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We contrast the quantum-mechanical treatment of neutron oscillations in a “bottle”” with the usu-
al free-space formalism. The quantum-mechanical corrections appear t¢ -2duce the figure of merit
for the bottled-neutron experiments, and also place constraints on the experimental arrangement.

I. INTRODUCTION

There has recently been considerable interest shown in
the possibility of neutron-antineutron oscillations. These
have been predicted to occur through AB =2 transitions
in some grand unified theories (GUT’s) (see, for example,
Refs. 1—4). At present, experimental attention has been
focused on three possible methods of observation: detec-
tion of neutron oscillation in bulk matter (as in the
proton-lifetime  experiments®), detection in reactor
beams,®~!! and detection in a “bottle” of ultracold neu-
trons.!>13

The advantage of the first method is that existing
proton-decay experiments may also be used to detect neu-
tron oscillation. However, the antineutron production rate
is heavily suppressed because of the large difference be-
tween neutron-nucleus and antineutron-nucleus potentials.
Furthermore, uncertainties in the nuclear-structure infor-
mation may make it difficult to extract accurate values
for the GUT parameters.'*—!"

Experiments using the large neutron flux from reactors
are already in progress or have been proposed. The diffi-
culties with these experiments are, first, that the proximity
of the reactor necessitates considerable shielding to reduce
background counts and biological hazards, and second,
that the long beam flight path (which is required to allow
time for the antineutron amplitude to build up) must be
shielded from the Earth’s magnetic field. These require-
ments seem quite expensive to satisfy.

These problems are much reduced by storing ultracold
neutrons in “bottles”. This method also seems attractive
since the neutrons may be contained for a long time—
perhaps until they B decay. Unfortunately, the density of
neutrons stored is quite low, and collisions of the neutrons
with the walls modify the oscillation rate: it is therefore
not clear whether such experiments are practicable, and
this is the question to which this paper is addressed. In
Sec. II we review the standard free-space formalism, and
in Sec. III we investigate the quantum-mechanical treat-
ment of oscillations in the bottle. We discuss the results
in Sec. IV.

II. FREE-SPACE FORMALISM
Neutron oscillations in free space have been described in

Ref. 18. We may apply the formalism to the case where
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the neutrons collide with a wall by assuming that the only
effect of this collision is to introduce a time variation into
the potential; that is, we neglect the effect of the collision
on the spatial dependence of the wave function, and con-
sider that dependence to be that of a local momentum
eigenstate. If we allow time-varying external potentials to
be applied, the Schrodinger equation may be written in
matrix form as

i
M——4+VI() Sm
ad [P 2 il B
dr (¢ 5m M—’—21:+I7(t) ¥

Here ¢ and 9 are the neutron and antineutron components
of the wave function. V() and V(¢) are the external neu-
tron and antineutron potentials, M is the neutron mass,
and T is the neutron lifetime. &m is the matrix element
for the AB =2 transition between neutrons and antineu-
trons.

We define
M—12£+V(x) 0
Hy= T -
0 M- v
and
0 6m
= |6m 0
Then writing
¥ i ¢]
- | =ex —_—— Hdt -
[zp Pl J Hodt| |5
leads to
. d |¢ i ¢ —i ¢
tfzdt 7 =exp ﬁfHodt Uexp P fHOdt] a]

(2)

If we neglect the B decay of the neutron and any an-
tineutron annihilation, then |¢|%=|¢|% |¥|’=|d]|%
that is, ¢ can be identified directly with the neutron com-
ponent of the wave function. Although not essential, this
makes the following discussion a little clearer.

2793 ©1983 The American Physical Society



2794

We now define 8==6m /% and A(t1)=(V —V)/2# and
use the Baker-Campbell-Hausdorff expression (that
is, for any operators Q,S: e%Se~2=5-+[Q,S]
+(1/29[Q,[Q,S]1]1+ - - - ) to obtain the decoupled equa-
tions

é—2iAd+8°¢=0
and (3)

;7;+2iA$+82$=0.

sin2(A% 4+ 8%)1 %
¢ 12=p——— 5 5
A“+8

l¢|2=1—1¢|>.

