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Numerical study of flux patterns in non-Abelian lattice gauge theory
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Flux patterns in four-dimensional SU(2) lattice gauge theory are studied with Monte Carlo tech-
niques. Through a certain Aux loss from elementary cubes, the theory shows significant non-

Abelian effects at scales much shorter than the correlation length. The shape of the remaining flux
has an Abelian character until the correlation length drops to the cube size.

I. INTRODUCTION

The finite-lattice approximation to continuum gauge
field theory is comprehensible to fast digital computers.
For slow analog brains it is less appropriate. As a conse-
quence, the lattice-gauge-theory numerical calculations
have produced some interesting numbers but little physi-
cal insight. Nevertheless, it may be possible to extract
enlightening qualitative information from machine-
generated field configurations. Some initial results of this
type are presented here.

The existing numerical calculations strongly suggest
that four-dimensional, non-Abelian lattice gauge theories
confine quarks. ' Also, Tomboulis has presented the out-
line of a proof that the SU(2) lattice theory confines for all
P. Contrasting these solid results is a folklore which holds
that confinement may be due to superconducting magnetic
sources. One may wonder if the numerical calculations
support this or some other picture.

To deal with this type of question, it is necessary to
study the configurations in detail. The first thing that can
be tried is to look directly at a typical configuration. The
link variables are not of interest since they have no
gauge-invariant meaning. The plaquette variables are of
more interest. One can display them or some combina-
tions of them. It turns out that very little can be seen.
The correlations of plaquette variables are much smaller
than the fluctuations of each even for adjacent plaquettes
at large P. Plaquettes appear to be operating independent-
ly. Of course, they are not really independent. They are
constrained kinematically by the Bianchi identity and
dynamically by the action. To reveal the correlations,
some averaging is required. Interesting averages that fil-
ter a rough picture out of the noise will be discussed.

The Bianchi identity has strongly influenced this work.
In terms of link variables, it is simply an identity. In
terms of plaquette variables, it is more of a constraint. In-
dependent plaquettes are not consistent with the Bianchi
identity. Nevertheless, there is still great freedom in satis-
fying the identity. The action exerts its influence here.

Section II begins with an intuitive discussion of the Bi-
anchi identity and flux. This suggests a choice of correla-
tions for study. Lowest-order weak-coupling results for
these are given. The calculations represent an essentially
Abelian and relatively understandable limit of the non-
Abelian theory. Thus, they serve as a baseline that is

helpful in interpreting the numerical results of Sec. III.
The conclusion presented in Sec. IV has two parts.
Through a certain kind of flux loss from elementary
cubes, the theory shows significant non-Abelian effects at
scales much shorter than the correlation length. However,
the shape of the remaining flux is Abelian by one measure
until the correlation length drops to the cube size.

A few papers have reported qualitative results from
Monte Carlo calculations. The work of DeGrand and
Toussaint on Abelian theories is probably the most clearly
related. The discussion" of the role of "topological" ob-
jects in the crossover region is somewhat related, but it
deals with lattice effects that are not believed to be impor-
tant in the continuum limit. The discussions of "fat"
flux tubes are more relevant.

Our work represents a rather modest investment in
computer time, and the statistics could certainly be im-
proved. Nevertheless, it shows that interesting qualitative
information can be extracted from the configurations.

II. THEORETICAL DISCUSSION

This section begins with an intuitive discussion of the
Bianchi identity. This leads to the study of certain Aux
correlations. Lowest-order weak-coupling contributions to
these correlations are given. They are used as a baseline in
interpreting the numerical results of Sec. III. The model
is four-dimensional Euclidean SU(2) lattice gauge theory.

A. Bianchi identity

The continuum, Abelian Bianchi identity has a simple
interpretation: The magnetic flux leaving a volume is
zero. The continuum, non-Abelian Bianchi identity is not
as easy to interpret. It states that the covariant divergence
of the field is zero. Thus, the ordinary divergence of the
magnetic field need not vanish, and magnetic monopoles
can be accomodated without singularities.

From an extremely local viewpoint, the Abelian and
non-Abelian identities are not so different. The ordinary
divergence of the non-Abelian magnetic field is linear in
the gauge potential. Given any point it is possible to find
a gauge in which the potential vanishes at that point.
Thus in that gauge, the ordinary divergence of the mag-
netic field will also vanish at that point as is true for the
Abelian field.

