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The iinportance of boundary conditions (at Q =go } inherent in any general solution of the inho-

mogeneous photon evolution equations is stressed. Their inclusion is crucial at present energies,

especially in connection with investigations concerning the relative importance of subleading correc-
tions at small values of the scaling variable x. The framework for a direct x-variable analysis is for-
mulated explicitly.

I. INTRODUCTION

Quantum-chromodynamic (QCD) corrections to the
naive pointlike structure of the photon' were first studied
by Witten who, however, utilized the formal language of
Wilson's operator-product expansion. This language was
adopted by Bardeen and Buras in their study of sublead-
ing QCD corrections. An equivalent way of presentation
is the one utilizing the more explicit and transparent
parton language which will be henceforth adopted by us.
In this formulation the quarks and gluons in the photon
satisfy an evolution equation similar to the Altarelli-Parisi
equation with, however, additional inhomogeneous terms
due to the practically constant (to the order a considered)
photon component.

In contrast to the homogeneous Altarelli-Parisi equa-
tion this inhomogeneous term results in a nonvanishing
quark distribution even in the Bjorken limit

Q = —q ~ Oc with x =g /2p. q fixed. The quark distri-
bution in this limit is obviously independent of its initial
value at some finite Qo (boundary condition) and corre-
sponds to the so-called pointlike quark component of the
photon. It has become customary to compare this unique
and predictable limiting distribution with the data. How-
ever, at moderate values of Q where present data are tak-
en it is important to note that the quark distribution still
depends on the boundary conditions and is therefore not
uniquely predicted by the evolution equations alone. In
particular for the second moment the pointlike asymptotic
limiting solution in subleading order is meaningless and
nonunique as Q —+ 0o, making a specification of the boun-
dary conditions mandatory. This has caused some con-
fusion in analyzing the significance and magnitude of the
nonleading higher-order corrections in the small-x re-
gion. " As we shall see there exists, in fact, no special
problem with the small-x region if the boundary condi-
tions are treated appropriately, i.e., if the most general
solution of the inhomogeneous evolution equations is tak-
en into account and not just the particular (asymptotic)
one.

To illustrate these points we introduce in Sec. II the ap-
propriate definitions and notations necessary to discuss
the inhomogeneous equation and its general boundary-
condition-respecting solution in the Mellin-moment n
space. The ensuing solution, though analytically tran-

sparent and Inanageable, entails very complicated n depen-
dencies whose (Mellin) inversion into the experimentally
more relevant Bjorken-x space is thus not recommendable
for practical purposes. Instead we suggest pursuing the
solution of the inhomogeneous evolution equations with
their boundary conditions directly in x space. The neces-
sary expressions and numerical procedure are introduced
in Sec. III. In Sec. IV we finally discuss the merits of this
direct approach as well as draw our conclusions.

II. SOLUTION OF THE EVOLUTION EQUATIONS

As in the deep-inelastic lepton-nucleon case it is advan-

tageous to treat separately the nonsinglet (NS) quark sec-
tor q Ns(x, Q ) and the singlet (S) sector

rr(x, g )
qs(x Q')=— Gr(„Q2)

Here

&r(x, g )=g[qj(x, g )+qJ(x, g )],
f

where f runs over all relevant quark flavors and Gr(x, Q )

denotes the gluon distribution in the photon. The parton
distributions q,r(x, g ) (i=NS, S) in the photon satisfy an
inhomogeneous evolution equation

=k;(x,g )+J P;(—,Q )q; (y, Q ), (2.1)
dlnQ " y y

where for i =S, Ps(x, g ) is the standard two-by-two ma-
trix of quark and gluon splitting functions and k, (x,Q ) is
obviously a two-component vector like qs(x, Q ). The k; s
refer to the y~quark and y~gluon splitting functions to
be specified below, i.e., represent the mixing between the
photon and hadronic operators. Henceforth we shall

suppress the index i unless its specification becomes neces-
sary and our equations for the i =S case should be under-

stood as matrix equations. For this reason care is taken
everywhere on the order of terms written down. Further-
more, for the time being, we shall pass to the Mellin mo-
ments

