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If the initial and the final states of a system have classical limits, and if the classical limits cannot
be chosen independently from each other without violating classical conservations laws, the JWKB
approximation of the probability amplitude for the transition between such initial and final states re-
quires special care. We compute it explicitly for momentum to momentum transitions and for angu-
lar momentum to angular momentum transitions. It is shown how the classical conservation laws
make their appearance in the limit #=0. The statements are illustrated by applications to potential

scattering theory.

I. INTRODUCTION

In the operator formalism of quantum physics, a
dynamical variable is a constant of the motion if it does
not depend explicitly on time and if it commutes with the
Hamiltonian of the system. The quantum concept of con-
stant of the motion corresponds to the classical concept by
the “commutator-Poisson bracket” correspondence. How
are these basic ideas translated in the path-integral formal-
ism of quantum physics? Somehow the WKB calculations
must give vanishingly small values to probabilities for
transitions between states whose classical limits are incom-
patible because they violate the constraints imposed on
them by the classical conservation laws. For example, let
K (pp,tp;X,t) be the probability amplitude that a particle
being at x EM at time t ET=[t,,t,] be found with the
momentum p,, at time ¢, and let ¥ (x,t;p,,?,) be defined
similarly. What is the quantity

‘Z/-(pb!tb;Pa’ta)Efde ‘z’(pb’tb;xat)-zf(xﬁ;]-’a,ta) ?
(1

It often happens that p, and p, can be treated as indepen-
dent variables on the right-hand side of (1), but that they
have to be treated as constrained variables on the left-hand
side because of conservation laws. We shall show that in
the limit %=0, the integrations in (1) bring out the conser-
vation laws. Mathematically, the problem is the calcula-
tion of an integral by the stationary-phase approximation
when the set of critical points, all of which are degenerate,
form a submanifold of M.

Indeed the critical points of the action functional S de-
fined on the space X of paths f:T—M are the solutions of
the Euler-Lagrange equation. Let g (p,,ps) be a solution
of the Euler-Lagrange equation characterized by its initial
and final momenta. If S is invariant under a continuous
group G of transformations %, then the critical values of
S are constant on the submanifold Y CX consisting of the
paths g (Fp,,Fpp) for any ¥ €G.
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II. WKB AMPLITUDES SUBJECT
TO CONSERVATION LAWS (REF. 1)

We shall compute the WKB approximation of
K (py>ty;Pasts) defined by (1) for the system

Ligg)=3m|§|’=Vig) @)
defined? on M =R™". That is, we shall compute’
I=% wkp(Pbstb;Parta)
E}iiix(l)fde F wrB Doty Xt ) F wkB(X,t;Pasta) 5
(3)
where ¥ wkg(X,t;Pa>t, ) is the WKB approximation of
i

— fzt V(x +puy(s))ds

-W‘(x’t;(ﬁa)ta):f}, de(y)exp P
+

X o (x +py(t,)) 4)

for ¢, a plane wave of momentum p,, and

H wxlPp>tp;x,t) is the WKB approximation of

P
Hdpotaix,)= [, dw?exp |—— [ "V(x+uy(s)ds

X5 (x +uy(ty)) (5)

for ¢, a plane wave of momentum p,, where u=(#/m)'/?,
Y_,and Y are the spaces of continuous paths vanishing,
respectively, at t, and 2, w ¥, and w f are the complex

Wiener integrators defined by their Fourier transforms
i Wa
(Fw¥)p)=exp |— 5 de#,,(t)deyﬂ(s)@ B(t,s) |,
(6)
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G¥(t,5)= inf (t—1,,5 —1,)1,
@)

G¥(t,s)=inf(t, —t,t, —s)1 .
The initial and final wave functions are chosen* to be
T, , and similarly for ¢, , (8)

i
ba=cxp | S,

where S,,S,, T,, and T}, are well-behaved functions on the
configuration space. The support of T, or T} determines
the localization of the system. The associated classical
problem* to the quantum system (4) [(5)] is the flow of
classical trajectories of (2) with boundary conditions at
t=t, [at t=1p],

DPa(x)=VS;(x) [pp(x)=VSp(x)] . 9)

If the classical flow is a one-one mapping® on the domain
of the wave function, then®
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WWKB(¢b»tb;xyt)

=exp

és(pb’tb;xyt) ’

X 'detaZS(Pb,tb;X,t)/apbﬁax"| V2T (g(8)) ,

(11

where the action functions are defined by the action func-
tional

S(g)= [ L(g(1),4(e))dt

and the endpoint contributions introduced by the initial or
final wave function:

S(x,2;p5,t)=8(q,)+S,(q,(2,)) for g, the classical path
defined by (p,,2,)(x,t) ,
(12)

S (py>ty;x,t)=S8(qy)—Sp(gy(2,)) for g) the classical path
defined by (x,2)(py,t,) .
(13)

Fwkp(X,t;0452,)
WKB barla The expression “the classical path defined by (p,,t,)(x,7)”
. is to be understood as follows (see Fig. 1). Let ®;:M —M
=exp %s( X, Parta) ] be the classical flow defined by

®,(a)= —VV(D,(a)) with &, =d?®,/ds?,

X | det 328 (x,13pg,t,) /8% B3pyq | V2T, (qa(2,)) . 14)
Do(a)=a, Pya)=VS,(a);
(10)  then the classical path defined by (p,,, )(x,?) is
y
L 1 1 1 ' 1 z

FIG. 1. Family of classical paths having the same initial momentum at t;=—oo0 in a repulsive Coulomb potential. Let

A=eE /mv,®, B= impact parameter. For a given A, the B family of Coulomb paths satisfy B(y —B)=A [z +(z2+y?)!/?] in the y —z
plane with the potertial at the origin of the coordinates. This flow is caustic forming in configuration space, but is not caustic form-
ing in momentum space. For 4 negative (attractive potential), the flow is not caustic forming (Ref. 7).
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FIG. 2. Two classical flows of Coulomb paths: one having the same initial momentum p, at ¢, = — « in the z direction, the other

having the same final momentum p, at #,= + c in a direction making an angle =70 with the z direction. The norms of p, and p,
are equal, and there is one path (the dot-dash line) which belongs to both flows.

