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Amplitudes for allowed and hindered Ml transitions are analyzed in a theory in which relativistic effects
are taken into account to order (v/c)2. Relativistic effects are small for allowed transitions. For hindered

transitions, on the other hand, retardation and relativistic effects and coupled-channel mixing are impor-
tant. We have calculated retardation and relativistic effects, and find strong cancellation between the vari-

ous contributions. Results are given for P' q, y and for both allowed and hindered transitions in the Y

system. When coupled-channel mixing is taken into account in the P' q, y case, we find that theory and

experiment agree within error.

I. INTRODUCTION

The purpose of this paper is to report some results of a
study of magnetic dipole transition-matrix elements in the
charmonium and Y systems. We use a theory in which re-
lativistic effects are taken into account to order (u/c)2
which seems to account for the observed electric dipole
transitions and fine and hyperfine splitting of the levels in
charmonium. ' There are two types of magnetic dipole tran-
sitions: allowed transitions where the initial and final non-
relativistic radial wave functions are the same, and relativis-
tic or "hindered" transitions where the initial and final non-
relativistic wave functions are orthogonal. For the allowed
transition J/tlat ~,y there is an apparent discrepancy
between the theoretical value for the rate calculated nonre-
lativistically and the measured value that suggests that rela-
tivistic corrections may be important. Hindered transitions
such as tfj' g, y occur only owing to relativistic and retar-
dation effects. We summarize the theory of leading rela-
tivistic effects for M1 transitions first given by Sucher, ' ver-
ify the (u/c)2 correction terms of Kang and Sucher, 4 and
include that due to Grotch and Sebastian. 5 Our calculation

I

of these effects yield small corrections to allowed transition
amplitudes, smaller than previously reported. Consequent-
ly there may be a discrepancy between theory and experi-
ment for the J/1' ri, y rate (see Table I). For hindered
transitions, relativistic effects are relatively large. They are
larger than retardation effects. The various contributions
have opposite signs and tend to cancel. Consequently our
results here may be model dependent. We find that, for
hindered transitions, the coupling of qq states to qqqq decay
channels is important. When this coupling is taken into ac-
count, the physical charmonium states, for example, be-
come mixtures of 1S, 2S, etc. , ec states, and also have some
probability of being DD, D'D", and other charmed-meson
states. When we take this mixing into account, we find a
rate for ttl' ti, y in rough agreement with experiment.

II. RELATIVISTIC CORRECTIONS TO
M1 TRANSITION MATRIX ELEMENTS

We consider first cc and bb bound 5 states which are
eigenstates (neglecting S Dmixing) of th-e Breit-Fermi
Hamiltonian

HBF= (pt +pa )(2m) ' —(pt +p2 )(Sm ) '+ VNR+( Vv Vs)(o 1 r xpt —o 2 r x p2)(4m )

Vv(o. t
' r x p2 —a 2 r && pt)(2m ) '+(r ' Vv Vv')(3a. t

r" rr2 r" —o 1 o 2)(12m )

+ Crt ' a 2 7 Vv(6m ) + 7 VNR(4m ) ' —pt Vsp 1(2m )

p2Vs' p2(2m ) pl '(I ~ 7/ 7 ) Vv' p2(m )

H = h( +h2+A++ VA++

with h = a p +Pm and

P1P2 Vs+ Vv c71 ' I Vv' a2
'7 '7

2 (3)

Pair-creation terms omitted in (2) are included in the wave
functions perturbatively.

with VNR= V&+ Vq. Particle 1 is the quark and 2 the anti-
quark. This Hamiltonian comes from a (v/c)' expansion of
the reduction to Pauli spinor form of the no-pair Dirac
Hamiltonian3

The transition matrix element is taken to be

M1,f; = (@f,h1,4';) (4)

where 4 are eigenstates of the Breit-Fermi Hamiltonian.
Here h& has two parts; one comes from the reduction to
Pauli spinors of the usual n A& coupling, and the other
comes from the perturbation to the wave functions due to
pair effects. The pair terms are shown diagrammatically in
Fig. 1. They are (u/c)4 correction terms to matrix elements
which for allowed transitions are of order (u/c)', where u is
the quark velocity. Therefore we include them as first-order
perturbations. We separate the spin part X and the space
part @ of the S-state wave functions and write the matrix
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(l —2)

FIG. 1. The Z diagrams for photon emission which describe the
pair-creation effects which have been included as perturbations on
the Breit-Fermi wave functions.