1

qf(n, g )=—J dxx" 'qr(x, g2)

which simplify Eq. (2.1) to
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dqr(n, Q ) =k(n, Q )+p(n, Q )qr(n, Q ) . (2.2)
d lnQ

Henceforth we shall also omit for simplicity the obvious n
dependence. Expanding in powers of the strong and elec-
tromagnetic coupling constants we have

qr(Q') =
a, (Q')

'

a (Q2)
'1—2Z(0)/Po

a, (Q0')

It is now straightforward to solve Eq. (2.2) in leading or-
der. "

k(Q ) = k' '+ ' k'"+aa, (Q')
(2n )

2
'2

p(Q2) s p(0) sa ( ') a ( ')
2% 2%

p(&)+. . .

(2.3)

where'

( Q 2)
' 2P(0)/P

qr(o»)
a, (Q() )

where a, (Q ) satisfies'

d lnQ 4~ (4'�)
(2.4)

2mpo 1 —2p' '/po

and with a, (Q ) evolving according to

(2.7)

with p0 ——11—2f/3 and p) ——102—38f/3. For later pur-
poses it should be noted that the two-component singlet
vectors k' '" have the following structure:

' k(0) 'k(&)

(2.5)
G

da~ ag

d InQ 4~ (2.4')

i.e., a, (Q )=4~/(p01nQ //() ). In the next ro lea-din-g or-
der one obtains

qr(Q )=
2

1—
a, (Q')

( Q
2

)
1 —2P(0)/po

a, (Q()')

a (Q2) —2&' '/Pp

a, (Q()')

2p(0)yp 2P(0)/p
+a, (Q') 'I I+[a,(Q') —a, (Q0') j& I a, (Q0') 'qr(Q0')

with

p(1) ~) p(0) &+ a
l (I) ~)

l (0)
p'0)

I 2p0 2m 2p0

1 p(1, ) 1 p(0)
~P0 2P0

(2.9)

(2.10)

and where a, (Q ) evolves according to Eq. (2.4), keeping p0 and )()'), with the approximate solution

(2.11)

Throughout this paper all higher-order results and expressions refer to the modified minimal-subtraction (MS) scheme
and therefore the QCD scale in (2.11) has to be interpreted as AMs.

The moments of the measured photon structure function F$(x,Q ),

F2 (n, Q ) = Jdx x" '——F$(x,Q ),(1

are given in terms of the distributions obtained in Eqs. (2.6) and (2.8) by

Fk«Q')=~Nsqks«Q')+&s&'«Q')
in the leading order, and by

a, (Q') a,(Q'), a, (Q')
F((n, Q )=t)Ns 1+ B~(n) ques(n, Q )+As ' 1+ B~(n) Xr(n, Q )+ BG(n)Gr(n, Q )4~

(2.12)

+5& Bz(n ) (2.13)
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in the next-to-leading order, where

5Ns ——1, 5s ——(e ), 5r 3f——(,e ),
with

k) y kk 1

(2.14)

III. DIRECT EVALUATION OF F$(x,Q )

In the common approach, (1/x)F$(x, g ) is evaluated
by first calculating F((n, g } according to the results in
Sec. II for 2(n &20 and then fitting the parameters of
some given form of (1/x)F$(x, g } to the calculated mo-
ments F((n,g ). Usually one neglects also all logarith-

The (Wilson-) expansion terms Bz(n), Bo(n), and Br(n)
are given explicitly in Ref. 4 where in addition the explicit
forms for' k' )(n) are presented and the numerical values
for the more complicated quantities k")(n} are tabulated.
Strictly speaking the 0(a, ) terms arising through the
combination of Eqs. (2.8) and (2.13} should be omitted
here since their coinplete inclusion affords a treatment of
Eq. (2.2}beyond the order here considered.