D, _, 0D}, (x). (15)
The classical path defined by (x,¢)(py,?,) is

W, 0 Wi, (x), (16)
where ¥, is the classical flow defined by

W (b)=—VV(¥(b), 17

Wo(b)=b, Wy(b)=VS,(b) .
]

F(x)=S(pp,tp;x,t)+S(x,t;p45t) ,

A(x)= Id%tazS(pb,tb;x,t)/ap,,pax"l 172 d%;azS(x,t;p,,,ta)/axﬁapaa| V2T (gt DTy (gp(ty)) .
[+4 a,

The critical points x( of F satisfy the equations

OF (x0)/0x§=F 4(x9)=0, a=1,...,n. (22)

The x* derivative of the action function defined by (12)
[by (13)] is® the momentum p,,(¢) along the classical g,
[minus the momentum p,,(t) along the classical path g,].
Equations (22) say that if x is a critical point,

Padlt)=Ppa(1) . (23)

Equations (23) are satisfied if and only if the homotopic
product path® g =gq,q, is a classical path, that is to say if ¢

A path can belong to both flows (see Fig. 2) if there is a
point x, and a time ¢y such that
W 1,0 Wio Lo, (x0) =P, _, oL, (x0) . (18)

With the WKB approximations being given by (10) and
(11), Eq. (3) can be written

-~ i
I=11£(1)fmdx exp ﬁF(x) A(x) (19)
with
(20)
21)

]
belongs both to the flow (15) and to the flow (16). We
shall say in brief that g is defined by (p,,%;)(ps,tp). We
have two cases to consider according to whether or not
F ,(x¢)=0 has a solution on the support of 4.

(1) There is no classical path q belonging to both flows.
Then, for T, or T, of compact support, I tends to zero

faster than any power of #
I=0O(#") for n an arbitrary integer . (24)

The essence of the proof of this well-known result can be
stated for the one-dimensional integral
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j | OF ' a j
fRdxA(x)exp éF(x) =fRdxA(x) -;——& o |SXP éF(x) , for dF /0x5-0 on supp4 ,
—1
. d oF i
=ifi [pdx—— 1A | 2= | exp | 2F(0) |, 25)
T
since 4 is of compact support. By repeated usage of in- G(y)= f IMds
tegration by parts one obtains (24). Q.E.D. 0 ds
In the limit %=0, the probability amplitude for finding 13G(sy) o «
in the state @, at ¢, the system known to be in the state ¢, =Jo 7y %) y¥ds =y°galy)
at 7, vanishes if there is no classical path belonging both )
to the classical flows defined by ¢, and ¢. with
(2) There is at least one classical path q belonging to 13G(sy) 3G
both flows. If Egs. (22) have a solution, they are likely to gay)= fo —a(sy—“)ds’ 84(0)= ) (0).

have an infinite number of solutions, namely any point x,
on a path belonging to both flows. We shall assume that
there is only one classical path belonging to both flows.?

If, for instance, p,(?) and p,(¢) are constant and equal,
respectively, to p,i(¢;) and pg(p), then Eq. (23) says
DPai(ty)=pp1(ty). This equation does not impose a condi-
tion on x, but a constraint on the choice of initial and fi-
nal states. We shall refer, in brief, to such an equation as
a “conservation equation”. In general, possibly after a
change of coordinates, the equations F ,(xo)=0 split into

| conservation equations , (26a)
n—1I equations which determine » components of xg .
(26b)

We shall assume that (26b) has a unique solution® for n —1I
components of x,, i.e., (26b) defines a connected I-
dimensional submanifold NCM. Let {x%}—{x%] be the
change of coordinates, if any, which splits the set
{F o(x)} into (26a) and (26b). Let p=0L /37 be the cor-
responding generalized momenta. Set F(X)=F(x(x)) and
order the coordinates so that

F,=0,a=1,...,1 are the conservation
equations , (27a)
F 4=0, A=I+1,...,nare the remaining
equations . (27b)

It is now necessary to generalize the lemma of Morse.!°
Set

y=Xx—Xo, (28)
G(y)=F(y+Xo)—S(ps,tp;Pasta)
with
S (Pysto;Pasta) =S (Pp>tp3X%0,t0)
+S8(x0,205Pa5ta) - (29)

Lemma. There is a local system of coordinates in a
neighborhood of X, such that

1 n
G=3re—+ & o+ 3 64, 6o
a=1 A=I+1 A=p+1

where g, does not depend on y.
Proof. For any O? function G such that G (0)=0,

84(0) vanishes by virtue of (27) and (28). But, according
to (27a), dG /9y is independent of {y*a=1,...,n}, oth-
erwise we would be back in case (1), Eq. (24); hence G is
linear in y% that is, g, does not depend on {y*} and g, de-
pends only on {y%:4=I+1,...,n}. We can, for y in the
subspace of M parametrized by {y“}, repeat for g, the ar-
gument made for G:

19
£4(0)=y?h4(») for hup(y)= [, —af%uy)ds

and
1 3%G
hyp(0)=— (0)
AB ) ayAayB
1 3217()?0)
=———— deth,5(0)5£0 .
2 axfoxk 4p(0)7
Hence
] n
G)=y%8+ 3 y¥Php'r,. . .,y". 31
a=1 A=Il+1

y is a nondegenerate critical point in the subspace of M
parametrized by {y“}; the diagonalization of EyAth 4B
can be done as usual'! and (31) is brought into the form
(30). Q.E.D.

It follows from the fact that (22) can be split into (27a)
and (27b) that the set of critical points, all of which are
degenerate, form a submanifold. We shall call {y®} the
coordinates which bring G (y) into the form (30). Then

= i a ﬁ
I=lim fRndyc}z%t(ax /3y®)

XA(x(y)) .
(32)

X exp

#1GO) +S@oty:pa,t0)]

Set y=7#u® and det(dx*/3y?)4(x(y))=D(p). Then

I=li
lim exp

—;'{S(Pbytb;pa:ta ) "hn

X [ du exp | £GUAu) |[D(0)+O0(A)] (33)

with

l n
i7lG ()= ug,+ 5% 3 ()N ut)?.
a=1 A=I+1
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In the limit =0, the integrations over u L. .., u! contri-

bute a factor (27)'8(g,)- - - 8(g;); the integrations over
fiu'+t1=p'+1 . #u"=y' can be done by the stationary-
phase approximation. It remains to compute

D(O)sd%;(ax“/ayﬂ)A(x(y)) aty=0. (34)

The change of variables {x“} into {X*} into {y*} diago-
nalizes the Hessian of G,

3’°F 3x“? axﬁ_ %G
ax“dxP 3yd ayr  aydayr

(35)

Let Nﬂy(t ,t) be the matrix inverse of K%l(t,t,)
—3q%(1)/3¢8(1,) and let L%(t,1,) =3¢%(1)/3q%1,) for ¢
defined by (p,,%,)(ps,t,) [see Eq. (43), the calculation of

]

I=2m#)" " 2exp[(q —plim /4]exp éS(pb,tb;pa,ta )

Set

F W PyrlyiParta)=(2m#) " ~D 2exp (g —pim/4]exp

In conclusion,
K wkB(Db>th;Parts)
=T WP ts;Parta) 27H)B(g,) - - - 8(gy) ,  (41)

where the set {g,=0:a =1, ...,1} is the set of conserva-
tion laws (27a).

