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CPT and CP properties of Majorana particles, and the consequences
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Since a Majorana neutrino is its own antiparticle under CPT, rather than C, an analysis of the CPT and

CP characteristics of a Majorana particle is performed. The CPT transformation properties of a Majorana

particle of arbitrary spin are obtained in a very simple way. Implications of these properties for the elec-
1

tromagnetic matrix elements of Majorana particles of spin
2

are derived. Finally, the question of when

different Majorana neutrinos will make opposing contributions to neutrinoless double-p decay is answered.

b—= e

The effect of b on f is obviously

b if (J,s )) = p'If (J.s)) (3)

where p,
' is some new phase factor. Bearing in mind that (,

hence b, is antiunitary, one can show trivially that b = 1

when acting on the states If(J,s)). Since CPT commutes

Majorana particles are predicted both by grand unified
theories, in which these particles are neutrinos, and by su-
persymmetric theories, in which they are photinos, gluinos,
and other states. Until recently, a Majorana particle has
been pictured as one which is its own antiparticle under
charge conjugation C. However, a physicaI Majorana neutri-

no, dressed as it is by maximally C-violating weak interac-
tions, cannot be an eigenstate of C. Instead, it is an eigen-
state of CPT, which presumably is not violated at all. It
may also be an approximate eigenstate of CP. To explore
the physics of this situation, an analysis of the CPT and CP
properties of an arbitrary Majorana particle, and of the
consequences of these properties, has been carried out.
Here we report the main results; further discussion and de-
tails will be presented elsewhere. '

The effect of CPT ( —= () on the state of any CPT-self-
conjugate particle f of momentum p, spin J, and J, = s is

given by

(If(p, J,s)) =q'If'(p, J, —s))
Here, g' is a phase factor, and we are allowing for the possi-
bility that, for given J, it may depend on s. What can one
say about this phase factor, and what are its consequences?
To find out, let us go to the rest frame and define the
operator

with rotations, the definition of b then implies that
—2i ~J

g'e «= 1 (4)

From Eq. (1), and the antiunitarity of (,
(' If(J,s)) =(g')'q 'If(J, s))

Thus, Eq. (5) implies that

&-*= ( —1)2J& .

Apart from this constraint, the individual phase factors q'
are arbitrary, since the states If(J,s)) can always be rede-
fined according to

if'(Js)) if(Js))'=e 'if(Js))
with @, an arbitrary phase. Under this redefinition

q'= (f(J, —s)l(lf(Js)) (7i*)'=e

but Eq. (7) is still obeyed.
With the CPT transformation properties of the Majorana

states known, one can now derive CPT constraints on ma-
trix elements of the form (f IQ if ), where 0 is any Hermi-
tian operator whose CPT properties are also known. Con-
sider, for example, the electromagnetic current J„.' The
photon field «t~(x =0) is CPT odd, so if the electrom-agnet-
ic interaction J~ A„ is to conserve CPT, J„(x=0) must
be CPT-odd also. Thus,

Now, independent of conventions, a rotation through 2'
reproduces the original state times ( —1)'J. Thus, (2, ap-
plied to any Majorana (i.e. , CPT-self-conjugate) particle of
spin J, does exactly the same thing:

(f'( p&, Jsz) IJ„(0)If (p;,J s;)) = —(([f(p;,J,s;)] I J~ (0) l([f (p«, Jsf) ])
= —(q ')'7i ~(f(p, , J, —s;) IJ,' (0) lf(pf J. sf))—

For the case of greatest interest, J = 2, Lorentz invariance and current conservation imply that

(f ( py, z, sf) IJ& (0)if (pI, 2,s;)) =iu (p«, s«) [Fy„+G(q y„gq„)ys+Mcr„„q, +—Ei a„„q„y&]u(p;,s).
Here u is a Dirac spinor, q =pf —p;, and F, 6, M, and E are form factors depending on q . Writing the analogous expres-
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sion for the right-hand side of Eq. (8) with J =
2

and using the relation

u(p, —s) = ( —I)' '"y1ysu (p, s)

we obtain

—(21 ')'2I (f(p;, —,,
—s;) IJ~ (0) lf(pf 2 sf))

= (rt ')'7I ( —1) ' iu ( p~, s~) [ —Fy~+ G (q y„—re„)ys —Mtr~„q„—Ei a ~,q„ys]u (p;, s;) . (10)

From Eq. (7) for J = —,we see that (q ')'q f( —I) ' f =1. Thus, comparing Eq. (10) with Eq. (9), we conclude that

(f(pf, 2, sf) I J~ (0) If (p;, 2, s;)) =iu (pysf) [G(q )(q y„—gq„)yslu (p;,s;)