Provided (A2+8%)'/2%t << 1, the oscillations (starting from
pP=1, ﬁz———O) have unit amplitude, and proceed quadrati-
cally in time:

|6 |2=8%.

If (A2+48%)17%t > 1, the oscillations have small amplitude
8/(A2+8%)'72, but high frequency [(A2+8%)!/?] if A>>8.
This is just the situation in the wall: We see that the ef-
fect of this is essentially to randomize 6 (mod 27) so that
the quadratic free-space time dependence is interrupted at
each collision. After N collisions the probability of find-
ing an antineutron is

| |2~ N8 P8rt

where 7 is the time between two successive collisions (pro-
vided p is always small compared to p), i.e., increasing
linearly in time. It is this well-known result, e.g., Ref. 19,
which makes these experiments appear less attractive, al-
though it might be felt that ways could be found to mini-
mize the randomization through a suitable choice of wall
material, box size, or reflection angle, for instance. We
shall return to this point later.

Im¢
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FIG. 1. Diagram showing typical time evolution of neutron
wave function through a collision. The scale is, however, highly
magnified.
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The solution of these equations is, of course, trivial if
A(?) is a constant. If we suppose that during a collision
the neutron suddenly enters or leaves the wall, then the
time dependence of A would just be a step function: the
solution would then be obtained by matching solutions for
the internal and external values of A at the boundary.
This procedure demonstrates the main features which
have been found in previous work.

If at t =0 we have ¢=pe‘6‘, $=,6ei62, and 6=60,—0,,
then after time ¢t we have
0O sinf . 2 2:1/2
Tf%—WSIH[Z(A +8°) 1],
(4)

Before closing this section, we should investigate
whether or not there is a qualitative change if entry to or
exit from the wall is not sudden. Solving Eq. (3) with a
general time-dependent A would be difficult, but we may
determine the behavior of the solution using a simple
mechanical analogy: We identify the real and imaginary
parts of ¢ with the x and y coordinates of a particle mov-
ing in two dimensions. If the particle is of unit mass and
is subject to a harmonic-oscillator potential 58%(x%4y?)
and also to a magnetic field in the z direction of strength
eB (t)=2A(t), then the equations of motion of the particle
are identical to Eq. (3). (We assume there is no induced
electric field when B varies.)

Initially we have all neutrons, which corresponds to the
particle being at rest on the unit circle (see Fig. 1). It be-
gins to accelerate towards the center if the magnetic field
is zero. A collision with the wall corresponds to a rapid
increase in the strength of B, followed by a decrease to
zero again. During this time, the particle will move in a
tight spiral which then unwinds, leaving the speed almost
unchanged but the direction of motion randomized. It is
just this “random walk” which reduces the quadratic time
development to a linear one. This example also shows
that we need not worry about “transients,” and that the
step-function solution is qualitatively the same as would
appear if the collision were slow compared to, for exam-
ple, the oscillation frequency in the wall.

III. QUANTUM-MECHANICAL TREATMENT

The free-space picture outlined in Sec. II has been used
directly to estimate the antineutron annihilation rate from
ultracold neutrons stored in a bottle. There is, however,
an important difference between these two situations: in
free space there exist neutron and antineutron states with
the same momentum, which has allowed us to factor out
the spatial dependence of the wave function to arrive at
Eq. (1). In the bottle, however, the energy and momentum
states are discrete; moreover, the splitting between neutron
and antineutron levels (caused by their different interac-
tions with the walls) may be much greater than the split-
ting induced by the baryon-number-violating term.
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FIG. 2. Relative positions of allowed energy states in the
free-space and bottle situations, compared to the estimated split-
ting caused by the baryon-number-violating term.