28 2637 1983 The American Physical Society



2638 JOE KISKIS 28

To get an interpretation that is meaningful in finite re-
gions a somewhat different approach is required. The dis-
cussion now applies to both the lattice and continuum be-
cause a lattice can be thought of as sitting in a continuum.
This will be an intuitive discussion. Complete detail is
available in Ref. 6.

Let r stand for some route in space (lattice or continu-
um). Let U(r) be the gauge group element associated in
the usual way with that route. Now consider a three-
dimensional cube in space bounded by six faces. Choose a
vertex of the cube, and associate with each of the six faces
a route that begins and ends at the chosen vertex as indi-
cated in Fig. 1. To obtain expressions with gauge-
invariant meaning, it is necessary to refer quantities to the
same vertex. This explains the tails on r2, r4 and r6. Ap-
plied to this cube the non-Abelian Bianchi identity states
that

U(r6) U(r5) U(r&) U(r3) U(r2) U(ri) = 1 . (2.1)

/ I

In the Abelian case, all the group elements commute so
that the tails can be dropped and the order in (2.1) does
not matter. Then (2.1) states that the flux leaving the
cube is quantized, and for a smooth field in the continu-
um, it must be zero.

In the non-Abelian case, this statement cannot be made.
However, given a cube, it is always possible to find a
gauge in which the group elements are the identity on the
three links on which there are tails. Then the tails can be
dropped and (2.1) will resemble the Abelian version.

Precisely, the identity states that the product of the
group elements associated with the six faces of the cube is
the identity. Equivalently, if the six elements are multi-
plied in sequence, then the path obtained in the group be-
gins and ends at the identity. Although this is not ordi-
nary Aux conservation, still flux cannot simply disappear
in an arbitrary way. Thus in a loose sense, (2.1) is a gen-
eralization of flux conservation.

Equation (2.1) is an identity that follows from the
kinematic structure of the gauge theory. It is satisfied by
any configuration. It reflects the structure of the theory,
but it places no restrictions on the configurations beyond
those already implied by the defining gauge theory struc-
ture. There is a great deal of freedom in the manner in
which the identity can be satisfied.

If configurations are discussed in terms of link vari-

ables, (2.1) is not particularly important. The link vari-
ables are independent and unrestricted and (2.1) is au-
tomatically satisfied. However, no gauge-invariant signi-
ficance can be attached to the value of a particular link
variable. It is more physical to discuss configurations in
terms of plaquette variables and arrangements of flux.

The group elements associated with plaquettes are not
independent variables. They are constrained by Bianchi
identities such as (2.1) and its generalizations. Thus, not
all conceivable arrangements of flux are consistent with
the gauge-theory structure. Only those that satisfy the Bi-
anchi identities are allowed. The pattern is determined by
the dynamics and thus depends on the value of P.

The flux that enters the cube through a face cannot
simply disappear. What tendencies does it have to change
orientation in color space and in ordinary space? What is
the pattern? Information can be obtained from some sim-
ple correlations.

B. Correlations

To study flux, it is necessary to define it. Elements of
SU(2) can be parametrized by a vector of angles 8,

U=e' =cosO+iO. cr sinO

with

0&8=
i Oi &ir. (2.3)

Associated with each plaquette p there is a group ele-
ment U(Bp). It is tempting to call the corresponding 8
the flux through p. While it is useful to associate 8 with
the magnitude of the flux through p, it is not so useful to
think of 8 as the color direction of the flux. The problem
is that O is only gauge covariant and not gauge invariant.
Even a comparison of the relative orientation of gauge co-
variants based at different lattice vertices has no gauge-
invariant meaning. To construct a gauge invariant from
gauge covariants, it is necessary that they be based at the
same lattice vertex. Thus it is possible to measure the rel-
ative orientation of the fluxes of different plaquettes only
after parallel transport to a common vertex. [This is one
way of understanding the tails on U(r2), U(r4, ), and
U(r6).] The correlations to be studied will be constructed
accordingly. They contain more detail than the standard
plaquette-plaquette correlation.

The procedure admits some arbitrariness in the selec-
tion of the base vertex and routes to it. To fix this, we
take our lead from the Bianchi identity itself'. Notice that
each of the six routes in Fig. 1 is associated with a partic-
ular face of the cube and all are based at the same vertex.
Thus for the purpose of comparing the fluxes out of faces
1 and 4, take for the flux out of 1 O~ and for that out of 4
O4 whereI 'I

FIT&. 1. An elementary cube and the routes r; associated with
the ith faces.