CPlf(p, Js)) =~If( —p, Js)) (12)

This is the most general expression for the matrix element
of the electromagnetic current of any spin- —, Majorana par-

ticle, such as a gluino, photino, or neutrino. '
%e turn now to CP, whose effect on the Majorana state

If) is given by

I

C = 1, the phase factor introduced by C acting alone is +1.
Combining C and P, we conclude that the CP parity of a
spin-

2 Majorana particle may be +i or —i.
Now, what of the relative CPT and CP parities of different

Majorana particles and their consequences? For a particle f
with J = —,we may, following Eq. (7), define the CPT pari-

ty q(f ) by writing

where cu is a phase factor. Specializing to J = —,, we recall
that P acting alone on a Majorana fermion introduces a
phase factor of + I. If we define C to have the property

I

7I'(f ) —= q (f ) ( —1)' (13)

For the electromagnetic current, we have in analogy with
Eq. (9)

(f (p .—,, )IJ,' (0)lf (p;, —,',

=iu2(pt, sf) [F21(q y~ —gq~) + G21(q y„—g'q1, )ys+M211r&~q +E21itr1, q yslu1(P .s ) (14)

In this expression, F2], 62~, M2~, and E'2~ are transition
form factors. Hermiticity of J„requires that F2[= F~'2, and
similarly for the other form factors. On the other hand, the
CPT constraint analogous to Eq. (8) relates F21 to F12, etc.
From the Hermiticity and CPT relations combined, we find
that

F12 = —4F12, G1'2 = $G12

M1'2 = —$M12, E1'2 = —gE12

where g=q'(f1)g(f2). ' The significant feature of this
result is the fact that each form factor has a phase which
does not depend on q'. If this overall phase is extracted,
the form factor becomes a real function suitable for
representation by a conventional dispersion relation. How-
ever, the actual phase of each form factor, while correlated
with the phases of other, nonelectromagnetic amplitudes in
the problem, does not have any absolute significance, for,
instead of working with the state If1), we can always choose
to work with e'~If'1). If the transition form factors are still
defined by a relation of the form (14), they will then all
change by a factor e'~. Correspondingly, if

glf1(p, J,s)) =q'(f1) If1(p, J, —s))
then for

If1(p,Js) ) '= e'~lf1( p.Js ) )

we have

(If 1(p, Js))'= e"'~'(f1)lf1(p, J, —s))',

owing to the antiunitarity of j. That is, the states If1)'
have a CPT parity g(f1) = e '~ri(f1). Hence

0'=~'(f1 )n(f2) =e"'6
so that Eq. (15) implies correctly that the new (21) form
factors are + e'~ times the old ones. This discussion makes
clear that the relative CPT parities of different Majorana
particles do not have any absolute significance. They can be
altered by redefinitions of the states.

By contrast, the relative CP parities of different Majorana
particles do have absolute significance, independent of the
definitions of the states. The implications of CP conserva-
tion for electromagnetic transitions among spin-

2
Majorana

fermions may already be found in the literature. " Namely,
when CP is conserved, F21= M21 ——0 if f1 and f2 have the
same CP parity (either +i or —i), and G21= E21=0 if they
have opposite CP parity. For radiative decay involving a
real photon, f1 f2+ y, only the M and E terms contribute
[see Eq. (14)]. Thus, when CP is conserved, the radiation
will be pure El (pure Ml) when f1 and f2 have the same
(opposite) CP parity.

There is a particularly interesting consequence of the rela-
tive phases of different Majorana particles in neutrinoless
double-P decay [(PP)p„]. As is well known, the observa-
tion of this process would be evidence that neutrinos are of
Majorana character. ' However, the absence of the process
is not necessarily evidence that they are not. The reason is
that in the core reaction which engenders (PP) p„,
+ W e + e via Majorana neutrino exchange, the am-
plitudes contributed by the different neutrino mass eigen-
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~x) =g $ W» I'ey»(1+y5) U, v +H.c. (17)

Here, g is the (real) overall coupling strength, and U is the
I

states v can oppose each other. At first sight this is
surprising, since each of these amplitudes involves two
identical vertices, and so is proportional to the square of a
coupling constant. Nevertheless, opposition is possible, as
was made clear by the model of Zee, ' in which the neutri-
nos are Majorana particles, but the rate for (pp)o„vanishes
completely. Conflicting statements have been made about
the circumstances under which the contributions of different
v interfere destructively. Doi et al. '" claim that this re-
quires CP violation. Wolfenstein" states that it occurs
when CP is conserved but the CP parities of the interfering
neutrinos are opposite. ' Halprin, Petcov, and Rosen, " in
an interesting recent study of cancellation between heavy
and light neutrinos, say that the sign of the interference
depends on that in a "Majorana condition" which appears
to express the charge-conjugation properties of the neutrino
field. No one has considered the possibility that the charac-
ter of the interference depends on the CPT properties of the
neutrinos.

