/Z s

(2.2)

I
mass m submitted to a scalar field ®(x) can be
described by means of the dynamical equation

du®
dr

b

e ad
= ——1 —1¢.ao a, o
[14+yme®(x)] (% +u®u )ax"

(2.3)

where y can take the values O or 1 only. There are
therefore two different dynamical theories.

As the Klein-Gordon equation is linear the field
produced by a swarm of particles is the linear super-
position of the fields produced by each particle and
Egs. (2) and (3) are the only ingredients needed from
classical field theory in order to build a predictive
model for the scalar interaction.*
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The technique required is standard'® and will not
be explained here. It is well known that if a formal
series expansion in powers of the products of the
charges is used for the acceleration £J such as

§:= 2 gné—g(n) (gEeaea’)
n=1
the problem posed has only one solution which in
our case turns out to be at first order

1+l‘”‘aa’
3

e
(1) a '
gg = eaea'
m

a Yaa’

—ur,,
Xe “ [x:a' +Saa'u:+(xaa"ua’)u¢;l] »

where £2!) is the four-acceleration of the a particle

due to the action of the a’ particles (a's4a), u, is its

four-velocity,
xor=xg—x2 ,
raa’E[xaa'z"*'(-’Caa"ua')zll/2 s

Saar =(Xgg g )+ (Ug ug N Xgqug) .

The dot represents a scalar product in Minkowski
space and €* indicates summation for the @’ index.
This expression is, as one expects at this order, a
linear superposition of two-body expressions like the
one given by Bel and Martin.* Restoring ¢ in this

expression and keeping terms only up to order ¢ ~2,

(2.4) we find for the three-acceleration
|
X e , “HXaa! Vg2 (RgaVa)? | .
giV—_%a a, € . l (1+pxg) [1——5 ]—(3+3ﬂxm'+ﬂZXaa’2 “ =5 | %
a Xaa' c 2¢“X 44
- Lz( 1 +#xaa')(_X’aa’.Va')(U; _val') ] ’ (2-5)
c
Xag'= l 3(aa’ I

Using elementary dimensional analysis the following two results can easily be proved:

(a) Only the g and g2 terms can contribute to order ¢ ~2.

(b) The contribution of the g2 terms does not depend on the velocities of the particles.

Therefore the complete expression for the three-acceleration up to terms of order ¢~

2 can be found using

only the next-order term (g?) in the series expansion. The calculation of the g2 ~2 term can be easily done if
we take the limit V,—0,V,—0 before the integrations are performed. This is allowed by the second result

stated above.

Using the standard procedure a straightforward but somewhat tedious calculation gives'

4

—ux, . — X,
i(2) 1 & " g e H¥aa 1'*"I-"xaa' e H¥aa i 1+”xa'a"
a, =—— € e? eye n T 12ves Xoa' +eg——3—
2c° m, Xaq' Xaa a Xa'a"
o Mraa” ) w
X [(1+pxae ) (Xag Xara)X ag —Xaa"Xa'a"] [ - (2.6)

'

a

The values of a’ and a” are restricted by the obvious condition that the right-hand side of this equation can-

not be singular.

We find here the two-body terms, already found by Bel and Martin* and three-body terms as was expected
owing to the nonlinearity of the equations of predictive relativistic mechanics.
Equation (2.6) when added to (2.5) gives the complete acceleration up to ¢ ~2 for a system of interacting par-

ticles.

III. EQUATIONS OF MOTION

Using the general procedure given in I we can calculate H;, is,-, Tfi, and I-{i up to terms of order ¢ ~2. The re-