III. EXAMPLES

A. Free particle

This is an example where the initial and final wave
functions are not of compact support and Eq. (24) is not
valid. The WKB approximation is exact,

. t
L5 gy 20

K (pp,tp;x,t)=exp 7

— Ppalx +Pb(tb—t)]a] ]

=exp é[—% | Py | 2ty — 1) —ppax®] ]

K (X,t3Pa5ts ) =€XP é[—% | Pa |2(t_ta)+Paaxa]l »

2507

D(0) carried out in terms of € limits rather than schemati-
cally as in (38)]. Equation (35) can be rewritten as follows,
with D (0) given by (34) and (21) and T, and T, set tem-
porarily equal to 1,

(detN ,B(t,1,)]~ ' detd*F /0x “0x B[ detN ®4(t,,¢)]~ ' D2
[a% (t,25)] det /3x x[‘;;'9 Blta,t)]

=0(—1P(1)9. (36)
On the other hand, by virtue of (A30), (A35), and (A65),

0’ F /3x°dxP=[L(t,1,)N(t,,t)—L(t,t,)N(ty,t)]ap
=[N(t,8,)L(ty,2,)N(tg,1)]ap - 37

Inserting this expression for d?°F/dx%3x” into (36) gives
[see Appendix A, particularly (A6), (A8), (A15b), (A30),
(A35), and (A65)]

d%;L,,p(t,,,ta )[D(0)PP=0/(—1)P(1)7,

o' TI A |[D(O)P=|0(—1)(1)| , (38)

A=Il+1

where A, are the nonzero eigenvalues of L,g. Finally,
for T, and T, not necessarily constant mappings,

I1

—-1/2
}‘-(A)} Ta(q(ta))Tb(q(tb))(21rﬁ)’8(g1) ~ec 8(gy) .

A=Il+1
(39)

. ,, -172
L S ptriparta) | | TT Mar|  TalattaNTslg(tp)) . 40)
fi A=1+1
|
and
‘z/(pb’tb;pa’ta)

=(27%)*8(p, — pp Jexp _é—[p,,ﬁ(t,,_t,,) . (42

B. Scattering by a central field

Consider a particle of mass m in a spherically-
symmetric potential ¥ (7). The choice of the initial and fi-
nal wave functions ¢, and ¢, is dictated by the transition
we are interested in. For instance, we may want
the momentum-to-momentum transition amplitude
K (Dysty;Pa»rts) characterized by the vectors p, and p,, or
we may want the angular momentum-to-angular
momentum-transition amplitude

K (Dry»P6b>P 4bstb>PrasPasParta) »

or we may want a momentum-to-angular momentum tran-
sition, or vice versa. In the first case, the flows have to be
made of parallel paths in the distant past and future. In
the second case, the flows have to be made of radial paths
in the distant past and future (see Figs. 3 and 4). Indeed,
“given p,” means “given an incident plane.” “Given
PrasPoasPgs’” Teans “given an incident spherical wave,”
since the radial paths have constant pg, and constant p4,;
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=
e

support of V

FIG. 3. Incoming and outgoing flows corresponding to a
momentum-to-momentum transition ¥ (py,tp;Pa,ta ).

in the distant past |p, | = | por | =(2mE,)

Note first that for ¢, and ¢, sufficiently large one can
characterize the classical path g either by

(pa’ta )(Pb7tb)
or by

(pra »pﬂa’pnta’ta )(prb sP6b>P ¢b> 1) )

and the corresponding action functions are the same: The
contributions from the Lagrangian are obviously the same,
the contributions from the boundary terms are the same
because

paaqa(tb)z dlq(t)|2/dt},=,b

dri(0)/dt | o,

SERNE

=parr(tb)=(2mEa )1/27‘([1,) .

(i) Momentum-to-momentum transition % (pp,ty; Da»
t,). To compare (40) with the classical results we shall use
cylindrical coordinates at ¢,

[ai} ={Z’b’¢7}

and polar coordinates at ¢, in momentum space:

{pei}=1{1ps|,0,P} .

K Wi Poy3Parta) = (2mhilexp | T |exp | -5 (P tyipasta)
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FIG. 4. Incoming and outgoing flows corresponding to an
angular-momentum-to-angular-momentum transition ¥ (p,,
pﬂb’pﬂntb; pm;PBmpnﬁayta ).

Then the bivector L,g(ty,t,)=03ps,/da®? in Cartesian
coordinates can be written

OPsa Opyi da’
Opyi da’ da®

Log(ty,t,)=

with
detdpy,/dpyi = | p | *sinéd,
al

detda’/daP=b"",
jB

and
ap ) € € €
a—b;: € do/db 0|, 43)
a 0 0 1

where €—0 when #,— «. On the other hand (38),

detL ,g(tp,2,)D*=det

conm
o~ 0o
- o o
Il
m

Thus
[D(0)]*=€/€|p, | *sinfb—'(36/3b)
=b(|py | *sin636/3b)~!

and

b2 [ a0 |7

™ sm@g To(q(2,))Tp(q(1))27%8( | pp | — | Pa | ) -
b

(44)

The conservation law can be read off the first row of .9py; /da’ (namely, |p, | does not depend on the initial position of

the particle, provided ¢, and t, are large enough).