We have explored the nature of this interference assum-
ing only that the charged-current interaction is of the form

lepton mixing matrix. ' It turns out that when CP is con-
served one can find the conditions for constructive or de-
structive interference in a way which is plainly independent
of any details of formalism, such as the phases of the U, ,
the definitions of states, phase factors which may occur in
the plane-wave expansions of fields, etc.

When CP is violated, the con tribu tions of different neu-
trinos can have arbitrary phases relative to one another.
The reason is that CPT by itself does not constrain the
phases of the U, . ' Since the contribution of v involves
two identical vertices, each proportional to U, , the ampli-
tude will be proportional to U, , and can have any phase at
all relative to that of another neutrino.

When CP is conserved, it is convenient to consider the
core process in the cross channel e++ H e + O'+. To
find out how this reaction depends on the quantum
numbers of its contributing neutrinos, we express its S-
matrix element,

t

Sf —J)d xt 'J d x2&e W+I~(xt)P'(x2) le+ W )

(1g)

explicitly in terms of the intermediate neutrino states.
There are four ways in which the annihilation and creation
of the external particles can be divided between A (x~) and
A (x2), so that in Eq. (18)

W'l~(»)m(x2)le'W &
= g [&e W+l~(xi)lv (p, »& &v. (p, ) )l~(x2)le'W &

m

p, A,

+&01M»)le+W v (p, ~)&&e W+v (p, ) )l~(x2)10)

+ &e IP (x&)l W v (p, A. )) &
W+v (p, h. )IP'(x2) Ie+)

+ & W'IW(x))le'v (p, ) )) (e v~(p, ) )I~(x2)IW ) ] (19)

Here X is the helicity of the neutrino. Let us now apply CP to the first of the two matrix elements in each of the four terms

of this expansion. For example,

(e W+IW(xt)lv (p, X)) = &CP[e W+]ICPP (x(, tt)(CP) 'ICP[v (p, z)])

= co(v )cu'(e )(u'( W+) &e+ W I~( —x), t)) lv ( —p, Z)) (20)

Here, CP invariance,

CPM(x ti)t(CP) '=A ( —x, , ti)

is being assumed. The factor cu(v ) is the CP parity of
I v ) defined in Eq. (12), and cu (e ) and cu ( W+ ) are

analogous CP phase factors for the (non-self-conjugate)
electron and H

+ states. ' Application of CP to the first

matrix element in any of the four terms on the right-hand

side of Eq. (19) yields a similar result. The CP parity

co(v ) always appears, and the CP-transformed matrix ele-

ment always corresponds to creation of an e+ or annihila-

tion of an e, and so is proportional to U,
' [see Eq. (17)].

By contrast, in each of the four terms the second matrix

element, to which we do not apply CP, is proportional to

U, . Turning to kinematics, we note that if all v have

masses M~ which are small compared with characteristic
values of p, then the only kinematical dependence of the

~ ((PP)o.) = g~(v )IU, I'M & (21)

where 3 is independent of m. The contributions of the dif-

ferent neutrinos are real relative to one another, and the in-

terference between any two of them is constructive if these
neutrinos have the same CP parity, but destructive if they

terms in Eq. (19) on m is a helicity-selection-induced pro-
portionality to M . This reflects that fact that for any given
value of A. , either the CP-transformed matrix elements [see
Eq. (20)], or their companions in Eq. (19) to which CP has
not been applied, involve a left-handed neutrino where a
right-handed one would be favored. ' From Eqs. (19) and

(17), it is clear that we have now f'ound all dependences of
Sf; on m." Thus, when CP is conserved, the amplitude for
neutrinoless double-P decay, A ((PP)o„), may be written in

the form
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have opposite CP parity. We see that Wolfenstein's asser-
tion" was correct. Note that the analysis surrounding Eq.
(20) singles out CP as opposed to C. It could not have
been done with C replacing CP because P is not invariant
under C.

Since the relative CP parity of two neutrinos v~ and v2

determines the electric or magnetic character of the radia-
tion in the decay v~ v2+y, there is a model-independent
correlation between the behavior found in this decay and
that found in (pp)o„. Namely, if CP is conserved, and
v~ v2+y yields pure El radiation, then the contributions
of the intermediate v~ and v2 states in (pp)o„will add, and

if the decay yields pure M1 radiation, then they will sub-
tract.
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