In the usual discussion and application of Eqs. (2.6) and
(2.8) one assuines Q to be so large as to justify the omis-
sion of the logarithmically decreasing terms [a,(g )/

2
—2P /pOa, (gp )] . However, for not too large x (or n) and

Q this is obviously unjustified. Furthermore, for n=2
this is absolutely wrong due to the vanishing of
detP' )(n=2}. As is clear from Eq. (2.9) b(n) has a
singularity at n =2 in the singlet case due to the last term
proportional to (1/P' ')k' ', whereas the term proportion-
al to k'" is wdl behaved and uniform due to the fact that
k&"———ko" for n =2 in Eq. (2.5). However, as it appears
in Eq. (2.8) this singularity of b is canceled by the corre-
sponding zero of the quantity in square brackets multiply-
ing b 'A sim. ple and correct treatment of the boundary
conditions, inherent in the most general solution of Eq.
(2.1), thus automatically avoids the appearance of an ap-
parent problem and obviates the need for its solution
by some ad hoc regularization depending in addition on a
nonperturbative and unknown parameter" A, .

From our discussion it is clear that the only unknown
quantities are the input quark and gluon distributions of
the photon at Q =Qp . These can only be determined by
measuring F$(x,g ) at some value (or values} of Q just
as done in the analogous case of the hadronic quark and
gluon distributions in deep-inelastic lepton-hadron scatter-
ing. The theory is then tested only by performing further
measurements at some other values of Q differing from
the ones used for the determination of the photonic quark
and gluon distributions. It is needless to say that the
present restricted range of available Q does not provide
the required testing conditions unless one assumes
ques(x, gp ), Xr(x, gp ), and Gr(x, gp ) to be negligible
there. For example, vector-meson-dominance (VMD) con-
siderations are usually put forward to argue the negligi-
bility of qr(x, gp') and G"(x,gp'} at x &0.4, Qp2-1
GeV . This, however, should be tested without further
prejudice according to the above-mentioned procedure.

')

a(x)= k' '(x)+CX 2 'd xy p(p)
2mPp Pp y y

(3.1)

of Ref. 6. Similarly Eq. (2.9}is thus equivalent to

f dy P(()) x
b( )

X

2' p

2f dy P(i) x
X

P' ' — a(y) . (3.2)
2)()'p y

With a (y) as obtained from Eq. (3.1) one could similarly
directly solve Eq. (3.2) for b(y) thus avoiding the inter-
mediate use of Eq. (2.9) in n space and its subsequent in-
version either by fitting or by explicit Mellin integration
in n space. However, the determination of a (x) and b(x)
is useful only when all logarithmically decreasing terms

—2P /P[a,(g )/a, (gp )] are neglected as commonly
2p(0)/ pdone. ' ' '" Otherwise the [a,(g )/a, (gp )] term

itself must be Mellin inverted yielding a complicated x-
and Q -dependent function which must then furthermore
be convoluted with the above-mentioned a(x) and b(x)
according to Eqs. (2.6) and (2.8).

Obviously this procedure is not too practical or advan-
tageous as compared to a direct numerical integration of
the evolution equations (2.1) in Bjorken-x space which
more explicitly read

dqks(x Q )

d Ing
kNs(x)+ kNs(x)2' 2m

+
2 Pq& + PNs ~qks(0) (&)

2' 27T
(3.3)

for the nonsinglet case, whereas for the singlet photonic
parton distributions they result in a coupled set of evolu-
tion equations:

mically decreasing terms. However, even for this simpli-
fied calculation one has to deal with rather involved ex-
pression in n space, e.g., Eq. (2.9).

