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The Sth-time stochastic-quantization approach to field theory, recently proposed by Parisi and
Wau, is put in a path-integral form. The procedure of taking the limit 7— o is analyzed and based
on new grounds through the introduction of the vacuum-vacuum generating functional. Different
aspects of the interplay between forward and backward Fokker-Planck dynamics are studied in de-
tail in connection with the supersymmetry recently discovered in Gaussian stochastic processes.

INTRODUCTION

Recently, Parisi and Wu'! proposed a new and interest-
ing method for the quantization of physical systems. The
idea was to introduce a 5th time 7 and postulate a stochas-
tic Langevin dynamics for the system. Those authors!
showed that, at least at the perturbative level, the usual
quantum theory is reproduced by the equilibrium limit
T—> oo of that dynamics. The first advantage of this
method is the possibility to quantize gauge theories
without fixing the gauge, and much work"? has already
been done in this direction. Another recent application is
the use of the Langevin equation for the computer simula-
tion of lattice-field-theory models’: simulation that
should have better properties than the usual Monte Carlo
one. The third application,* and we hope not the last, is a
better and deeper understanding of the so-called quenched
reduced models.

In view of all these connections and hoping for more to
come, we give in this paper a functional-integral reformu-
lation of this new method of quantization. The hope is to
be able to use all the techniques developed in recent years
in path integration and bring out the rich content, still un-
discovered, in this approach of Parisi and Wu.

The paper is organized as follows: in Sec. I we briefly
review the work of Parisi and Wu. In Sec. II, starting
from the Langevin equation, we derive the corresponding
generating functional. In Sec. III we impose on the
Langevin equation to describe a stationary process, and
the procedure of taking the limit 7— o is put on a new
basis through the introduction of the vacuum-vacuum
generating functional. In Sec. IV we make contact with
the recently discovered hidden supersymmetry in stochas-
tic Gaussian processes, and analyze in detail the nice in-
terplay of forward and backward Fokker-Planck dynamics
present in the supersymmetric form of the generating
functional.

In this work we limit ourselves to scalar theories
without any internal symmetry.

I. REVIEW OF PARISI-WU
STOCHASTIC QUANTIZATION

We all know that the “quantum” correlation functions
for a Euclidean system, described by an action S[¢], are
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Parisi and Wu'! proposed the following alternative method
to get the quantum averages:

(i) Introduce a 5th time 7, in addition to the usual four-
space-time x*, and postulate the following Langevin equa-
tion for the dynamics of the field ¢ in this extra time 7:

9d(x,7) __ 5S[¢]

ar 56 +n(x,7) . (2)
7 is a Gaussian random variable,
(n(x,7)),=0,
(n(x,rm(x'7"))=28(x —x")8(1—7") , (3)
(n---m)y=0.

The angular brackets denote connected average with
respect to the random variable 7.

(ii) Evaluate the stochastic average of fields ¢, satisfy-
ing Eq. (2), that means

<¢77(.X17'1)¢,,I(X2T2) et ¢.,,(XI7'[)>.,I . (4)
(iii) Put 7;=7,=--+ =7, in (4) and take the limit
T]—> 0.

It is possible to prove,! at least perturbatively, that
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To understand this relation we have to introduce the no-
tion of probability P(¢,7), that is, the probability of hav-
ing the system in the configuration ¢ at time 7. There ex-
ists for P(¢,7) an equation that describes its evolution in
the time 7. It is called the Fokker-Planck (FP) equation
and it has been derived many times in the literature’:

(5)
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It is possible to recast this equation in a Schrodinger-type

form:
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where
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Because of this form, we call HF? the Fokker-Planck
Hamiltonian. It is a positive semi-definite operator
HFY, —E,¥,, E,>0 whose ground state Eo=0 is
Wo=e ~S[#172_ The solution of (7) is

Wg,r)=S c,Wpe 7,
n

where ¢, are normalizing constants. The probability can
]

ZFI =" [ G D P($(0)8(¢— b, )exp [_ [ 1sar
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be written as

—2E
P(¢,T)=e_s[¢]/22c‘,,‘l/,.e nT
n
In the limit 7— « the only term that does not disappear
in this expression is ¥y, so we have
lim P(¢,7)=cge ~5#/2e =S#)2_¢ e =5 (8)

T— 0

This is the reason why (5) holds.

II. FUNCTIONAL-INTEGRAL APPROACH
TO STOCHASTIC QUANTIZATION

In this section we would like to reformulate the Parisi-
Wu method in a path-integral form.

