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Classical cross sections for relativistic spinning particles
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We propose a definition of classical differential cross sections for particles with essential-
ly nonplanar orbits, such as spinning ones. We give also a method for its computation. The
calculations are carried out explicitly for electromagnetic, gravitational, and short-range
scalar interactions up to the linear terms in the slow-motion approximation. The contribu-
tion of the spin-spin terms is found to be at best 10 times the post-Newtonian ones for the
gravitational interaction.

INTRODUCTION

There is a growing interest in classical models of
relativistic particles possessing an internal structure.
The main examples are extended bodies' and
point particles with internal degrees of freedom such
as spin, '6 Yang-Mills fields, and even supersym-
metric (Grassmann) particles.

All those models share the property that the
motion of the particles cannot be constrained to a
plane in general. This is also the case for scalar par-
ticles provided that the interaction is not parity in-
variant, as occurs in charge-monopole systems. As
a consequence of this, the differential scattering
cross sections may depend on the azimuthal angle,
and one cannot simply use the standard foriuula

do 1 db

dQ 2 d cos8

without disregarding that dependence.
The main purpose of this paper is to propose a

coherent definition of the differential scattering
cross sections for those cases, together with an
operative computation procedure. This is dealt with
in the first section.

The next step is, as usual, to apply the ideas just
developed to specific interactions. A crucial point
in the method is the computation of the outgoing
velocity of the incoming particles, where we have
used the tools provided by predictive relativistic
mechanics. The method has been applied to elec-
tromagnetic, gravitational, and short-range (scalar)
interactions, the results being displayed in the
second and third sections. A comparison with
analogous results in the literature is also given.

I. CROSS SECTIONS FOR SPINNING
PARTICLES

Let us recall the well-known concept of differen-
tial cross section for the scattering of classical (non-
quantum) particles. In a classical scattering experi-
ment, a beam of particles is sent toward the target
and the flux scattered in a specific direction is
counted. This means that the incident particles do
not have a fixed impact parameter b nor a fixed az-
imuthal angle a (we take the incident direction as
the z axis). Nevertheless, we shall assume that the
other dynamical variables such as the energy, the
spin, etc., have the same value so that all the parti-
cles in the incoming beam of transverse area

der =bdbda

shall go into the specific infinitesimal outgoing cone
of solid angle

dQ=dgd cos9 .

The angles 8 and P are connected with b and a via
the dynamics of the interaction considered. This
leads to the following expression for the conserva-
tion of the particle number:

Nbdbda=N dQ,

where N is the incident flux and do/dQ is, by defi-
nition, the differential cross section, that is, the
number of outgoing particles per unit time and solid
angle normalized to the incident flux. That is, ac-
cording to (1.1)
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do 1 a(b', a) 1 a( cos8,y)
dQ 2 a( cos8$) 2 a(b2a)

(1.2)

where a(, )/a(, } stands for the Jacobi deterxriinant.
This expression reduces to the standard one'0

do 1 db
dQ 2 d cos8

(1.3)

if the incident azimuthal angle a coincides with the
outgoing one P. This coincidence always occurs in
the nonrelativistic case for parity-invariant interac-
tions between scalar particles. Arens" extended this
result to the relativistic case whenever the interac-
tion is described by means of a system of second-
order differential equations, as the motion occurs
then in a plane.

This result does not hold when one considers
more general cases such as charge-monopole systems
(which are not parity-invariant) or spinning parti-
cles. In those cases the full content of expression
(1.2) must then be used and the expression (1.3) is
recovered only if one averages (1.2) over P, which
amounts to disregarding the azimuthal dependence
of the differential cross sections. 9

One way to obtain the relationship between the
"incoming coordinates" (b,a) and the "outgoing"
ones (8,$) is to compute the outgoing velocity v,„,
in terir|s of the incoming variables. To this end, we
shall consider the following quantities: let k be the
unit vector in the incident direction k=(0,0, 1); let
b=b(cosa, sina, 0} be the "impact vector. " The
identities

k'vo„t ——
I u«i I

cos8, (1.4a)

b v,„t b
I u«, I

sin8——cos(P —a), (1.4b)