sultis (i =1,2)
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2 1 2 3 4 1 ’ e_MM’
H;=€"mgsc +€ | 7mav, "+ ——5mav," | — 7€ egep——
8c aa’
, THxaa 1+4+uxg,
—'Lzeaéaeaea’g—__ Ua2+va’2—‘va'va' —L;l(iaa”va)(iaa"va’)
4c aa’ Xaa'
l — o0 —
+(1=n=5 [T dARMNETT,V,) (3.1)
c
- o1 - 1 oo e M| l4uxgy e o e
P=¢€" maVa-l-—z—C?m,,v,,zva -Fe“e“eae,,:——'— Vot Vot — S (Rag Vo) + (X Vo) 1% g
aa aa’
1 =0 —
+(1=7)— [, TarRMe,) (3.2)
3 - 5 1 > 1 o, , e o o o MHexe
J=€ X, X m,,va+5£3m,,v,,2va —Eé—z-eaeaeaea: . Xa X |2V —V, xa,,'aa aa"Va)Xaq
1 - =
+(1=7)= [, TaARMNeR x1T,) (3.3)
— 2 = 1 ’ e_'uxaa'_’ 1 — 0 — —
Ri=e lmg 145 50, % | = seeegey &%, —(1—1)— I, “duRw) [T dARQETT,),
aa
(3.4
where
2 —HXgq aa
e , e e . €q1€ 14ux,, —ux .
H,=—"€¢, |— +e" = F¥aa e "R . (3.5)
m, Xaq’ Xaa” xaa'3

and where the operator R (A) is defined by
RAf (X, V)=F(X+AV,V) .

The y=1 theory contains only terms up to order g/c?, and in this case the expressions can be derived from
the Bopp Lagrangian.

These quantities can be used, as was explained in I, Sec. VIII, in order to define the mass of each subsystem

H? PP 172
M= |——— (i=1,2) (3.6)
c c
The center of mass is
=0 HiKi‘PixJi"—E_/_c—z- (i=1,2) 3.7
and the spin is
3= H; i I_{,-Xi;i (ﬁlil)il
= MiC2 ! Mi

_ i =1,2) . 3.8
M;(M;c*+H;) ( ) (3-8

The derivatives of these expressions can be easily calculated using the method described in II, Sec. III, or
directly. Retaining only the terms linear in the coupling constant up to order ¢

)
dM,

we find
=0 ,
dt

(3.9
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ds, 1 e MR s 1010 & o o
a2 R (1+pR) {(RVIQo i1+ M, (RXV)S; i, (3.10)
d*X, Q10Q; ¢—HR V,? RV |,
=— (14uR) [1——— | —(3+3uR +3u’R)——— [R—— RV
dr? M, R® +u 2 (3+3uR +3u“R7) 2oIR? R c2(1+/J,R)(R V,)V
1 Q102 e—#R o = poy BV
2 mp g |VTHRIVXS—GH3uR+WRIZ RS (3.11)

Where Q; and Q, are the total scalar “charges” of
subsystems 1 and 2, respectively,

ﬁ’lzeaea?a XWn ’

T, and W, are the positions and velocities of the
particles belonging to system 1 measured from its
center of mass,

V,EE&=—§1 S ]
t 2¢? M?
——c%%?(lwmiix %sz— QA‘JQ12§1 ,
R=X,-X, ,
and
V=V,-V, .

Exchange of labels 1 and 2 gives the equations for
the mass, spin derivative, and acceleration of system
2.

The assumptions under which those equations are
derived were explained in II, Sec.Il and they are
essentially quasispherical symmetry and rigidity for
the subsystems as seen in its center-of-mass frame.
The technical consequences of these assumptions
were discussed in the above reference.

To get a closed system of dynamical equations,
one more assumption is needed. Usually one as-
sumes a linear relation between the “magnetic”’ mo-
ment and the spin such as

Q) 2

—S, . 3.1
M, 1 (3.12)

w1=81
Using the expression in (3.10), we can show that
the system of equations (3.9)—(3.11) becomes a
closed system of dynamical equations.
The acceleration (3.11) has spin-independent

—MR §1'(§XV1) §2(§XV2)

T
terms which are the same as for pointlike charges
and several spin-dependent terms. However, it has
no ‘“‘magnetic”’-moment-dependent terms nor spin-
spin-dependent terms, a peculiarity not shared by
the previously studied interactions.

In fact, the “magnetic” moment only appears in
the spin equation.

IV. LAGRANGIAN FORM OF
THE EQUATIONS OF MOTION

As we did for the electromagnetic and gravita-
tional interactions we have investigated the possibili-
ty of deriving Eq. (3.11) from a Lagrangian.