(ii) Angular-momentum-to-angular-momentum transition, %" (Prb>P 01> obs b > PrasP 6asP gasta )-
If, in (20), we change coordinates from Cartesian {x*} to polar {¥%}={r,0,¢p}, we change the state representation
from momentum {p,} to angular momentum {p,,pg,p,}. In polar coordinates,

= ) ) Pp %
F© = [ “podry+ [, pood 05+ [ pogid @ —porrs (ty)— [, Epdt

r [} '3
+ f,npardra + feapaedga + fq,apa<pd¢7a +Partalty

The change from Cartesian to polar coordinates does not fully bring the Hessian of F in the form (35).

necessary to do so.

)— [ Egar . (45)

But it is not
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(@) It is clear that F =0 and F ,=0 are conservation laws. (b) F ,=0 says p,(r)=p,,(r); it does not determine r oth-
er than saying r is on the classical path defined by the initial conditions at ¢, and the final conditions at ¢,. p, is not a
constant of the motion but an asymptotic constant of the motion, p,(t,)=p,(t,) for t, and t sufficiently large. F ,.=0 at
any r which makes F »=0. All the eigenvalues of L,g(t,,t,) are either zero or vanishing in the remote past and future.

Thus
‘%‘WKB(prb vPBb’pq)b’tb sPra ’pGa’Ptpa’ta )=CXp( 3im/4 )exp ;;_S (prb ’pﬂb’anb’tb sPra »P 6asP pa> I, ) Ta(q(ta )Tb(q(tb )
x (Zﬁ)SS(Prb —Pra )8(P0b —Péa )S(Pq;b '—pwa) . (46)
r
Equations (44) and (46) can be compared with the classical (@)= —L d?* Lo—L dLy | d
equations obtained via angular decomposition (partial- A g)=—Ly dt? + |Le—Lau— dr | dt
wave decomposition). For instance, the 8 functions in (44)
are the same as the & functions in the equation derived by dL,,
Mott and Massey'? [their equations (66) and (57), pp. + |Ly——— 1|, (A1)
97—102] and the & functions in (46) can be obtained, in the dt

limit ¢, = — 0, t, = «, from the 8 functions in the equa-
tion derived by Schiff!® (his pages 322—323) for

F wisl |pb |’Lb7Mbv°°; |pa l:LlnMa:'—Oo) .

Since the Mott and Massey, and the Schiff formulas are
valid for ¢, = — « and #, = + o, we postpone the compar-
ison of the WKB scattering amplitudes obtained via path
integration and via the Schrédinger formalism to the third
paper’ which deals with these limits.

ACKNOWLEDGMENTS

We thank B. Nelson for discussions which have clari-
fied several issues and Alice Young for contributions and
assistance with computer graphics. This work was begun
while one of the authors (C. DeW) was at the Institute for
Theoretical Physics (Santa Barbara) and completed while
she was at the Institut des Hautes Etudes Scientifiques
(Bures-sur-Yvette). Both institutions provided excellent
working conditions. This work was supported in part by
NSF Grants Nos. PHY 81-07381 and PHY 77-27084.

APPENDIX: JACOBI FIELDS
AND WKB APPROXIMATIONS

A self-contained supplement to “Jacobi fields and relat-
ed topics”!* leading to WKB approximations for different
boundary conditions is presented in this appendix.

(1) The Jacobi f elds. Let

S(q,tp,ts)= f L(g(2),4(2))dt

be the action of a system S, and let its configuration space
be a Riemannian manifold M with metric tensor
8uv=0°L /3¢*d¢*; we use || || for the corresponding
norm and | | for the Euclidean norm.!*> Thus if

=141V,
thenlltz!lz*mIquzandilpll2 |p|2/m.

The Jacobi operator #(q) along a classical path g of the
system is

where L, and L, are the derivatives of L with respect to
its first and second arguments, respectively, and L, L,
L,y, and L, are defined similarly; for example,
(L21 ),WzazL /aé"aq".

The Jacobi fields are the solutions of the Jacobi equa-
tion (also called the small disturbance equation, or the
equation of geodetic deviation in the context of Riemanni-
an geometry):

F(@h(t)=0. (A2)

This equation has, in general, 2n linearly independent
solutions. Each one can be obtained through a one-
parameter variation through classical paths.

Let {g(t,a)}, with @ a 2n index, be the family of classi-
cal paths. For instance, a could be the 2n constants of in-
tegration of the Euler-Lagrange equations. The 2n one-
parameter variations {dq(t,a)/da;:i=1"---2n} define 2n
Jacobi fields. Note that the velocity field dq(t,a)/dt is
also a Jacobi field if L has no explicit time dependence; it
can be expressed as a linear combination'® of
{9q(t,a)/da;}.

In the case of a velocity-dependent potential we shall set

V(g(1),q(0)=2"(q(1))+(A4(q(1)),4(1))

for A(q(1) (,M (A3)

The terms quadratic in g contribute to the kinetic energy.
Velocity-dependent potentials have been investigated by
Nelson and Sheeks.?

(2) The small disturbance of the small disturbances.

If we take the derivatives with respect to «; or to t of
the Jacobi equations

F(g(a))dq(t,a)/da; =0
or
F(q(a))dq(t,a)/dt=0

we obtain the equations satisfied by the variations of the
Jacobi fields. For instance, if L(g,§)=+m]||¢||>*—V(qg),
then
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L 3asoa;  day day APV
822" 0g” 9g” A4
f‘“’aa o~ oa, or V..V, V), (A4)
2_ v
Oq” _ 39" 99° Ly, v,V .

rvy 92~ At dt

These equations can be solved with the Green’s functions
of the Jacobi equation which has the appropriate boundary
conditions.

(3) The Jacobi matrices.

J¥ (t,t,) and K* (1,t,) are bivectors defined as follows.

J(t,t,) and K(1,1,) are mappings from Ty, )M into T, M
such that, for v € T t WM,
JE St 0¥ =jM1) , (A5)

where j 1s a Jacobi field along g with Cauchy data
JM(t,)=0, j " t,)=v#;

KE (t,t, w¥=k¥1) , (A6)

where k is a Jacobi field along ¢ with Cauchy data!’
kH(t,)=v*,

Hta)=2g"( 4, ,[q(1,)]— 4, ,[q(t,)]} 0P

where A4 is defined by (A3). Note that o t,)=0 for
velocity-independent potentials.