( bx k ).v,„,= b
I u«, I

sin8—sin(P —a), (1.4c)

provide us with the desired relationship.
It is useful, however, to express the differential

cross section in teriiis of the outgoing coordinates
(8,$) rather than in terix|s of the incoming ones
(b,a), as would result from (1.2) and (1.4). The in-
version of (1.4} raises two different problems. The
first is a conceptual one: it is clear that, (b,a) given,
one must always obtain a well-defined result for
(8,$) (unless the incoming particle is captured) but
the converse is not true in general because particles
which have been sent to the target with different im-
pact vectors may emerge along lines with the same
slope; this is a well-known fact in classical scattering
theory and it is associated with phenomena such as
orbiting, glory, and rainbow scattering. '0 The multi-
plicity of incident configurations associated with the

II. COMPUTATION OF THE OUTGOING
VELOCITY

As in scattering problems only asymptotic config-
urations matter, it is useful to characterize them in a
standard way. We will say that a generic configura-
tion is an incoming (outgoing) one if the value of
R V approaches —Do (+ 00 ) where R and V are the
relative positions and velocities, respectively, of the
particles. This suggests the definition of a "shift
operator" R(A, ) as

R(A)f( x~, v ,bS)=f( x~+A, v~, v bS, ), (2.1)

where a, b, c are particle indices. It has the proper-
ties

R(A, )R(p) =R(A, +p),
R(A, )u, k

——u, kR(A, )= R(A, ) .
ax, ax,

(2.2)

(2.3)

Let us consider a function f of the dynamical
variables ( R, v„Sb) corresponding to a generic con-
figuration. One can easily obtain the asymptotic
foixris of f, valid for incoming (outgoing) configura-
tions only:

f+ —= lim R(A, )f(R, v„Sb) .
A.~+ oo

(2.4)

We will search out a constant of the motion K such
that K+ equals v in order to establish the numerical
balance equation X+ E. This method is——in'spired

by the one proposed by Lapiedra et al. '2

We shall restrict ourselves to relativistic interac-
tions which can be described by the following sys-
tem of equations:

2 ~

dt
=a (R, vb, S,), (2.5a)

dt
=p, ( R, vb, S, ), (2.5b)

same dispersion angles is due to the identification of
the deflection angle 8 with 8+2mn. where n is the
number of circular trips around the target. This
problem may be overcome if we restrict ourselves to
large enough impact paraineters such that in any
case n =0 and the relationship (1.4) between (8,$)
and (b,a) is one to one.

The second problem is a technical one. It is illus-
trated by the short-range case treated below where
transcendental functions appear in (1.4) so that the
explicit inversion is not possible even in the case in
which (1.4) is one to one. This forces us to make a
choice between an explicit expression of der/dQ in
teillis of the incoming variables or an implicit (or
numerical) one in terrlis of the dispersion angles.
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lim R(A, )(A, a, )= lim R(A, )(A, P, )=0. (2.6)
A,~+ oo A~+ 00

For such systems, the two conditions required before
sre written

as can easily be seen using (2.3) and (2.6). The bal-
ance equation then reads

d - ; 8K BK BK

lim R(A, )K=K+ ——v,
A, —++ 00

and are equivalent to the integral equation

K( RvS)a=, v+ f dkR(A)
r

(2.7a)

(2.7b)

v,„,= v+ j| dA, R(A, )

Bvb BS

(2.9)

BU2I BS

(2.8)

or, using (2.8),

v,„,=v;„+ f dlR(A)a(R, va, S, )+ f d), R(iL) aa, ~P,' . Jl dk'R(ii')a +.
Ub

(2.10)

where the suffix "in" has been suppressed for simplicity in the integrals.
Let us take, for instance, the accelerations given in Ref. 4 for the electromagnetic and gravitational interac-

tions, that is
'~

dvi
dt EM

QiQ2 R
m(

QiQ2

m~c R
3 (R v2)