For instance, the baryon-number-violating term has
been estimated to be of the order of 10722 eV. The
separation of consecutive neutron or antineutron levels
is!® of the order of E /m where m is the number of nodes:
E is of the same order of magnitude as the potential well
of the bottle?® (~ 10~7 eV) and m =kL ~ 10® for neutrons
of velocity 5 m/s in a bottle of length L ~1 m (#ik is the
momentum of the neutron). The separation between adja-
cent neutron and antineutron levels is similarly of the or-
der of (V¥ —V)/m where V and V are the potentials seen
by the neutrons and antineutrons, respectively. The
difference is probably greater than one-tenth of the magni-
tude of ¥, so that the splitting between neutron and an-
tineutron levels > 107" eV > 1072 eV. (See Fig. 2.)

The energy levels available are, in this sense, far from
being a continuum, and it is not immediately obvious that
the free-space formalism is applicable. Rather than at-
tempt a solution of the time-dependent problem on a
discrete energy lattice, we instead consider the time-
independent solutions in the bottle. 7 annihilation in the
walls gives the energy eigenvalue an imaginary part
—iT,, /2; since it varies only slowly with the number of
nodes m, it can provide an estimate of the # annihilation
rate in any realistic wave packet of states constructed to
describe a neutron trapped in the bottle.

As before, we write the wave function of the system
with two components, the upper one corresponding to
neutrons, and the lower one to antineutrons. If the exter-
nal potential in the volume of the bottle is zero, then we
have, in the cavity,

# d?
T 2M dx? —E 5 f
2M dx?

s ik .
Then writing Fce’ *~ we have the two solutions
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_ 1 ik+x ‘ﬁz 2 _
¢+_—‘/§ 1le , where —2Mk+ +86=F ,
¥ --L : ¢™~*  where —ﬁik2 —&8=E

T v2 [ ’ oM

Similarly, if the potentials acting on neutrons and an-
tineutrons in the walls are ¥V and V, then we have, in the
walls,

# d?
SEIY; dx2+V—E ) [f
=|=0. (6)
# d* = 7
& “;Azwdxz—i—V—E
K+[X

We write f e " and introduce
A=(V—V)/2, D=A—(A248)1"2

to obtain the solutions

. 1 3 —K, |x|
1’}"’—— (82+D2)1/2 —D ’
where
%K+2+DEV——E,
and
I S 0 U S Py
Y= (824 D2)172 |8 e ’
where
ﬁZ

) =
M K_“—D=V-E.
We note, in passing, that D ~ —8%/2A if A >>8, so that in
the walls these components are predominantly neutron or
antineutron.

The complete wave function is then formed from linear
combinations of the + and — solutions in the cavity and
in the wall, and these, as usual, must be continuous and
have a continuous derivative at the boundary. We take
the bottle to be of length L, centered at x =0, and consid-
er only even-parity states, the odd-parity states being ob-
tainable in a similar fashion. Matching the wave function
at x =L /2 gives

4 |1 A’ B 8 —K,L/2 B’ D —K_L/2

5 |1 cos(k_,_L/ZH—W —1 cos(k_L/2)=W _ple ° W 5 ) M
and for the derivative

4 |1 . 4 |1 . B 5 —K_ L2 B’ D —K_LN2

5 1 k+SIn(k+L/2)+72 1 }k__sm(k_L/Z)zm [—D K, ,e "t m 5 |K-e
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These four equations allow us to obtain B, B’, and A’ in terms of 4, and also provide a constraint on the energy eigen-

value:

kL

2 |k tan k_tan +K K_ |(8*+D?)

kL
2

=k tan

To find an approximate solution we expand D to first
order in /D, D~—8%/2A, and keep lowest-order terms.
The details of the algebra are contained in the Appendix.
We write k2=2ME /#* and apply the conditions kL >>1
and (order of magnitude) k ~K, E ~V ~A to retain dom-
inant terms. This leads to

k tankTL —K

kL
— K
k tan ) _ ‘

14
4E? 4 E

’

where we have used

1 Y (10)

cos¥kL/2) E
We choose the solution corresponding to a large neutron
component and write k =ky+€ where kotankoL /2=K |
to obtain