Each column of J¥,(t,t,) consists of the components
¥ of the n Jacobi field {j,,} with the boundary condi-
tions j#,(t,) =0, and j" ()£, ) =8,

Each column of K*(t,2,) consists of the components
k* ) of the n Jacobi field {k(,,} with the boundary condi-
tions k*,(t,)=8",, and k“m( t,)=0 for velocity-
independent potentials.

If we specify a classical path g (¢,a,v,) by its initial po-
sition ¢ (#,,a,v,)=a and its initial velocity q(¢,,a,v,)=uv,,

then
JH[,t,)=0q"(t,a,v,)/3v," , (A7)
K* (t,t,)=09q"(t,a,v,)/da” (A8)

Note'® that

—889/0t —%H /09%pg
—3%H /3p,9pg

9°H /3q*dq®
830/3t —d*H /3p,0q®
(4) J, K, and L are bivectors. It is sometimes convenient

to treat them as matrices. Their “inverses” M, N, and P,
defined by

ME(t,,0)]%,(t,2,) =84 , (A15a)
NES(15,00K"(1,,)=8 , (A15b)
PF (15, 1)L"(1,15) =8 , (A15c)

are the Van Vleck determinants corresponding to the vari-
ous action functions.

Proof: Let {g(a)} be a one-parameter variation through
classical paths
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dg*(t,a,v,) dg*(s,a,v,)

JHV(t,s)=
apap 8a"
9gH(t,a,v,) 3g(s,a,v,)
- , (A9)
da’f 9Pap
so that J(z,s) is the commutator function. Also,
K* (t,5)= 99(1,a,04) 3p,(5,a,04)
da’? 9pap
dqH(t,a,v,) Ip,(s,a,v,)
_ q a Dy a ) (A]O)
apap da’
It” can be proved” that K(t,7,) defined by
K (t,t,)=K H(t,,t) satisfies
K" (t,1,)=V,J* (1,t,)
=9q"(t,a,v,) /v, . (A11)
It is convenient also to introduce
L* (t,t,)=V, K" (t,t,)
=9q*(t,a,v,)/9a” (A12)

K (¢,t,) and L(t,t,) are solutions of the small disturbances
of the small disturbances of (A4). Note that L can be

written as
Ly (t,s)= dp,(t,a,v,) Ip,(s,a,v,)
da’ Pap
ap,u(t,ayva) apv(s,a,va)
9Pap da” ’

The symmetry properties of J,K,L are the following:

() J(t,5)=—J(1,5), ie., J®B(1,5) = —JB%s,1). .Proof* In
subsection (4) of this appendix, we prove the antisymmetry
property of its “inverse.”

(A13)
(ii) In general, K has no symmetry property.
(iii) L(,8)=—L(1,s), i.e., L(t,s) = —LP%s,1). Proof
Follows from the defmmon, together with (A11).
(A14)

J,K,K,L make a matrix which is the solution of the Jacobi
operator in phase space.’ Let H be the Hamiltonian, then

JMt,s) K% [t,s)
fay(t,s) L,

(t,s)

gla)t)=q(t,a) . (A16)

Let the boundary values of g(0) be

q(t;,00=a , ¢8(1,,00=pf,

q(t3,0)=b , ¢%(1,,0)=pf .

The action functions S corresponding to the different
boundary conditions chosen to define g(a) are, respective-

ly,
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S(q(ty,a),q(t,,a))=S(F(a),t,t,)
for g(a) defined by the initial position,
final position, (A17a)
S(q(ty,a),q(t,,a))—S,(q(t,,a),q(1,,a))
=8(g(a),ty,t,) for g(a) defined by the
initial momentum,
final position, (A17b)
S(q(ty,a),q(t,,a))+Sp(q(ty,a),q(ty,a))
=S(g(a),ty,t,) forg(a) defined by the
initial position,

final momentum,
(A17c¢)

and
|

t
S(@@)=5GO) +aLoh(0)|,! +3a? |[Ln—12

n %aZ% [Lyph(Dh(1)]

where A (1)=0g(a,t)/da | 4—o is a Jacobi field along g(0). For

L(g,9)=7]|l4|[>*~V(q),

S(7(@) =S(G(O0)+aLh(®) |* +a*h(1) | h(0))

L ] R(OR(D)

tb 1 2 2 ) tb
. +70’Ly3%q(t,a)/da? |, + -,
¢ i

2
P+ yaiL, SLED)
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S(q(ty,a),q(t5,@))+Sp(q(ty,a),4(ty,))
—Sa(q(t5,a),q(t,,a))
=8(g(a),tp,t,) for g(a) defined by initial
momentum, final momentum .

(A174)

The end-point contributions are such that both sides of
these equations vanish when ¢, =¢,. We can take

Sa(q(ta,a),é(ta,a))=éa(ta,a)q"‘(ta,a)

=+d|q(t,)|%/dt, (A18a)
and

Sp(q(ty,),q(ty,a))==d | q(ty) | 2/dt, . (A18b)

To prove that the inverses M,N,P defined by (A15) are
Van Vleck matrices, we expand both sides of (A17) in
powers of a. Since {g(a)}, is a variation through classi-
cal paths, the expansion of the right-hand side gives

3
ta
(A19)

(A20)

T (A21)

a

da?

The zero-order terms of the expansion of (A17) give the relations between the various action functions S and the action

functional S.

(i) For g(a) defined by initial position, final position, the terms of order a give

as aS
g(b,tb;a,ta Ya(ty)+ a—a(b,tb;a,ta Ya(t,)=pph(ty)—pahlt,),

(A22)

which shows that the action function is the generating function of a canonical transformation, namely the time-
dependent point transformation where the a’s are the old variables, and the b’s are the new ones.

To compare the terms of order a2, we need to express h(t,) and k(1) in terms of A(z,) and h(ty) in (A19):

h(®)=J(t,t, M (15,15 h(ty) +J (1,15 )M (2p,2,)h(2,) ,
R(6)=K(t,t,)M(t,,t5)h(ty)+K (2,85 )M (15,t,)h(2;) ,

(A(ty) | h(15))=(K (5,1, )M (1,151 (ty) | R (£,)) 4+ (M 2y, )R (2,) | h(25)) ,

(A23)

(A24)

(R(t) | h(t)) = (M1, 1)1 (2y) | h(2,))+ (R (ta,t5 )M (25,00 (2,) | A(2,)) .