element as

M) f ieq(xf'I(crt k xe„'/m) IX;)I

with I a radial intergral. This is possible because

where

Ij (4fl jo—(kr/2) I+r)

I2 = (4fl2p'/3m'lwr),

I4 (~fl( Vs/m) jo(kr/2) I@,)

(16)

(17)

If the wave functions in (15)—(17) are taken to be eigen-
functions of a nonrelativistic Hamiltonian, these expressions
agree with those of Kang and Sucher. In their paper there
is an additional contribution I3 which is nonvanishing only
for hindered transitions. It is the first-order perturbative ef-
fect of the hyperfine interaction on the wave functions.
With nonrelativistic wave functions $; and Qf, it is given by

(xfl ~&lx;) = —(xfln2lx;) (6) I3 = —4 (nfl ~' Vvlp;) /6m'(E; —E~) (18)

I"'~"'= (@fl —jo(kr/2) +2p2/3m~lqb;) (8)

The contribution of the pair effects is of particular interest
because it is sensitive to the Lorentz-transformation proper-
ties of the interaction potential V. Following Sucher we

separate the potential into even and odd parts,

(plp2Vs+Vv)+(ni n2Y+n~ rn' r"Z)

Veven Vodd

and allow the transverse-gluon-exchange part of V to have a
more general form than in (3). We take it to be given by
some f(r), viz. ,

r

—ni I — f(r)VV
+2

t

(10)

If one evaluates (10) in the usual way, one finds (9) with

Y = —(2f + Z)/3

and

for singlet-triplet transitions. The reduction to Pauli spinors
of the n A terms to order (u/c) yields what are called the
"no-pair" contribution to the factor I. This contribution
comes from the terms

r

—i k — ~e„exp(—ik r~)+(1~2)p2k+p(p k)
2 Ptl 2m

(7)

in h&. Here p~ = —p2= p. Including recoil, we write the
final-state wave function as e '"'ayf(r) with

R = ( r ~+ r 2)/2 and r = r ~
—r 2. Then the no-pair contri-

bution to I is

Ios = (Apl p'/6m'I ~ ) (19)

Since this combines simply with the (u/c)' correction to the

TABLE I. Values for the overlap integral I for some allowed
transitions. The contributions I&, I2 = I2 + IGs, and I4 are ex-
plained in text; see Eqs. (15)-(17). We obtained the experimental
values for the magnitude of I from the data of Ref. 8 using our Eq.
(21).

If instead one uses Breit-Fermi wave functions, the effect
of the hyperfine interaction is included in Ii, and I3 is
redundant. The Hamiltonian we use is Hermitian, so ef-
fects of the spin-independent (v/c)' correction terms in the
Hamiltonian do not contribute to It to order (u/c)'. Be-
cause (u/c)' correction terms are relatively small, results
obtained with the use of Breit-Fermi wave functions are the
same, to the accuracy of our calculations, as those obtained
treating the hyperfine and other (u/c)' effects perturbative-
ly. Consequently all retardation and relativistic effects to
order (u/c) 2 except recoil corrections are included in I if we
evaluate Ii through I4 using nonrelativistic wave functions
and include I3 for hindered transitions.

In the above analysis recoil effects in the final-state wave
function were taken into account only by allowing the center
of mass to recoil (Galilean invariance). Lorentz invariance
gives rise to additional effects on the wave function. This
induces a spin-dependent difference between the constituent
and center-of-mass coordinates; Grotch and Sebastian5 have
pointed out that this generates a contribution to M1 transi-
tions from the convection current. Their result is that there
is an additional (u/c)2 correction to I given by

Z=r ' s'f'(s)ds

The four terms in (9) give to I the contribution

I ""=(@f1(Vs/m)fo(kr/2)

(12)

CC

—I2 —I4 IIIexpt

—[(rVv+r Y' —Z)/mkr] j~(kr/2) I@f) . (13)

With f(r) = Vv, the transverse-gluon-exchange piece can-
cels the Vv part of V,„,„,and only the Vs term in (13) sur-
vives.