For the full, boundary-condition-respecting solutions
this calculation is even more involved and in particular re-
sults in a Q dependence which is not as simply
parametrizable as in the so-called pointlike solution.
Thus Fj(x,g ) must be fitted to the corresponding mo-
ments at each relevant value of Q separately. Obviously
in this case it is of great advantage to start from Eq. (2.1)
directly and solve by iteration from some initial Qp . This
differs from the direct x-space (leading-order) calculation
of Ref. 6 where an integral equation in x space has been
written down for the function a(n) in Eq. (2.7). In fact,
multiplying Eq. (2.7) from the left on both sides by
1 2P' —'/Pp and taking the inverse Mellin transform of
this equation, one immediately obtains the integral equa-
tion
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dXr(x, g )

d lng

dGr(x, g )

d lng

with the convolutions defined by

(3.4)

p p @ + 2

x y y

and a, (Q2) given by Eq. (2.11). The mixed photon-parton splitting functions are given by' '
k„",'(x) =3f(&e'& —&e'&')2[x'+(1 —x)']

k~ '(x) =3f(e &2[x +(1—x ) ],
k'"(x)=3f((e &

—(e & )k(x),

kq "(x ) =3f( e & k(x),

(3.5)

(3.6)

kG"(x)=3f(e &
—', —16+ax+ —,'x + —(6+10x)lnx —2(1+x)ln x —5(1—x)

3x

with

k(x) = —, I4—9x —(1—4x )lnx —(1—2x )ln x+ @in(1—x )

+[41nx —4lnx ln(1 —x)+2ln x —41n(l —x)+2ln (1—x)——,n +10][x +(1—x) ]I .

The purely hadronic splitting functions Pz in Eqs. (3.3) and (3.4) are well known' '" and, for completeness, are summa-
rized in the Appendix. '

Having solved for ques(x, g ), Xr(x, g ), and Gr(x, g ) one finally obtains the measured photon structure function
(I/x)F)(x, g ) according to Eq. (2.13) where the simple products of moments of the coefficient functions and parton
distributions become now convolutions defined by Eq. (3.5) with' '

8 9+5x
BNs (x)=Bq (x)=—

3 4
1+x

1
3 1+x q ln(1 —x)

lnx —— + 1+x
1 —x 4(l —x)+ 1 —x

9 m—+ 5(1—x)
2 3

BG(x)=2f (1—2x+2x )ln —1+Sx(1—x) (3.7)

Br(x) =—BG(x) .2

It is now straightforward to calculate Ff(x,g ) by solving
Eqs. (3.3) and (3A) iteratively for the required values of x
and Q and using appropriate input parton distributions
(either measured or guessed from VMD) at Q02. We turn
to a more detailed and comparative discussion in the next
section.

Finally, in order to obtain the leading-order predictions,
we have to solve Eqs. (3.3) and (3.4) with all two-loop
quantities k"' and P'" set equal to zero and by taking
a, (g ) from Eq. (2.4'); (I/x)E)(x, g ) follows then sim-
ply from Eq (2.12) without .any further convolution to be
performed.

IV. DISCUSSION AND CONCLUSIONS

The solution of the inhomogeneous evolution equations
(2.1) for photonic parton distributions can be expressed

analytically only for the moments of these distributioris
and is given, to leading order in perturbation theory, by
Eq. (2.6) which in general depends of course on the input
quantities at some finite Qo (boundary condition). Here
qr(n, g02) refers to the hadronic nonpointlike photon
structure function which is commonly estimated on
grounds of VMD ideas and assumed to be negligible for
large n ( & 3), i.e., for large values of x ( & 0.4), since count-
ing rule arguments suggest q(MD(x, go )-(1—x). Typi-
cally Qo =1 GeV where VMD is in good agreement with
the measured total yy cross section, but for Q & go —1

CxeV there is a clear deviation ' from the VMD expecta-
tions which points toward the onset of the pointlike par-
tonic contribution given by the first term proportional to
a(n) in Eq. (2.6). As we can see this latter contribution
still depends on the choice of Qo even if qr(n, go ) is as-
sumed to be negligible for large n It has become . cus-
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tomary to avoid this Qo dependence by assuming that Q
is so large as to justify the omission of the logarithmically