We find here a similar result. The spin-
independent part of the acceleration can be derived
from the Bopp Lagrangian® hereafter abbreviated as
£ g. Moreover, since Eq. (3.11) can be written in
the form

d |= 1 Q192 ¢—HR = = -
ar Pw-‘:{‘—‘l_‘?‘(l'f‘#R)RXSl =Fip ,
4.1)
where
= 0Ly - 0.%5
P = — b F = — >
1B v, 1B 2%,

it is clear that no Lagrangian can be constructed for
this interaction using the X; variables. However, as
we previously found in II, using, instead of the
center of mass X;, the new variable center of spin
Z;,

1 vi X§i
2C2 M,' ?

e

2i=Xi+

(4.2)

the resulting equations of motion can be derived
from the following Lagrangian:

1 e
L=Lpg+— ——(1+4+uR
B 2c2Q'Q2 s (1+uR) M,

M, > (4.3)
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where now l—iszl—iz and Vi Ea’Z /dt.
A Legendre transformation now gives the following Hamiltonian:

1 e“l‘R _§1(_RX§1) §2‘(—RX_I;2)
H=Hy— 0,0, (14uR) - , 4.4
B 2C2Q1Q2 R3 +I‘L M12 M22 ( )
where
is,'E'Qt_‘_?' .
v,

V. SECOND-ORDER TERMS

In order to complete our study of the interactions among extended bodies, including all the terms up to order
¢ ~2, the contributions quadratic in the coupling constant must be taken into account.

Their computation needs the knowledge of the accelerations for structureless particles up to and including
those terms. The expression for the scalar interaction has already been given in (2.6). Using the Darwin La-
grangian for the electromagnetic interaction and the Einstein-Infeld-Hoffmann Lagrangian for the gravitation-
al interaction, we find

2 — =4 —
(2) 1 € + g €a’ €a” Xaa'" Xa'a” _, Xa'a"
a, =— € 2 3 3 aa't 3 (5.1)
2 mg c'mgy Xaa" Xa'a” Xaa'Xa'a
and
2 G? g g 4iaa' Xaa Xa'a” Xoa’ 7 Xga»
a, =—Zéa € mgmg: | —3—— 1— 2 3 —Z 3 ’ (5.2)
c Xaa' Xga" 2xa'a" Xa'a"Xaq’ Xaa'Xq'q"”

respectively. The values taken by a’ and a’’ are only restricted by the obvious condition that the denominators
cannot be singular.

Using the standard procedure given in I we can compute the complete expressions for the ten generating
functions H, P, J, K. The results for the scalar interaction have already been given in (3.1)—(3.4).

For the electromagnetic interaction the expressions (4.1)—(4.4) given in II for these functions need not be
modified, because there are no g2/c? contributions. For the gravitational interaction only the first of the ex-
pressions (5.1)—(5.4) given in II suffers a correction of order G*/c?%:

H(12)=_6aea’ea“ a™a" . (5.3)

The complete expressions must now be introduced in the definitions of f(,-, §,~, and IVIi, and the derivatives of
these quantities must now be calculated taking into account the terms up to order g2/c2.

It can easily be seen that the expressions for M; and S; are not modified for the three interactions considered,
therefore the Egs. (3.9) and (3.10) of this paper, (4.17) and (4.18) of II, and (5.21) and (5.22) of II do contain al-
ready all the terms of order ¢ ~2. Only the equations giving the accelerations are modified. Let us examine in
detail how these modifications arise.

From
dX, EV1=—T1 1— P +a"(12)aX‘ (5.4)
dt 1 2M %c? SR
we find
- , - N, -
Klzd;:‘ =A;1 1—2;;:202 d;l *2:12 Al;llz d;:‘ Al;l < aé(l,Z)ZZ.l ] (5.5)

and only the first term on the right-hand side can give contributions to the g2/c? terms. These terms arise
from

dP,(g/c?)