We want to build a generating functional (that we will
call ZFP[J] for the Fokker-Planck generating functional)
from which the correlations (4) can be derived in the usual
fashion:

SIZFP J]
<¢1’(x17.1) PN ¢,”(XIT])>7,: Sj(xlT()) .. -[SJ(xITI)

J=0

This can be easily done retracing steps (i), (ii), and (iii) of
Sec. I. ZFP[J] becomes

exp

T m2
-1 I’;dT'J : ©)

o that' appears in (9) is the solut.ion of the }v,angevin equation (2), solved with some initial probability P(¢(0)); 4" is a
normalizing constant and Y ¢=limy _, , [[\_,Z ¢,, where ¢, are the field configurations at the time 7;, having sliced

Fhe interval O to 7 in N infinitesimal parts € with 7; =ie. This measure is a product of the usual four-dimensional path-
integral measures. The 8(¢—¢,) in (9) is a “formal” expression that we can write as

. a5 |||en
*36 ||| 50

where ||87/84|| is the Jacobian of the transformation 7— ¢, that s,

s ,
| 3t 3air10807) }S(T—T)] . (11)

8(¢—p,)=5 , (10)
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With well-known manipulations we can write this as

=det
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where (3,,)~! is just to indicate the Green’s function G (7—7') that satisfies
9,G(1—7")=8(r—7') . (12)

The solutions are G (r—7')=8(7—7') if we choose propagation forward in time, or G (1—7')= —6(7'—7) for propaga-
tion backward in time. It is also possible to choose G(T—T'):%[9(7’—7’)—0(7’~‘r)] but we will concentrate on the
first two. In the first case, propagation forward in time (that is, the one chosen by the Parisi and Wu), we get

'§ﬂ‘ = —7 O(r—71 —azs__._
HS¢ expltr Ind,+1In |8(7—7')+06(7 T)a¢(7)8¢(7_,)
=exp(trlnd,)exp |trin B(T——T’)-I-G(T—-T’)—SZS‘“‘_ . (13)
4 8¢(7)8¢(7")
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The term exp(trlnd,) can be dropped, as it cancels with the same term in the denominator of (9), once we normalize

Z[J1=Z[J1/Z[0]. So in (13) we are left with

2
% =exp trin 8(7’—7")-}—9(7‘——7")3‘,5(7_8)—5]5(;7
Doing the usual expansion for the In, we obtain
B || _ y_ 8% NG
56 | |=CxP tr B(T——T)Sqﬂ(r)&;b('r’) +0(r—7)0(7" —7
=exp fdrO(O 8¢2( + de'dTG(T )0(7'

The second term in this expression is zero because O(1—7')0(7 —7)=
5 (Ref. 6) we get

only one left is the first term and choosing 6(0)=

s s ”

56()06(7) o7 )0d(r") |
s s
) 3(r5b(7) 5 )5d(7)

0 and the same for all the subsequent terms. The

& _ 1 , 3%
21| 2 frar 28 19
Inserting (14) and (10) back into (9) and performing the 7 integration, we have
FP[ 71_ > T as 1 a S .,
Z™J1= [ Z¢P($(0)exp [— [, 159+ 2 | “208 ]d [ gar ] . (15)

If we want also to specify that we are interested only in the correlations at the same 5th time 7;, we have just to choose

J(x,7') of the form J (x,7') =J(x)8(7' — 1), 71 < T
Expression (15) then becomes

1

as

¢a¢

zFP[J]=f9¢P(¢<o>)exp[_ fo’

In all this w

from fo to J, -

193s
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dr’ —-J(x‘rl Yo(x71) ]

we have to remember, of course, that once we send 7;— « we have also to extend the interval of integration
In (15) we are neglecting the normalizing constant .#" and all the usual four-space integration. It is

easy, anyhow, to reinstate them when necessary. The Lagrangian in the exponent of (15), which we call the FP Lagrang-
ian, does not seem to have any relation to the Hamiltonian i m (7). It is easy, anyhow, to see the connection: let us first,

in the action of (15), perform the integration of the term
let us rescale the time 7'— 7' /2, so that we get

1638 /3¢)d ' = ~[S($(7))—S($(0))] (Ref. 7) and second,

Z1= [ FHOPBONe O 2D (p2re WG “gexp | [V £ [ sgar ], (16

where

g"(ﬁ— lim H D¢,
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Now it is clear why we called .#’FF the Fokker-Planck La-
grangian. It is a sort of “Euclidean” Lagrangian for the

Hamiltonian A F? in (7), and for this reason we also call
ZF? the generating functional of the Fokker-Planck

and
1 ‘ as 1 9%

dynamics.
If in (13) we had made the choice G(r—7')
= —0(7' —71), then the action in (17) would have been
2 2r 11]dS 1]9d%s
jFPd . 1 A | OO 1190 ’
f 0 T f o |2 8 | 3¢ 4 | ag? dr

r

The only difference from (17) is in the sign of the third
term. The corresponding Hamiltonian has been known in
the literature for a long time as the Kolmogoroff-Fokker-
Planck backward Hamiltonian:

oS

9¢

1 1
2a¢2

129°’s

YO (17a)

H backward

Going back to the derivation of (15) we want to stress
what has been done: We have integrated away the 7 and
replaced the role it plays in the Langevin equation with a
sort of “effective” action .#FF. This Lagrangian might
look very complicated but it contains only the field ¢ as a
dynamical variable (Fokker-Planck dynamics). In the
Langevin equation the dynamical variables were both ¢
and 7 on the same ground and they were interlocked in a
dynamics (Langevin dynamics) that only apparently
looked simpler. With the generating functional (15) we
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can, of course, develop perturbation theory using the
Feynman rules dictated by .ZfF. This perturbation
theory is the parallel of the one' that has been developed
starting from the Langevin equation. Differently from
that we do not, anyhow, have to integrate over the 7 at
the level of Feynman graphs, as this is already done at the
level of ZFP. The number of graphs is very large in both
approaches: In our case the high number comes from the
extra vertices contained in +(3S /3¢)?— 4325 /3¢>.