2 2 i —2S(o]rpo
decreasing term [a, (Q )/a, (QO )] leaving us with
the widely celebrated unique asymptotic solution ' '

qr(n, Q ) =4ma(n)/a, (Q2),

which is often referred to as a unique and absolute test of
@CD. The x dependence of this simple asymptotic solu-
tion can be most easily extracted by solving the evolution
equations (3.3) and (3.4) in leading order (k"'=P'"=0)
directly in x space with the ansatz that the Q dependence
of the solution is solely given by lnQ /A; this has been
extensively studied in Ref. 6 and essentially amounts to
solving Eq. (3.1) iteratively for a (x).

However, at moderate values of Q where present data
are taken, the logarithmically decreasing terms in (2.6) are
not negligible and thus the photonic parton distributions
still depend on the boundary conditions at Qo and are
therefore not uniquely predicted by the evolution equa-
tions alone, even when assuming qr(n, QO )=0 for n )3.
Taking '

Qo -1 GeV, a simple calculation shows that
the subasymptotic logarithmically decreasing term

1 —2P(0)/p
[a, (Q )/a, (QO )] in Eq. (2.6) modifies the unique
asymptotic solution 4ma(n)/a, (Q ) for 4( &n12 by as
much as 40% at Q =5 GeV and by about 25% at
Q =20 GeV . These sizable corrections imply that
qr(x, Q } will be softer than the asymptotic solution
4ma(x)/a, (Q ) at large x.

Clearly, the easiest and most reliable way to extract and
study the effects of such corrections is to solve directly
Eqs. (3.3) and (3.4) in leading order (O'"=P"'=0) but
without assuming that the whole Q dependence of the re-
sulting solution is solely given by lnQ /A . Choosing a
given value for Qo, the input can be either q,r(x, QO ) =0,
which results in a particular solution of the inhomogene-
ous evolution equations corresponding to the first term in
(2.6), or qr(x, QO )&0 which will yield the general solu-
tion of the homogeneous part of the evolution equations
(3.3) and (3.4) and corresponds to the second term in Eq.
(2.6). This latter solution is obviously identical to the one
obtained from the standard (homogeneous) Altareili-Parisi
equations.

The same discussion and remarks apply of course also
when higher-order corrections are included, but here the
logarithmically decreasing boundary terms [a,(Q )/
a, (Qo )] of the most general solution in Eq. (2.8)
are not only sizable but also absolutely necessary for pro-
viding us with a meaningful and finite solution in the
small-x region (or for n =2) as discussed in Sec. II. The
unjustified neglect of all Qo -dependent boundary terms in
Eq. (2.8) generates an apparent problem ' [because of the
singularity appearing in the singlet b at n =2 in Eq. (2.9)]
which requires some ad hoc nonperturbative regulariza-
tion' " for its resolution in order to avoid the photon
structure function becoming negative at small x. In addi-
tion it should be remembered that, when higher orders are
taken into account, even this regularized asymptotic (i.e.,
Qo -independent) solution has a further arbitrariness due

to an unknown constant corning from the photon matrix
element of the hadronic energy-momentum tensor (which
survives asymptotically because one eigenvalue of the
singlet matrix Ps(n, Q ) vanishes due to energy-
momentum conservation). Having estimated this pertur-
batively unknown hadronic component of the photon on
grounds of VMD arguments, ' one usually fits ' ' "the
parameters of some assumed form of (1/x)E$(x, Q ) to
the predicted moments in Eq. (2.8}, with the logarithmic-
ally decreasing terms suppressed, in order to extract the
relevant x dependence to be compared with experiment.
This indirect procedure is necessary since the singularity
structure of the solution (2.8) in moment n space is too
complicated for a direct (numerical) Mellin inversion.