. (5.6)
M

— =€ al(1,2) | m,8i+ Ei—mavazﬁH%mavaf”é ] +ea,(1,2)

2 c
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We shall not make here the detailed calculations
of these expressions, which are rather cumbersome,
but we shall indicate how these terms can be han-
dled. We find two general types of terms, those that
can directly be written in terms of the variables we
have been using as, for instance,

2 L mygmemg X 2 R’
G goerrer TaT MaZat G pp pp,2 R
c X4 Xga” G R
and those that cannot be analyzed through a mul-
tipolar development as

eaeAm“m" e . (5.7)

C l’aA aa’

We have borrowed our examples from the gravita-
tional interaction but the same problem arises in the
electromagnetic and scalar cases and the terms are
formally analogous.

What we have proved is that assuming spherical
symmetry and uniform charge distribution all the
terms belonging to the second class can be written as
functions of M;, R,, and U;, were U; are the self-
energies of the extended bodies (see the Appendix
for more details). It must be noted that these as-
sumptions are by no means additional assumptions.

We shall now analyze the results for each interac-
tion, the expression for the second-class terms as
functions of M;, R;, and U; being given in the Ap-
pendix.

A. Electromagnetic interaction

Once we have added all the g?/c? terms, the
terms containing self-energies cancel each other and
we find

2 2 =
AP_1 Q170" R (5.8)
C2 M1M2 R4

The complete electromagnetic acceleration up to
order ¢ 2 among extended bodies is thus given, add-
ing (5.8) to (4.19) in II. In fact (5.8) is identical with
the g2/c? term giving the acceleration for pointlike
scalar particles as can be seen from (5.1).1

B. Gravitational interaction

In this case there is no cancellation and we find

—

—(2) 2
MAEP-GC ——(5M,M > +4M M, )%
c? R
G R

However, the terms containing the self-energies can
be reabsorbed in the Newtonian term, defining the
effective masses as

Mo=M, |14 -2
e M;c ’
where
M 2
U; :-— _—,
i

r;=radius of mass M; . (5.10
We are left with the contributions

—(2) 2 -~ . R

A= (sit, i, +4M22)—§7 (5.11)

c

which have to be added to (2.23) in II to get the
complete accelerations up to order G2/c?, substitut-
ing 1everywhere M; by the “renormalized” masses
Mi' 5

Therefore the dynamical variables proposed can
handle the problem. We need only shift the value of
M; to M; which will be the physical mass and to the
expression we gave in II, there is only a contribution
which is the same as for pointlike particles.

C. Short-range scalar interaction

Case y=0. This dynamical theory differs from
all the previously studied cases in that the
variables M;,X;,S; are not sufficient to describe the
dynamics of extended bodies. The terms containing
the self-energies of the bodies do not cancel and
their lack of symmetry prevents their absorption in
the Newtonian terms. In this theory the self-
energies must be introduced as new dynamical vari-
ables and the scheme proposed breaks down.

Case y=1. This dynamical theory is similar in its
behavior to the gravitational interaction because the
terms containing the self-energies appear symmetri-
cally and can be reabsorbed in the Newtonian terms,
if we redefine the charges in the following way:

, U= 307 (5.12)
S5 r

Qi =0Q;

+
M, iC 2
This procedure gives the following g2/c? terms:

N .20 2
2@ 1 Q17Q," e ~R

A= 2

M, MR
(5.13)

-

R

2¢? mg

(14+uR) | £

which must be added to (3.11) in order to get the
complete ¢ ~2 expression substituting everywhere Q;
by the effective charges 0;.
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D. Order-of-magnitude estimates

When the g2/c? terms we have just calculated are
added to the post-Newtonian terms given in (4.19)
and (5.22) of Ref. 2, or (3.11) of this paper, we can
claim that we know all the ¢ 2 terms of the ac-
celeration. At this point it may be interesting to
make some estimates about (i) the validity of the ex-
pansion, (ii) the relative order of magnitude of the
different terms.

In spite of the fact that we have been using quite
independently coupling-constant expansions and
low-velocity expansions, a close look at the expres-
sions we have found reveals that they can be con-
sidered as expansions in powers of the following di-
mensionless parameters:

Q2

mc?R

(electromagnetic and scalar

interactions) ,

(gravitational interaction)
¢?R

The quantity p=Q?2/mc? can be safely bounded
for ordinary matter and electromagnetic interaction
by 10%, where 7, is the classical electron radius
whereas GM /c?=2rg, where rg is the
Schwarzschild radius. Therefore the expressions we
are using can be safely used in the classical domain
as far as 10°,/R or rg/R are small quantities,
which covers a wide variety of situations.