R
—vi —— R—( R.v&)V

Q) 3 (R.V) 3 (RXV) P
3

V XP 2
—

2
R XP 2m)c R R

Q2 - 3 (R V)- 3 (RXV) P&-+ 3 VX)M i
——

2 RXP, i
——

2 R
m~cR R R

QIQ2
V S 3

R V R S
m cR3 R

(R.Pi)(R P2)+ ( R P ))@2+(R.P2)P )+( P ) P2)R —5 R
4m)c R R

(2.11a)

d vi
dt G

Gm2 Gm2R-
R c R

3 (R v2)~
+

2V —vi —— R—( vi+3V).RV
2 2

G (R V) (RXV) S2
2R 3 4VXS2 —6 RXS2—6

R 2
R

Gm2 ( R.V ) ( RX V ).S)
3VXSi —3 RXS)—6 R

m~c R R R

3G ( R.Si)( R.S2)

m, c'R' ( R.S))S2+(R.S2)S)+( S).S2)R—5
R

(2.11b)

where, for the sake of simplicity, only the telrns linear in the coupling constants are considered, up to the
post-Newtonian (1/c ) approximation.

Substituting (2.11) into the right-hand side of (2.10), one obtains up to the first order in the coupling con-
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stants (after one elementary integration)

( volt)EM= v)+ 2+ ( V —2ul —v2 ) b+
m)V b2

Q2 1 - 2(kXp)) — 2(bXk) p)b
m~c b

Qi
( kXp2) —

2 ( b Xk ) p2b
mac b

1 1

m~c Vb
( p t.b )[ p2 —( p2. k )k ]+(p2 b )[ p) —( p) k )k ]

( p).p2) —( p) k )( p2. k )— 2(p] b)(p2b) b (2.12a)

( Vo~t)G V1—
Gm 1 1 2 2 2 46 1 2

V b' c'2+ (4V —2ui —v2 ) b-
c2 b2 ( k XS2)— ( b X k ).S2b

b2

46m 2 1 ~ ~ 2 ~ ~ ~ -+
(kxS&)—,(bxk) S&b

m~c b

m~c Vb
( S).b )[ S2—( S2 k )k ]+(S2.b )[ S)—( S) k )k ]

( S) S2) —(S) k )(S2 k ) — 2
(S).b )(S2 b ) b (2.12b)

where we have omitted again the suffix "in" on the right-hand side. The incoming velocities of the two
particles are supposed to be parallel, along the unit vector k =—V/V; we note that

b=[R—(R k)k];„.

III. ELECTROMAGNETIC AND GRAVITATIONAL CROSS SECTIONS

Allowing for the strong parallelism between Eqs. (2.12a) and (2.12b), we shall only compute the scattering
cross section in detail for the electromagnetic case. If one substitutes (2.12) into (1.4), splitting the magnetic
moment into iis components,

p, =—p, ( sinA, , costa, , sinA, , simo, , cosA, , ),
one obtains up to the first order in the coupling constant in the post-Newtonian approximation

Uout GOS =U1

(3.1)

(3.2a)

~
v,„, ~

sin8cos(P —a)=— 2 2 22+ (V —2u& —v2 )
b m&V c2

1

b2
Q]p2 sinA, 2 Q2p~ sinA~

sin(ru2 —a)+ 2 sin(co, —a)
m)c m)c

(p) sinA))(p2sinA2)
cos(co ~+ cu2 —2a),

b3 m)c V
(3.2b)
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P

Q)pz slnkz gzp, sink, ,
~
u,„, ~

srn8sin(P —a) = cos(coz —a)+ cos(co~ —a)
b m&c m&c

(p ~ sink,
& )(pz sink, z)

sin(a) )+coz —2a) .
bz mac V

(3.2c)

Had we retained second-order tei-iirs, we would have obtained a 1/b scalar contribution, a 1/b spin-orbit con-
tribution, and 1/b spin-spin contribution.