Combining pair with no-pair terms, we find that the radial
integral is given by

1 3S) 1 ~Sp

2 S& 2 Sp

1 S, 1 Sp
2 S, 2 Sp
3 3S) 3 1Sp

1.00
1.00

1.00
1.00
1.00

—0.17
—0.20

—0.07
—0.06
—0.07

0.25
0.07

0.11
0.07
0.03

1.08
0.87

1.04
1.01
0.96

0.7 +0.2
1.1-1.7

I = I( +I2 +14 (14)
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TABLE II ~ Calculated values for the overlap integral I for some
hindered transitions. When coupled-channel mixing is taken into
account for the P' q, y decay, there are additional contributions
to Iof the same order of magnitude as those shown here. See text.
(We include the photon momenta in this table because I~ is propor-
tional to k2. The photon momenta are taken from Ref. 8 for

q, and from Ref. 1 for the bb transitions. )

k (Mev)

CC

m (GeV)
K

c (Mev)

1 ~ 84
0.65

—761

5 ~ 17
0.53

—745

TABLE III. Parameter values for quark masses and V (see text).

CC

S, 1 'So 0.052 —0.136 0.127 0.073 0.116

2 S) 1 Sp
3'S& —2 'So
3 3S) 1 ~So

639
368
948

0.019 —0.052 0.098 0.016 0.080
0.021 —0.048 0.095 0.027 0.095
0.010 —0.033 0.056 0.008 0.041

a- 8 interaction term I2, we quote results for I2, where

I; =I, +I.,=(',!5p /e~'I', ) . (20)

To exhibit the relative sizes of the various effects, we
give in Tables I and II the values of I~, I2, I3, and I4, all
calculated with nonrelativistic wave functions. Here Ii sim-
ply exhibits retardation effects, I2 is given by (20), I3 is the
hyperfine interaction effect, and I4 gives the effect of the Z
diagrams.

So far we have neglected the coupling of qq states to mul-
tiparticle channels such as qqqq. Taking coupling to closed
qqqq decay channels into account, Eichten et al. showed
that the physical I/P and Q' states are mixtures of 1S, 2S,
and other cc states, and also have some probability of being
virtual DD, D'D, etc. , charmed-meson states. If the P' has
some probability of being a 1Sstate, since the q, is primari-
ly a 1S state, this mixing can be important in a calculation
of the @' ",' amplitude. To estimate the effect of such
mixing, we used the results of Eichten et a/. for the ampli-
tudes for the P' to be 1S and the ~, to be 2S cc states (see
below) and found that this mixing contributes significantly
to the p' ",y amplitude.

III. RESULTS OF THE MODEL CALCULATION

We have calculated the various contributions to I using
the one-gluon-exchange-plus-linear-confinement model of
Ref. 1. The model includes transverse-gluon exchange (in
Coulomb gauge) and treats the linearly confining potential
as a Lorentz scalar. The confining potential is given by
Vs ——r/ ~ aC+with a =0.46 fm. The vector part of the po-
tential is given as V'= —~erf(v2mr)/r, which is the
Coulomb potential of a Gaussian-distributed color charge
whose root-mean-square radius is given by the Compton
wavelength m ' of the quark. The parameters of the po-
tential and quark masses are given in Table III. The con-
stant C in Vq is necessary in order to get the observed
masses for the charmonium and Y states. McClary' found
it necessary to consider C as part of Vq rather than V~ in
order to fit the observed charmonium level structure taking

(v/c) corrections to the nonrelativistic Hamiltonian into
account. He smeared the color charge in order to calculate
relativistic corrections to El transition rates. The El rates
are insensitive to this smearing, and it was simply a con-
venient way to get results. On the other hand, the hyper-
fine splitting of the levels in this model is sensitive to the
short-distance behavior of V~. The model correctly ac-
counts for the hyperfine splitting of the ground states of
charmonium and is in rough agreement with the Q' ";mas-s.
difference. Note that the diagonal matrix elements of the
operator in I3 just give the fine-structure splitting of the
corresponding S states. Since 13 only contributes to hin-
dered transition amplitudes, our results for the allowed tran-
sitions are insensitive to the smearing of the color charge.
In the case of the hindered transitions, however, I3 plays an
important role. Variation of the color charge radius from a
point charge to the quark Compton wavelength can change
the values of I3 by as much as 30%.

The rates are related to I by (e'= 3
for cc and —

3 for=2 1

bb, and kis the photon momentum)

r('S, —'S,) =e&'a(4k/3m )!I!(M'+Mf )/2M .

(21)

Rates are very sensitive to the hyperfine splitting of the lev-
els owing to the k' factor in (21). The experimental value
for k should be used. For allowed transitions, I is insensi-
tive to k though I~ has some k dependence because it con-
tains the retardation correction. For hindered transitions,
on the other hand, I~ is proportional to k .