U(ri)=e ' and U(rq)=e

It follows that

O) Og

(2 4)

(2.5)

is a gauge-invariant measure of the relative orientation of
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in the Abelian case and

6

g e, =o (2.7)

in the non-Abelian case. It is no surprise that the non-
Abelian fiuxes act like three independent Abelian fluxes in
this approximation. In the Abelian case, the exact result
is

the fluxes. Objects such as (2.5) will be our major interest.
The Bianchi identity can be expressed in terms of these

fluxes. For weak coupling a small-8 approximation of
(2.1) can be made and it gives

6

g e, =o (2.6)

flux that enters through face 1 to exit with the same orien-
tation through the opposite face. It is then easy to see
that

3 —48 —C=D . (2.15)

This measures the extent to which flux that enters with
some orientation does not exit with that orientation. It is
a measure of lost or at least reoriented flux.

Another quantity of interest is

(2.16)

This is a measure of the average shape of the flux configu-
rations that removes the effect of lost flux. Consider
again a gauge with

sin +8; =0 (2.8) 49) ——0)3 . (2.17)

or

+8;=0 mod 2m. . (2.9)

Not all of the 3-type flux that enters the cube will leave it
in the 3-direction. But for that that does, R gives the ratio
of the amount that goes out of an opposite versus an adja-
cent face. This gives information on the shape of the flux.

0;3 . (2.10)

In the weak-coupling limit, (2.10) is zero. This means that
the flux that enters the cube through face 1 must exit with
the same orientation through the other five faces. Away
from the weak-coupling limit, this will no longer be true.
We will obtain a measure of the extent to which this
Abelian picture is valid as a function of P.

Since (2.7) is gauge covariant and not gauge invariant, it
cannot be measured directly. To make measurements, we
follow (2.10) and introduce the gauge-invariant measur-
ment

In the non-Abelian case, there is no simple expression
such as (2.8) and no monopole quantization condition
such as (2.9).

The left-hand side of (2.7) is an interesting quantity. It
is gauge covariant. It vanishes in leading order at weak
coupling for both Abelian and non-Abelian theories. In
Abelian theories, it vanishes in all higher orders also. The
nonvanishing contributions are from quantized, nonper-
turbative, monopole configurations. In the non-Abelian
theory, it can be used as a sensible measure of the diver-
gence of the flux. It can also be thought of loosely as a
density of magnetic sources.

Use the gauge freedom to orient 0~ to the 3-direction.
Then the 3-component of the left-hand side of (2.7) is

C. Baseline calculations

To interpret the measurements of 2, B, C, D, and R it is
helpful to have some theoretical guidance. The relative
importance of different configurations is determined by
the integrand of the partition function

e ~ with S=—g —,'TrU(Bp) .
P

(2.18)

The typical arrangement of flux will change with p. It is
to be expected that at large p the typical configurations of
the non-Abelian theory will resemble those of the Abelian
theory. Lowest-order weak-coupling results, which are
essentially the same for the two cases, should be accurate
as p~ ce.

The purpose of these calculations is not to predict the
Monte Carlo data. Indeed we would not expect the
lowest-order calculations to be very good in the moderate
p regions where data is taken. Rather the calculations
provide a framework that can be used to interpret the
data. In this way, qualitative and intuitively useful infor-
mation can be obtained.

First note that in an adequate approximation, A, 8, C,
and D can be expressed in more familiar notation. Con-
sider

D—= 0) 0.

Three quantities in addition to D will be considered,

(2.11) lz =——
~ Tr[U(r ~ ) U(r3)]+ —,

' Tr[ U(r
& )]—,Tr[U(r3)]

(2.19)

a —= (e,'),
B—= —(8,.8,),
c—:—(8).84) .

(2.13)

(2 14) So

lz ——0&sinO&. 03sin03 .
(2 12) In terms of angles, this is

(2.20)

A is the average of the square of the flux entering the cube
through face 1. B measures the tendency of the flux that
enters through face 1 to exit with the same orientation
through an adjacent face. C measures the tendency of the

lg ——8 (.83[1+0(e )],
and in a lowest-order weak-coupling calculation

(I~) = B. —

(2.21)

(2.22)
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Similar results apply to A, C, and D.
Standard weak-coupling techniques are used to calcu-

late the lowest-order contribution. The calculation was
done on an infinite lattice. In the four-dimensional
momentum integrations, the first integration was done
analytically and the remaining three numerically. The re-
sults at order 1/p are

The fact that D vanishes is just a statement of the Bianchi
identity in this weak-coupling limit. R less than one indi-
cates that flux is somewhat more likely to exit through a
side face than the opposite face in a typical weak-coupling
configuration.