Equating the cross terms h(#,)h(t;,) on both sides of
(A17a) gives

3’S(b,ty;a,t,)/3bPda®=Mp,(ty,1,)

=—Mglta,ty) . (A25)

For systems with constant metric tensor and velocity-
independent potentials (A20),

3%S(b,153a,1,) /3bPAb* =K g¥(ty,1, )M 1 (t5,1)  (A26)

[

and

%S (b,1y;a,14)/3aP3a”= — K g¥ (15,1 )M (15, 1,) .

(A27)

For arbitrary systems, one uses the Jacobi matrix K satis-
fying the boundary conditions given by Nelson and
Sheeks? and one proceeds as before using the full expres-
sion (A 19) rather than the simplified equation (A21).

(ii) For g(a) defined by initial momentum, final posi-
tion, the terms of order a in the expansion of (A17b) give
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BN as | as,
abh(tb)+ . h(t,,)]— 3 h(t,)
3s, |.
~ o, h(tg) | =pph(ty)—pah(t,) .

Here, the inner groduct (|) is defined with the metric
8ap=0°h/3¢%d¢"; and juxtaposition implies a contrac-
tion, e.g., (3S/3b)h=(3S /0b*)h*. The argument of S, is
(a,p,), where a =<I>,;1_,u(b) with @ the classical flow de-

fined by (15):

as aS,

——(b,ty;pgrty)=7—Ia, , A28
apa( b3Dasta) . (a,pg) ( a)
as

a(b,tb;Pa,ta)=Pb , (A28b)
as,

V(a,pa)=p‘, . (A28c)

If S,(a,p,)=ap,q, then

as
9pa

To compare the terms of order a®, we need to express
h(t,) and h(ty) in terms of h(z,) and h (2,):

h(t)=K(t,t; )N(t,,tp)h (1)

(b,tb;pata )=a .

2

+J (1,8)N (2p,8)h(2,) ,
R(8)=L(t,1,)N (15,1, h(ty)
+K(4,t)N (ty,1)R(1,) ,
(h(ty) | h(2p))=(L(ty,t,)N(to,15)h(t5) | h(15))
+(N(ty,1)h(25) | h(25))
(R(2,) | h(t,))=(h(ty) | N (to,t5)h(2))
F(Rty) | T (tayt )N (25,1500 (2,)) .

To simplify matters we shall take S,(a,p,)=a%,, and
consider Lagrangians of type (A20). For the general case
we refer to the papers of Nelson and Sheeks.? Equating the
terms of order a2 in (A17b) gives

32S(b, 13 Parta)/bPdpaa=N g*(tp,1,)

=NC(ta,13) (A29)
3%S(b,1y;Parta) /PO =L (ty,1,)N, Pl14,1)
(A30)
32S(b,ty;Parta)/Pac®Pap=S aytasts )N gll,15) .
(A31)

The matrix inverse N(ty,2,) of K(t,,2,) is the Van Vleck
matrix S p, . It is a bivector which in general has no sym-
metry property.

(iii) For g(a) defined by initial position, final momen-
tum, a similar analysis gives

as(pb ’tb;a’ta )/aaaz —Paa » (A323.)
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(A32b)
(A32c)

aS(pb’tb;a’ta )/apba: —aSb(pb7b)/apba ’
385 (ppstp3b,1) /0" =py, .

If we choose Sy (ps,b)=bPyq, then S, (py,tp3a,1,)=—b.
With this choice for S}, and for Lagrangians of type (A20),
a similar analysis gives

azs(pb 153851, )/apbﬁaaa: —Nﬁa( tpsla )

= N B(t,13) (A33)

O Py 153, 0) /3Py OPb, = —J a1y, ta )N glta,ty)
(A34)

0%S(pp,1p3a,1,)/3aPda = — LO(1,,1, )N, Plt,1,) .
(A35)

The matrix inverse —N (¢#,,) of —K(#,t,) is the Van
Vleck matrix 3%S/dp,da. It is a bivector which, in gen-
eral, has no symmetry property.

(iv) For g(a) defined by initial momentum, final
momentum, a similar analysis gives

3S(pyth;Pasta)/Ppa=—b", (A36a)
3S(p,tp;Parta)/OPaa=a" , (A36b)
and
028 (Pp253Parta)/BPbaOPap= —Paplty,ta)
=Ppyltyty) , (A37)
328 (P, 1p3Parta)/OPpadpsp= — Koty 1, )Pyglts,ty)
(A38)

azs(pb’tb 3Pasta )/apaaapaﬂzKaY(ta’tb )P'VB( Iysla) .
(A39)

A similar analysis can be done in phase space (Ref. 1, p.
323). One introduces a two-parameter variation through
classical paths {g(a),p(a,B)} and expands the action
function S and the action functional

S(g(a),pla,B)ty,ts)
t
= [."[p(t,0,B)dq(t,0) — H(q(ta),p(t,0,8))dt ]

in powers of a@ and B. Equating terms of the same order
in @ and B give the same equations as the configuration
space analysis.

(5) The Jacobi Green’s functions.

The Jacobi fields can be used to construct the Green’s
functions G (s,z) of the Jacobi operators with Dirichlet,
von Neumann, and mixed boundary conditions. Since
G (s,t)=G (t,s), it is sufficient to check the two boundary
conditions for one of the variables, say t=t, and t=#;.

(i) Dirichlet boundary conditions G (s,t,)=0,
G(S,lb)::O:
G (1,5)=0(s —t)J (t,t, )M (14,13 ) (13,5)
—O(t —5)J (2,8, )M (24,8, (2,,5) , (A40)

where 0 is the step function equal to 1 for positive argu-
ments, 0 for negative arguments, and undefined otherwise.
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(i) Mixed boundary conditions’’ G (s,2,)=0,

dG  (s,t;)/dt, =0:
G, (1,5)=0(s —t)K(1,, )N (t,,t, ) (t},5)
—0(t —5)J (2,1, )N (ty,8,)K (25,5) . (A41)

(iii) Mixed boundary conditions?! dG_(s,t,)/dt, =0,
G _(5,t,)=0:

G _(1,5)=0(s —)J (1,1, )N (14,t,)K (t5,5)

—6(t —5)K (8,1 )N (ty,2,)J (2,,s) . (A42)

(iv) von Neumann boundary conditions! dG(s,t,)/
dt, =0, dG(s,t,)/dt, =0:

G(1,5)=0(s —K (1,1, )P(t4,1, )K (ty,5)
+6(t —5)K (£,85)P(1,,1,)K (1, 5) . (A43)

The proof of Eqgs. (A40)—(A42) can be found in DeWitt-
Morette.!* The proof of (A43) is similar, but requires a
new relationship between the Jacobi fields, namely,

K (8,2, P(t,,15)K (15,8) — K (1,1, )P(ty,1,)K (t,,5)=J (1,5) .
(A44)

Proof of (A44). Both sides satisfy the Jacobi equation in
t and s. Since both sides are antisymmetric in s and ¢, it is
sufficient to check that the boundary conditions of both
sides are equal for t=t, and t=t,. The derivatives of
both sides at t=t, are equal by virtue of (All). The
derivatives of both sides at =1z, are equal by virtue of
L(t,s)=—L{(s,t) together with (A11). We are now in a
position to prove (A43). Since K (¢,¢,) and K (¢,t;) satisfy
the Jacobi equation in ¢,

¢a(x,t)=fy+dw_,"_/(y)exp _if:: Vi(x +uy(s))ds

#i

T
%(x,t)zf},_dwT(y)exp éfth(x—HLy(s))ds

where u=(#/m)"/? Y_, and Y, are the spaces of con-
tinuoustaths vanishing, respectively, at ¢, and at ¢, w,
and w[ are the complex Wiener integrators defined by
their Fourier transforms

(Fw¥ ) p)=exp

’

i
- i) Lduglt) I dup(s)G Wab(t,s)

(A47)

where

G (1,s)=inf(t —t,,s —1,)1 ,
(A48)
G¥(t,5)=inf(t, —t,t, —s)1 .

The WKB approximations of (A45) and (A46) have been
computed in Ref. 1 for the following choices of initial, or
final wave functions:

balx+uy(t,)),

&p(x +uy(s)),
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L (@)G (£,5)=8(s —t)[(K(s5,2,)P(t,,t,)K (t5,5)
—K(s5,8)P(t,,1,)K (2,,5)]
=0&(s —1)

by virtue of (A44). Q.E.D.

It has been shown in Ref. 1 that the first three Green’s
functions can be used in the path-integral representation
of position-to-position propagator, position-to-momentum
propagator, and momentum-to-position propagator,
respectively. Although we can postulate a path-integral
representation of the momentum-to-momentum propaga-
tor in terms of the fourth Green’s function, we have not
yet been able to derive it from first principles.

WKB approximations for different boundary conditions.
The WKB approximation of a wave function is given in
terms of an action function and a Van Vleck determinant,
i.e., in terms of an associated classical problem. The ques-
tion is, how does one relate the boundary conditions of the
associated classical problem to the given initial or final
wave function, or vice versa? This question is difficult to
answer when the WKB approximation is obtained in the
most commonly used method, which consists in applying
Schrodinger equation to an “appropriate” ansatz. But the
question can be answered straightforwardly if one com-
putes the WKB approximation of the wave function
as given by a Feynman-Kac formula.?> To simplify the
presentation, we shall consider the system L (q,q)
=+m |q|*—V(q) defined on an arbitrary Riemannian
manifold. The results presented here are valid for arbi-
trary Lagrangians?® which do not depend on powers of §
higher than 2. Given an initial (final) wave function ¢,
(¢p) at time ¢, (), the path-integral representation of the
wave function 9, (¢,) at time ¢ for this Lagrangian is
given by the Feynman-Kac formulas?

(A45)

(A46)

(i) ¢,=exp %s,, T, or ¢, =exp T, , (A49)

i
PRl

where S,,S;,T,, and T, are well-behaved functions on the
configuration space. The support of T, or T}, determines
the localization of the system.

(1) Pa(x +uy(t,))=8(x+uy(t,)—a)
or

Op(x +py(ty))=8(x +uy(t,)—b) . (A50)

The methods developed in Ref. 1 can be used to com-
pute WKB approximations of more general wave func-
tions than (A45) and (A46) and for choices of initial or fi-
nal wave functions other than (A49) and (A50). We shall
not repeat these calculations here but only analyze the
connection between the initial, or final, wave functions
and the boundary conditions of the associated classical
problem.
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(i) The initial wave functions ¢, and ¢, given by (A49)
generalizes plane waves. Indeed, if S(x)=p,,x* and
T,(x)=1, then ¢ is the plane wave of momentum p,.
Choosing (A49) for the initial or final wave function is
particularly convenient for the semiclassical approxima-
tion because, in the limit #=0, the initial and final current
densities

J=#[¢*Vo—(Vp)*d]/2im
are, respectively,

limj, (x)= | T(x) | 2VS,(x)/m ,
=0 (AS51)
%i{r(l)jﬂx): | Tp(x) | 2VSy(x)/m .

Hence, given an initial (final) wave function (A49), the as-
sociated classical problem is the classical flow of trajec-
tories whose initial (final) momenta are

Pa(X)=VS,(x), [ps(x)=VS,(x)].

If ¢, or ¢, are plane waves, the wave functions 1, or i,
are the probability amplitude for momentum-to-position
transition % (x,t;p,,t,) or the probability amplitude for
position-to-momentum transition ¥7(x,¢;p,,t,). We shall
still use the notation ¥ wkg(xX,?;ps,t;) for v¥,wkp(x,?)
with ¢, an arbitrary initial wave function of type (A49),
and use similarly the notation ¥ wkg(ps,ts;Xx,¢). But it
should be remembered that when ¢, or ¢, is not a plane
wave the associated classical flow (A52) cannot be “re-
placed” by an associated classical trajectory defined by
(Pasts )(x,t) Or (x,2)(pp,ty).

If the classical flow defined by the initial or final wave
function defines a one-one map in the subspace of the con-
figuration space where the wave function is defined, then

(A52)

K wks(X,t;Dg,t;)

— | detN®gt,1) | Vexp éS(x,t;p,,,t,,) T,(q(t,))
(A53)
K win(Posty;%,1) = | detN P2, 1,) | /2
X exp éS(pb,tb;x,t) Tp(q(ty)) ,
(A54)

where the action functions are given by (A17b) and (A17c)
and the Van Vleck determinants are given by (A29) and
(A33). It is usually easier to compute the determinant of
the inverse matrix, namely, the Jacobi matrix K (A6). The
case in which classical flows are caustic forming will ap-
pear in paper II (see Ref. 3, p. 3).