When coupled-channel mixing effects are included, the
physical p' has some probability of being a 13st state and
the q, a 2'So state. Consequently a11owed transitions occur
in the p' q, y amplitude. One should use the physical
value for k to calculate the retardation effects; they are rela-
tively large because the photon frequency is relatively large.

IV. COUPLED-CHANNEL MIXING EFFECTS

To estimate the effect of coupled-channel mixing, we cal-
culate I for p' ",y using the results of Eichten et a!.6
They give probability amplitudes that the physical J/P and
Q' states are 1S, 2S, etc. , cc states. For the q„we assume
weak spin dependence of coupled-channel mixing in the
ground states, and approximate the probability amplitudes
for the physical g, to be 1S and 25 cc states by the values
given by Eichten etal. for the I/P. These are shown in
Table IV. When we include the 1 S~ 1 'Sp and
2 S~ 2 Sp transitions in what before was taken to be a
2 S) 1 'Sp transition, the effect is striking. Our value of
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TABLE IV. Modification of cc states due to decay. The probability amplitude for a physical particle (J/ill
or Ill') to be in a charmonium state is given by the number under that state. Z& -& gives the norm of the
physical particle in the ec sector. This table is a portion of Table VIII in Ref. 6.

Particle 1S 2S 4S 1D 2D (cc)

J/t'ai 0.982
—0.090

0.040
0.883

—0.010
0.046

0.003
—0.015

—2x10 4

—0.031
—7 x10

0.006
0.966
0.791

—I is reduced from 0.116 to 0.032.
Coupled-channel mixing does not affect the rate for

J/tci q, 7 significantly; the amplitude changes by about
4%. The effect is probably larger in the tci' q,'y case.
Note in Table IV that Z&,—,&=0.79 for t'ai'. We hesitate to
use the same weak-spin-dependence approximation for q,

' as
we used for the q, because the q,

' is closer to open-charm
threshold. We are calculating these amplitudes directly.

It seems likely that coupled-channel mixing will also be
significant in hindered bb transitions. We expect this will be
true in the lowest Y pbbs case as well as in transitions in
higher states. Though open-b channels are relatively farther
away, their effect is expected to be significant because the
relativistic and retardation effects that account for the
2 S~ 1'S() transition are also smaller in the bb system.
Study of coupled-channel effects in both charmonium and Y
systems is underway.

V. DISCUSSION OF RESULTS AND
COMPARISON %'ITH EXPERIMENT

Our result for the relativistic correction to the J/t'ai
—q, y

rate is smaller than previously reported results. 2 This is due
to our inclusion of the constant term in the scalar potential.
Had we omitted this constant we would have gotten 0.16 in-
stead of —0.25 for 14, and our final result for I would have
been —0.63. Such a decrease in magnitude seems to be in-
dicated by Crystal Ball measurements; Gaiser8 gives values
for the branching fraction and photon energy which, when
combined with the width given in the 1982 Particle Data
Group tables9 and used in (21), give ~I~ =0.7 +0.2. On the
other hand, no such decrease is indicated by the experimen-

tal observations in the tti' q,'y case. Gaiser's values give
~I~ between 1.1 and 1.7 (90% C.L.). Neglecting coupled-
channel mixing, we find 0.86 for the magnitude of I. If we
omit the contribution I4 from C, the magnitude of I would
decrease to 0.46. This would give a rate about four times
smaller than the reported experimental result. From a
theoretical point of view it is inconsistent to omit the con-
stant C because, as McClary showed, ' it must be considered
part of the scalar potential if a model such as ours is to fit
the charmonium spectrum. If it were part of the vector po-
tential it would not contribute to I4, but then the relativistic
corrections to the energy-level spectrum would make it im-
possible for the model to fit the experimental data. This
discussion of our results for these allowed transitions ig-
nores coupled-channel mixing effects. Using the results of
Eichten et aI. , we estimate that these effects decrease the
J/tci ri, y amplitude by about 4%. We do not have an esti-
mate of these effects for the tti' q,'y decay.

Our results for some hindered transition matrix elements
are shown in Table II. The value of ~I~ =0.116 for the
2'S~ 1'So cc transition is considerably larger than the ex-
perimental value of 0.047+0.008 obtained from the mea-
sured rate for t'ai' rt, 7 'Taking c. oupled-channel mixing
into account as described above, we find that the magnitude
of I is decreased to 0.032 which agrees reasonably well with
the experimental value considering the crudeness of our es-
timation.
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