D. Passible prablem
3 =1.500/P,

8 =0.324/P,

C =0.206/P,

D=O,
R =0.636 .

(2.23)

For a given configuration, the computation of the 8 s is
unambiguous. Nevertheless, if some 8 is near rr, then a
small shift in certain links can change 8 (but not 8) by a
large amount. Thus if there are many plaquettes with
O=-m, then the intuitive picture breaks down.

Fortunately, plaquettes with 8=m. are suppressed for

1.2
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FICi. 2. The measurements A, B, and C with curves from (2.23).
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two reasons. First, the action is unfavorable for such
large fluxes. Second, the measure on the group is small
around 0=0 and 8=m. Thus the problem may be insigni-
ficant at the values of P under investigation.

This has been checked directly. The data can be taken
with the contribution from 8's near m explicitly removed.
Over most of the p range the effect is invisible and even at
p=2.0 it is not significant.

III. NUMERICAL RESULTS

In the previous section, a technique for investigating
flux was discussed. In this section, the Monte Carlo data
are presented. The lowest-order weak-coupling results are
helpful in interpreting the data.

The lattice is of size 10 and the p values are 2.0, 2.4,
2.6, 3.0, 3.5, and 5.2. The configurations were generated
by the heat bath method with a program published by
Creutz. At each value of p, the lattice was thermalized
with 30—35 sweeps. Then three subsequent configura-
tions separated by five sweeps were saved on magnetic
tape. The data came from these saved configurations.

~9 0

~8-
7-

.6-
5-

.4-

.2

~
1-

1&&1&&1 cubes in the lattice are specified by a vertex
and a set of three positive directions. There are four dif-
ferent choices for the set of three directions. For each
choice, there are 10 such cubes. In each cube, there are
three ways to choose pairs of opposite faces. Thus, there
are ways to divide up the measurement of any quantity
into partial measurements. The error bars in the graphs
are the standard deviation of 12 (four on each of three
configurations) such partial measurments of the quantity.
The errors on the points without bars are too small to
display.

In Figs. 2(a), 2(b), and 2(c) the measurements of A, B,
and C are presented. The curves are the lowest-order re-
sults (2.23). As expected, the lowest-order theory is
reasonably close to the data at the larger p values.
Perhaps it is a little surprising that the lowest-order calcu-
lations are not wildly off even at p as low as 2.4.

A is above the calculation and B and C are below. To
interpret this, consider D. The results for A, B, and C in-
dicate that D will increase as P decreases. [Recall (2.14).]
D as a function of P is shown in Figs. 3(a) and D/(Oi )
in 3(b). These show that even at rather short distances the
field takes advantage of the non-Abelian structure that al-
lows D&0. This effect increases substantially and
smoothly as p decreases. It occurs at p values well above
the crossover (p =2.2) and in regions where the correla-
tion length is still much larger than the 1&(1&1 cubes
under study.

R gives a measure of the shape of the fiux pattern.
R =0.636 is the large-p limit and is associated with an
Abelian configuration. The data for R are presented iii
Fig. 4. R stays close to 0.636 down to surprisingly small
values of p. At p=2.4 the correlation length is about 1.3.

IV. CONCLUSIONS

Three conclusions can be drawn from the data of Sec.
III.

(1) For A, B, and C, lowest-order calculations are more
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.6- 7—
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.3
~2

5—

4—
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~
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FICx. 3. Plots of D and D/2 derived from the A, B, and C
data. FICx. 4. Plot of R derived from B and C data.
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accurate than might be expected down to P=2.4.
(2) D is significantly different from zero. It increases

steeply as P decreases. Thus non-Abelian nonconservation
of flux is significant at scales much shorter than the corre-
lation length.

(3) R stays very close to its weak-coupling limit down to
surprisingly small P values. By this measure, the remain-
ing flux maintains an Abelian shape until the correlation
length approaches the cube size.

It would be interesting to know if the contributions to D
come primarily from lattice approximations to point Wu-
Yang monopoles or from some more extended sources.
This question can be answered with more detailed numeri-

cal studies that are in progress. Following DeGrand and
Toussaint, it is possible to make rough estimates of the
contributions from point monopoles. They do not seem to
account for the size of D.
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