2
|4

E

1

__ &L 1
K, —K_)

o7 M
T4 2

= (11)

Ignoring the B decay of the neutron, V is real, as is kq and
K, so we may write
r # #ko
—= = k Imk——~
2 Im(E)=2Rek Im oM 2 Y;

Now the time between successive collisions with the walls

is
L/
say. So we finally have

Ime . (12)

ik
M

=7,

Im —————K+ K

k J . (13)

(This is for a one-dimensional bottle; in three dimensions,
T is 3 times as large.) Since the energy eigenvalue is com-
plex, the wave function decays with times as e ~T*/# 5o the
number of annihilations is approximately I't /% for short
times. If we start at 1 =0 with n neutrons in the bottle,
then the number of them which will have converted to an-
tineutrons and annihilated by time ¢ is

Number of annihilations

2

L4 ]Im k

(K, —K_)

n Tt

E

% l . (14)

[K . (84+D)*+K_(8—D)*1+k_tan

[K,(8—D)*+K_(64+D)}. (9

IV. DISCUSSION

We see that the quantity in curly brackets in the final
result [Eq. (14)] is of order unity. (The singularity if
K, —K_—0 is spurious since the derivation has assumed
that ¥V — ¥V >>8.) Thus, the annihilation rate predicted by
the quantum-mechanical calculation is very similar to that
predicted by the free-space calculation in the limit that the
phase is completely randomized at each collision.

While real experiments will not be able to ensure that
the potentials in the cavity are precisely zero, we believe
that the result will be unchanged if we satisfy the condi-
tion derived from the continuum calculation, namely that

———SziAz sin?[ (8% + A2 27)~7?

ie.,
(8*+AH) V2 r <1,

where A is here the potential difference in the cavity.
Although the annihilation rates predicted by the two
calculations are similar, there is an important difference
to note. In the continuum case, if there were no loss of
flux at all (either through antineutron annihilation or 8
decay), an equilibrium would eventually be reached in
which the bottle contained equal numbers of neutrons and
antineutrons. In the quantum case the steady-state ratio
of neutrons to antineutrons (for the mainly neutron com-
ponent) is
2
8 kL

1:
A 2

independent of time (see Appendix). We may view this ei-
ther as approximately the number of antineutrons appear-
ing after one crossing of the cavity, or else as the mixing
of neutron and antineutron levels expected from simple
first-order perturbation theory. The significance of this
result is that it makes the practical detection of the n-7 os-
cillations more difficult; for example, nothing would be
gained by trying to accumulate antineutrons in a bottle
with highly reflecting walls (i.e., a low annihilation cross
section) over a long period, and only occasionally exposing
a detector. Because the n-7 ratio is fixed, this method
could not be used to increase the signal to noise ratio.

V. SUMMARY

We have shown that neutron oscillations in bottles (as
in nuclei'®) produce an 7 annihilation rate which is only