That is to say, (3.2) is an asymptotic development for large impact parameters (small dispersion angles) and
we have retained only the leading contribution of every kind. This allows the explicit step-by-step inversion of
(3.2). As we are only interested in the Newtonian and post-Newtonian contributions, the process is easier than
in the general case; the Newtonian part is

2 I gigz Itan8=-
b miVui

(3.3a)

0, a=1
P —a=zan(e)=

'

)

where@—=Q~gz /~ Q~gz ~. (Note that 0&8&m.. ) At the post-Newtonian step we have

m(u) V m(u) V 2

tan8 1 — ( V —2u
&

—uz )—
z tan8

b 2
i Qigz i

2c' 4gigzc'

gzSz
X sinkz sin(coz —P)+ sink& sin(co& —P)

77l 2 Pl )

(3.3b)

m, u) V glgzSISs+ tan8
'

sink,
~

sink, z cos(co~+coz —2P)
2 ] z m[mz

m&uiV 2

P —a =zl(e)+ z tan8 sinkz cos(coz —P)+ sink~ cos(co& —P)
4Q)gzcz Pl )

T

(3.4a)

1 m)u) V g)gzS)Sz+ tan8 sink,
&

sink, z sin(co& +coz —2$}, (3. b)
2

~ z m~mz

where we have used sin 8/2«1 [allowing for the fact that (3.4) is valid for small angles only]. This result
agrees with the one presented without proof in Ref. 14, where a second-order scalar contribution [behaving as
( sin8/2), see Ref. 12 for details] is also included.

The differential cross section for the electromagnetic interaction is then

do 1 B(b,a)
dQ EM 2 8( cos8,$)

Qigz
2m &u& V

sin—
2

1+ (V 2ul uz
z z z

C2

m~u&V

Qigz

2
8 glgzSIS2sin- sink, ~ sinkz cos(co&+roz —2P)

l?1
&

PPl 2C

(3.5)

where we have used sin 8/2«1 [allowing for the fact that (3.4) is valid for small angles only]. This result
agrees with the one presented without proof in Ref. 14, where a second-order scalar contribution [behaving as
( sin8/2), see Ref. 12 for details) is also included.

In the gravitational case, the same method applied to (2.12b) leads to
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dCT

dQ
Gm2

2ui V
sin—

2

4

1+ (4V —2vi —u, )
1 2 2 2

C2

r

2ui V
+ 6m 2

sin
2

SiS2
sink, i sink. 2 cos(coi+iu2 —2p)

m 1m2C
(3.6)

2

C

sin—
EM

sin—
2 G

I aia2 I

bmu

Gm «1 )

(3.7)

where it is clear that sin8/2-1 is the transition be-
tween bound and dispersion states and we have ex-
cluded this zone from the beginning (see the discus-
sion at the end of Sec. I). The contributions in (3.5)
and (3.6) of the post-Newtonian terms are of the or-
der of u /c times the Newtonian one; the spin
terixis contribute in both cases with (p/b) times the
Newtonian part, where we have noted

In Ref. 15 the gravitational scattering between a
scalar particle and a spinning one is considered in
the "fast motion" approach. No explicit expression
for the cross section is given, but the balance equa-
tion for the outgoing momenta agrees with our for-
mula (2.12b). Let us note, however, that the case we
consider is more general because both particles are
allowed to carry spin.

Note also that in both (3.5) and (3.6) the first sig-
nificant deviation from the scalar case comes from
the spin-spin teriris and that this contribution van-16

ishes if we average over the orientations of the in-
coming spins.

Let us estimate the order of magnitude of those
spin teiiris versus the post-Newtonian scalar contri-
bution. First of all, we recall that our results are
valid for small angles in the slow-motion approxi-
mation, that is, according to (3.3)

1.5 km u

C

so that the closest approach may be b-2X10 km
for u/c —10 ' in order to stay in the dispersion
zone. In this case (the most favorable one) the con-
tributions of the spin-spin teriiis would be at best
10 times the post-Newtonian one.