(ii) The wave functions given by (A45) or (A46) with the
initial or final wave functions (A50) are the probability
amplitudes ¥(x,t;a,t,) that the particle known to be at a
at z, be found at x at ¢, and #7(b,t,;x,t) that the particle
known to be at b at t, was at x at . The associated classi-
cal problems are, respectively, the associated classical
flows of trajectories which originate at a, or terminate at
b. They can be reduced to associated classical paths de-
fined, respectively, by (a,?,)(x,t) or (x,t)(b,t,). If the
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classical flows define one-one maps in the subspace of the
configuration space where the waves functions are defined,
then either (A45) or (A46) gives

Hwicn(b,ty;a,t,) = (2mi#i) "% | detM op(t,,t5) | 12

L

P (AS5)

X exp

S(b’tb;a)ta) ] ’

where S is the action function (A17a) and M the Van
Vleck matrix (A25). It is usually much easier to compute
the determinant of the inverse matrix, namely the Jacobi
matrix J (AS). The case when classical flows are caustic
forming is treated in Ref. 1.

Remarks. If, in (A45), we replace 8(x +uy(t,)—a) by

i

ﬁpaa[x +.uy(ta)”‘a]a H

(2mh)—" f I=de,,exp

then

.W(x,t;a,ta)=(2ﬂ-ﬁ)‘"fﬂndpaexp P

i
- '—paaaa l

XK (x,t;pa,ts) (A56)

where J(x,t;p,,t,) is given by (A45) with ¢, a plane
wave. Equation (A56) is the equation used in Feynman
and Hibbs?* (p. 102) to define ¥ (x,t;p,,1,).

(7) Composition laws of the WKB approximations.

The properties of the Jacobi fields provide a proof of
the composition laws of the WKB approximations. All
WKB approximations are of the form

K (B,ty;a,ty)=C(a,B)[detd’ S (B,t,;a,t,)/0Bda]'/?

X exp R (AS57)

éS(B’tz;a,tl)

where B characterizes the state of the system at time ¢,
and a characterizes it at time ¢,, and C(a,3) is a constant.
The composition law says that, for 7, <t < t,,

Fwis(Vslp;ast,)
=stationary-phase approximation
X [ wn 0, 16:8,0F win(B,t;,1,)dB .

This is true whether or not a, 3, and y belong to the same

representation. It is clear that for B a critical point
S(1,1;8,8)+S (B,1;0,1,) =Sy, tp50,1,) . (A58)

Indeed, for B a critical point the piecewise classical path

characterized by (a,t,), (3,), and (y,1,) must be the classi-

cal path characterized by (a,?,)(y,#,). The additive prop-

erty of the different action functions follows from (A17).
It remains to prove that, for 3 a critical point,

det 32S(y,1p;0,1,) /3y da
= —det 3’S(y,1,;B,1) /3y dB{det[3%S(v,t,;B,t) /3B B
+02S(B,t;a,t,)/3B0B]} !

2 .
X det 32S(B,t;a,t,) /3B dcx . (AS59)
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If the critical point is not degenerate, the most direct
proof?® of (A59) consists in computing the second deriva-
tives of both sides of (A58) when B is a function of a and
v. This can be done in different ways, by changing the or-
der of differentiation and using, or not using, the fact that
the derivatives of (A58) with respect to the components of
B vanishes. The resulting equation (A59) is meaningless if
B is a degenerate critical point. We shall instead give
Jacobi field identities which are equivalent to (A59), but
which remain valid when B is a degenerate critical point.
The correspondence between the Jacobi field identities and
(A59) follows from (A26), (A27), (A30), (A31), (A34),
(A35), (A37), and (A38), where we have obtained the Hes-
sian of the action functions in terms of the Jacobi fields.

(a) If a=q(t,), B=q(t), and y=q(t,), then (A59) can
be written

M (ty,t,) =M (t,,0)[K(t,t,)M (t,,1)
—K(t,8,) M (1,,0)]"'M(¢,1,) .
(A60)

This equation follows from

RK(t,6,)M (1,,0)— K (1,8, ) M(1,8) =M (t,1,)J (1,1, )M ty,1) ,

(A61)

when the left-hand side is invertible. Equation (A61) is
valid whether or not the left-hand side is invertible.
Proof of (A61). From

—J(t,5)=J(t,t, )M (2,,t,)J (ty,s)

+J (8,15 )M (2,8, (2,,5) , (A62)

and if t =s,
J(t,2, M (ty,t) (ty,t) = —J (1,15 M (2,2,)J (25,1) .
(A63)

Taking the derivative of (A62) with respect to ¢, and set-
ting ¢ =s, one obtains
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—~ 1=K (t,t,)M(t,,t,)J (ty,) + K (1,65 )M (ty,2,)J (15,1) ,
which, inserted in (A63), gives
K(t,2,)— K (2,8, ) M1y, ) (2,8,) = — M(2,t,)J (ty,1,) .
Then
K(t,t,)M(1,,t)—K (1,1, )M (1,,1)

=—M(t,ty W (tp,t, )M (t,,t) . (A64)

(b) If a=p(t,), B=q(2), and y=p(tp), then (A59) can
be written

P(ty,t,)=N(ty,t)[ —L(t,t5)N(t,,2)

—L(4,t,)N(ty,t)]'N(2,t,) . (A65)

This equation follows from

L (t,t,)N(ty,8)—L(t,2,)N (ty,t) =N(t,t, ) L(ty,t, )N (25,1)
(A66)

when the left-hand side is invertible. Equation (A65) is
valid whether or not the left-hand side is invertible.
Proof of (A66). Taking the derivative of (A44) with
respect to ¢, and setting ¢t =s gives
L (t,8,)P (1,,t5)K (ty,8) — L (1,85 )P (25,1, )K (£5,1)=1 .
(A67)
Setting ¢ =s in (A44) gives
P(ty,t)K (1,5,1) =N (1, 0K (1,1, )P (14,1, )K (1,,1) ,
(A68)
which, inserted in (A67), gives
[L (t,t0)—L(t,t, )N (ty,t)K (2,8,)1P(t,,2, K (ty,8) =1,
from which (A66) follows.
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