28

linear in time. Current sizes of bottles (~ 1 m?) and filling
densities (~ 100 neutrons per cm® at velocities ~5 ms™!)
might produce a figure of merit [annihilation rate/(8/#)%]
~2%107. This is considerably better than some current
reactor experiments,!® while worse than proposed reactor
experiments [e.g., 8 X 10° at Grenoble III (Ref. 12)]. How-
ever, there seems to be considerable scope for improve-
ment, even allowing for the linear time progression,
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through larger containment volumes, higher densities, and
clever choice of wall material.
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APPENDIX
Expanding Eq. (9) to first order in § /A we find
k., tan k+—124 k_tan k_% YK, K_
(Ky+K_) L L 5 (K —K_) L L
== k ,tan k+—2— +k_tan k_; N 2 k , tan k+7 —k_tan k_~2— (A1)
We write k2=2ME /#%; then k , >=k?>—2M8/#?,
) 8
~k|l——— ~ - | .
k. 2E |’ k_~k 1+2E (A2)
Also
kL kL § 1 L kL kL & 1
tan |k, — |=tan |[— | —————-—"——, tan |k_— |~tan |—— —_—— A3
t2 2 2 2E cosX kL /2) 2 Y2 2k cos*(kL /2) (A3
So we have from Eq. (A1)
8 kL kL & 1
k?|1——— | |tan®>— — +K, K_
4E? [ 2 4  4E? cos*(kL /2) M
(K, +K_) (K, —K_)
=== ok tanRE i | KE |2 > L LR L] 2tan££+————2kL . (A4)
2 2 2 2E | cos* (kL /2) A 2 2E 2 cos*kL/2)
Rearranging terms, we have
kL kL k28 kKL | kL2 1 (Ky+K_) | kL 1
ktan——K ktan— —K_ |=—— | |[tan®’~— + —
2 7 2 4E? , 2 4 coskLs2) |7 2 2 | cos’(kL /2)
E (K, —K_) kL kL
+——— 2tan—+ ——5——— . (AS)
A 2k 2 cos*(kL/2)
Now
kL K 1 ) < 4
tan—~—, —————~1l4+—5~—,
2k’ cos*kL /2 +k2 E
and kKL >>1, whereas K ~k, E ~V ~A (order of magnitude). So retaining the largest term we have
2
kL kL k%8 k*L? |V
k tan— — —_— = —
tan— K+] k tan ) K_ B’ 4 z (A6)
Write
k :k0+6 N
where
koL
kotan =K, ;
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then
kL koL L |V
tan > ~tan 5 + E}
and
kL K, koL |y kL
= —_— — ktan— —K_ |~(K_ —K_). (A7)
k tan 5 K, |~€ %o >zl tan—> - | =Ky )
So again using
koL vV K+
2 E >> k() ’
we have
282 2
eczka LI X———l > L \¥ -—21‘24 SN S . (A8)
4E? 2 |E (Ky—K_) 4 2% |E # (K, —K_)
Now
#” #
~— Imk~——2kylme .
ImE 2M2Rek mk M kolme
Writing
L
- #k/M
we arrive at
r , 1|V k
—=I = — | — |I —_—
5 mE 81-2ﬁ 5 |[Im K,-K_ (A9)
We now use this result to calculate the steady-state ratio of the amplitude of antineutrons to neutrons.
The relation between 4 and 4’ of Eq. (7) is
o costk,L/2) [k tank (L/2)4+K  8/2A—K_ [1—5/2A]]
= (A10)
4 costk _L /2) [k_tank_L/2+K+8/2A—K_ [1—8/2A H
Using the previous approximations to K, and k_ gives
[ 8 KL kL & V 5 5
k|14==||tanfr 4 2= 2~ 14k 2 K |1——>
4 cosky— *2E 2 " 2EE | TR 24
4 _ (A11)
4 cosk L | B ||kl kL 8 ¥ I PP
2 2E 2 2 22EE toA T 24
kL kL kL V| 8 5
L 4= L= AT LA P 9
cosk+~—2— k tan > K_ |+ |ktan ) +k 2 E 2E+(K++K_)2A]
=— I (A12)
cosk _ — kt k_L_K |k kL LKLV |8 _ 5
2 MR- tan Tt g |ag TE K5y
L[y by &
cosk 4 > 2E 2 EK,—K
= . (A13)
cosk _ L. 5 KLV __ k
2 2E 2 EK,—K_
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Now
2
8§ kL V k
y Acosk ok = 1|1 p T p R ko
|7) _ 2 2 (A14)
[n) Acosk+£—|-A’cosk_£ 2
2 2
_ b KLV Kk (A15)
T 2E 2 EK,—K_
Again V~E ~A and k ~K | ~K _ (order of magnitude). So
_@ZE& ) (A16)
[n) A 2
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