The relative order of magnitude of the different
terms appearing in the accelerations can be estimat-
ed factoring out the factor Q,Q,/M (—GM) from
the whole expression. Putting aside the Newtonian
term, which is of course the most relevant one, we
have to weight terms which are purely S2=v?%/c?
dependent, spin-orbit terms containing the product
Bl(go/cR), where o is the angular momentum per
unit mass, spin-spin terms containing the product
(go/cR)?, and the terms originated by three-body
forces characterized by the factor Q;Q,/Mc’R
(GM /cR).

The relative weight of the first and the last can be
evaluated for bound states via the virial theorem. In
this case they are the same order of magnitude

00>
Mc?’R

GM
¢’R

BZ

Therefore the effect of three-body forces cannot be
neglected at this order (¢ ~2).

The spin-orbit terms are usually smaller, and ele-
mentary calculations prove that a necessary condi-
tion for those terms to be of the same order as the B2
terms for gravitationally bound bodies is that r ~R
which is out of the range of our approximation.
More information about this point can be found in
Refs. 10 and 16.
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APPENDIX

We give here a list of the result that the
spherical-symmetry assumption provides for the
gravitational interaction G? terms:

mgmy, ., mgy R
gt e o M Iy R )
raA Yaa’ 3 R
moymy, Mg R
et e e e oMU R (A2)
"aA3 g’ R3
m,m, cmg — 1 ﬁ
e’ :As [ea a,3 Taq'"Tqy ]faA—’?MzU1F
a. aa
(A3)
mym , Pt R
et A o ma,“_a:/,éA_,iMzUILS
Yaa Yaa’ 3 R
(A4)

Similar results can be proved for the electromag-
netic and short-range scalar interactions.

IX. Fustero and E. Verdaguer, Phys. Rev. D 24, 3094
(1981).

2X. Fustero and E. Verdaguer, Phys. Rev. D 24, 3103
(1981).

3F. Bopp, Ann. Phys. (Leipzig) 38, 345 (1940); 42, 573
(1943).

4L. Bel and J. Martin, Phys. Rev. D 9, 2760 (1974).

5L. Bel and J. Martin, Ann. Inst. Henri Poincaré A 36,

231 (1981).

-

6B. M. Barker and R. F. O’Connell, Gen. Relativ. Gravit. -

5,539 (1974).

7C. W. Misner, K. S. Thorne, and J. A. Wheeler,Gravita-
tion (Freeman, San Francisco, 1973).

8R. A. Krajcik and L. L. Foldy, Phys. Rev. Lett. 24, 545
(1970).

9R. A. Krajcik and L. L. Foldy, Phys. Rev. D 10, 1777



28 INTERACTION AMONG SYSTEMS OF FINITESIZE ... . IIL.. .. 333

(1974).

108, M. Barker and R. F. O’Connell, Phys. Rev. D 12,
329 (1975); Gen. Relativ. Gravit. 11, 149 (1979).

11G, Boérner, J. Ehlers and E. Rudolph, Astron. Astro-
phys. 44, 417 (1976).

12C, F. Cho and N. D. Hari Dass, Ann. Phys. (N.Y.) 96,
406 (1976).

131,. Bel and X. Fustero, Ann. Inst. Henri Poincaré A 25,
411 (1976).

143, M. Carretero, U. A. B. report (unpublished).

15Those results agree with those presented by B. M. Bark-
er and R. F. O’Connell, J. Math. Phys. 18, 1818 (1977);

19, 1231 (1978). These authors introduce a canonical
transformation depending on a parameter in order to
compare with the various field-theoretical derivations
of the potentials giving rise to those terms. Our results
correspond to a zero value of the parameter both in the
gravitational and the electromagnetic case. The above-
mentioned paper contains a detailed discussion of this
point and supplies also the corresponding references for
the field-theoretical derivations of the second-order
contributions.

16R. F. Connell and S. N. Rasband, Nature Phys. Sci.
232, 193 (1971).