In the electromagnetic case, we can also consider
extended bodies where p, &Q,g,S, /m, . If we con-
sider, for instance, neutral bodies with magnetic mo-
ment, the Newtonian contribution vanishes so that
Eqs. (3.3)—(3.5) are no longer valid. In that case, we
have, instead of (3.3)

1 PiP2tanO= sink, , sink, 2,
b miui Vc

(3.10a)

y —a=~—(co, +co2 —2a) . (3.10b)

The differential cross section in this case (scattering
of neutral magnets) for small angles ( sin 8« 1) is

der 1 B(b,a) 1 IJ iP2

dQ 2 i)( cos0$) 9

' 2/3
sink, i sink, 2

sin~9

sar 1937 + 214 (Ref. 17) whose rotation rate is 642
Hz, near the upper limit for a neutron star; the es-
timated moment of inertia in —10 g cm for stand-
ard density (1 Mo with 10-km radius): so that
p-2)&0 ' km. On the other hand, Eq. (3.9) gives

gs 2S
pEM= ~ pG =

SPIC mC
(3.8) (3.11)

Gm 1 v

c c
(3.9)

Let us consider, for instance, the "superfast" pul-

For elementary particles, we have that pEM has
the order of magnitude of the Compton wavelength
X so that the contribution of the spin terms is ir-
relevant at the classical level. It is interesting, how-
ever, to consider extended objects, where the gravita-
tional case may be relevant; Eqs. (3.7) give the fol-
lowing bounds for u /c:

where we must note that 0&A, &m. from (3.1). This
expression does not vanish when one averages over
the incoming orientations of the magnetic momenta,
so this is a case in which the spin-spin terms are the
dominant ones.

IV. THE SHORT-RANGE INTERACTION

Let us consider now the short-range interaction.
The accelerations in this case are, up to the first or-
der in the coupling constant in the post-Newtonian
approximation,
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d vi
dt sR m1

z e

3+3pR+p R ( R vz) - 1+pRR—,(&xsi)
2C R m1c

3+3pR +p R ( R V )

m1c R
Rx

&Out SR

2VQi Qz
Ki p

V
2

x
C2

V
2

2

2C
(4.2)

where the contribution of the spin has disappeared.
After taking the standard projections, we have

Let us substitute (4.1) into the right-hand side of
(2.10). The integration is more involved than before,
even at first order. Nevertheless, the result is easily
expressed in teriris of the modified Bessel functions
K„(see the Appendix for details). If we suppose
again that the incoming velocities of the two parti-
cles are parallel, the final result is

b= —K1
1

P

tniUi V Ui Ug
2 2

(4.5)

do. 1 db

dQ 2 d cos8

where b(8) is given by (4.5) in the small-angle limit.
The result is the same as in the scalar case owing to
the surprising fact that the outgoing velocity has no
spin dependence although the acceleration has at the
order considered.

where it is clear that Ki ' stands for the inverse
function of Ki.

The differential cross section can be computed, al-
lowing for (4.3a), as in the scalar case:

QiQz

I QiQ. I

2v
I Qi Q~ I

tan Ki LM
1—

tniUi V c~

2
V2

2C
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APPENDIX

(4.3b)

The asymptotic behavior of (4.2) for large impact
parameters is that of Ki (Ref. 19):

1 1'2

1/2 XK„(x)=
(U ——, )!

e
—~P

1

We use the following integral expression for the
functions K„(x) (Ref. 19):

Ki(pb)=
P

e i" 1+
8pb

The following relationships hold true':
(A 1)

(4.4)

It follows from this that (4.2) is again a truncated
asymptotic development: had we retained second-
order ter-riis in (4.1) (like those presented in Ref. 15),
we would have obtained contributions behaving like
e " to (4.2).

Equation (4.3b) defines a one-to-one relationship
between the impact parameter b and the dispersion
angle 8 in an implicit way. We shall state this as

f R(A. ) dA, =—Ko(pb),
2

(x+—"K„)= —x —"K„+i,
dx

v+1
Kv+2 ——Kv+ 2 Kv+ i .

X

It is easy to show that

(A2)

(A3)

(A4)
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where we have made

—:—R (A, )(R)= —[b +(z+ A, V) ]'i=1 1

z—:Rk.

We have then, allowing for (A2) and (A3), the re-
sults

f R(A) " dA, = Ki(pb),
00 3

Let us consider the identities (A5)

1+pR „~ 1 d e
bdb R

2g 2 2 2

R(X) P e " dk= Kq(pb)5 2 2

3+3pR +p R
b db

1+pR e
R , K,(pb)+2p Ki (pb ) . (A6)
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