Such a fitting procedure for extracting the x depen-
dence from predicted moments (with integer n) is certainly
not very reliable or adequate especially for the small-x re-
gion. This is so because the small-x region is entirely
dominated by /om-n moments, in particular by the right-
most singularities in the n plane, which are not adequately
accounted for by the low-integer n=2 and 3 moments
usually considered. ' '" Clearly a better way to study the
x dependence of b (x) is to solve the integral equation (3.2)
with the leading-order quantity a (x) given by Eq. (3.1).

In view of all these considerations it is clear that the
only reliable and correct way to find the x dependence of
the general boundary condition respecting solution (2.8) is
to solve the evolution equations (3.3) and (3.4) directly in
Bjorken-x space. Clearly the solution will depend on the
specific choice of Qo (VMD suggests '

Qo =—1 GeV ) and
on the theoretically unknown input distributions
q4(x, QO ), Xr(x, QO ), and Gr(x, QO ). Thus the theory
can only be genuinely tested by first measuring these input
quantities, i.e., F)(x,QO ), and then performing further
measurements at some other Q differing from Qo .
Needless to say that the presently available data do not
provide the required testing conditions unless one makes
specific assumptions for these input quantities at
Q =Qo . Setting all qf(x, Qo )=0 will yield the particu-
lar solution of the inhomogeneous equations (3.3) and
(3.4), corresponding to the first two terms in Eq. (2.8), and
allows us to study the dependence of these theoretical pre-
dictions on the logarithmically decreasing terms, in partic-
ular in the small-x region, as compared to the boundary-
condition-independent but ill defined or regularized' '"
asymptotic terms 4na/a, (Q )+b in Eq. (2.8) studied thus
far. Solving for a finite input q;r(x, QO )&0, which at
present could be estimated on grounds of VMD, will pro-
vide us with the additional solution corresponding to the
homogeneous part of the evolution equations (3.3) and
(3.4), i.e., to the third term in Eq. (2.8). The x and Q
evolution of this latter solution is therefore obviously
identical to the one obtained by solving the standard
Altarelli-Parisi equations to the two-loop accuracy for
hadronic distributions. More quantitative results and a
detailed comparison with forthcoming data will appear in
a future publication.

APPENDIX
For completeness we summarize the hadronic splitting

functions required in Eqs. (3.3) and (3.4). The leading-
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order ones are standard and given by

2
p(o)( )

4 1 +x
3 1 —x

, +

Pqs'(x) =2f—,
' [x +(1—x) ],

(o) 4 1+(1—x)
3 x

where distributions like (1—x) '+ are defined by
1f dx [f(x)]+q(x):f—dx f(x)[q(x) q(—1)],

which implies the following useful formula for the actual
evaluation of convolutions:

f+ s q= —q(x) f dy f(y)

P~~'(x) =6 + +x(1—x)
(1—x)+ x

r

+ "" — qy--"e- .x y y
(A2)

11
12 18

5(1—x)
In order to facilitate future detailed (x,g2) analyses we
represent the subleading two-loop splitting functions' '
by simple analytic expressions

PNs(x):PNs+ =—' 14.48 —7.992x —6.497x —5.613x +0.6465x

—13.71(1—x) ' +8.019 +8.2185(1—x)
(1—x)+

Pqq (x)= —, 7.260+7.360x —1.854x —13.71x3+4.751x

1—22.25(1 —x) ' +8.019 +8.2185(1—x)(1—x)+

Pqs'(x) =63.63+70.22x+ 56.31x —37.20x + 13.29x " —94.32(1—x)
Psq'(x) =—[33.59—74.72x+80. 81x —43.96x —1.747x ' +4 479(1—x) '],
P"'(x)=286.7—290.Ox+327. 6x —201. lx —14.45x

—166.5(1—x) ' +24.06 +45.795(1—x),(1—x)+

(A3)

which refer to the MS scheme and to f=4 flavors, and are valid for 0.02 &x & 0.99 where they represent very accurately
the exact but more complicated analytic expressions. The corresponding parametrizations for three flavors can be found
in Ref. 22.
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