Before concluding this section we want to make a re-
mark concerning the Jacobian (11). All the steps from (9)
to (16), that we have done to derive the generating func-
tion ZF¥, are possible only if the Jacobian is not identical-
ly zero. If this happens the Z*¥ itself is zero. The same
Langevin equation, starting point of the stochastic quanti-
zation, loses all its meaning. In fact, ||67/8¢|| =0 means
that there is no field associated, through (2), to a particu-
lar 5. In technical language this can be expressed by say-
ing that the winding number of the transformation 17— ¢
is zero. This number called A has been studied in great
detail in Ref. 9 in connection with supersymmetry and it
is known as the Witten index. Our conclusion is that, in
case A=0, the stochastic quantization does not hold any
more. In this case, anyhow, the same traditional method
of quantization [given by (1)] does not hold. In fact, it has
been shown in Ref. 9 that A=0 implies non-
normalizability for e~5/%; that means the “quantum”
probability e =5 cannot be used in (1) any more.

III. VACUUM-VACUUM GENERATING FUNCTIONAL

Of the random process (3), we have used, up to now,
only the property that it is Gaussian. The action (15) that

we have obtained is a consequence of this. Besides this
|
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property there is another very interesting one: the sto-
chastic process (3) is stationary. By stationary'® we mean
a process whose “momenta” ¢ (7,7, - * * 7),

clry - TI)E("](TI)' <. 77(1'1))7, ’

are functions only of the differences (7; —7;). The pro-
cess (3) has exactly this feature. A question that arises
naturally is if also the correlation functions

(Dn(x171) -+ bylxi71) )y

manifest this property. The answer is generally no. In
fact the averages that we perform are not only in 7, but
also on the initial configuration ¢(0) for which we give
the P(4(0)). It is the form of this P(¢4(0)) that deter-
mines if (17b) is a function only of (7; —7;). The choice
of Parisi and Wu was P(¢(0))=58(4(0)—¢,) (with ¢; a de-
finite configuration) and the perturbative calculation done
by them (for details see Ref. 1) showed that their choice of
P(¢(0)) does not make (17b) stationary. To find out
which is the right one, let us start supposing (17b) is sta-
tionary:

(17b)

(Dn(x171) =+ by(x171) )y P(g(0N)
=8(11—T2,T9—T3 ..., Ti—Ti_1), (18)

where we use the notation { ), p(4(0)) to remind us of the
average over both 17 and ¢(0). From (18) we see that, if
we rescale all the 7; of a quantity 7, nothing changes on
the right-hand side, so

(Dn(x171) =+ bylx171)) 1, P(gi0N)
=(y(x1,71+T) - p(x1,71+T) )y pigi0)) -

Let us first put on both sides 7)=7, - =7,

<¢n(x17',)¢7,(x27'1) st ¢,7(x1,7'1)>7,,p=<¢,,(x1,71+T)¢,,(x2,T|+T) M ¢n(xI,Tl+T)>,,”P

and second let us take the limit of T— oo,

Tll_{n (Dy(x17)y(x57y) - - ¢1,(x17'1)>1,,P=T1im ((x 1,71+ TDpy(x2,71+T) - - by(xs,71+T) )y p -

The left-hand side does not depend on T, while the right-
hand side of (5) is the “quantum” correlation function [see
(5)], so we have

<¢q(x17'1)¢n(x2’fl) e ¢n(x17'1)>n,1>
J Dolo(x1) - plx)]e 5%
= f Dpe—S® :

As the left-hand side is stationary, we can rescale all the
fields backward of 7;; that means

(@n(x10)y(x20) * -+ $0(x,0)), p

= <¢1](x171)¢11(x27-1) e ¢17(x171)>11,[’

(19)

and using (19) we conclude
(Bp(x10)(x20) - * = $y(x,0) ), p

J Zolpx1) - - gix))]e 5@
= f Dpe—S®

(20)

From this expression we can explicitly derive the form of
P(4(0)): the left-hand side of (20) is at =0, so we do not
have any random effect caused by 7 (7 has not been
switched on yet), the only average is with respect to
P(¢(0)); that means the left-hand side of (20) is

J 2¢(0P($(0)[$(x1,0) - - - $(x,,0)] .

Comparing with its right-hand side we get
e —S(6(0)

P(¢(o))= f@¢(0)e—5(¢(0)) .

(21)

From (19) we can derive a second conclusion: for that
particular form of P(¢$(0)), for which the correlation
functions are stationary, we do not need to take the limit
T1—o0. At every finite 7,, we have that the stochastic
average is already the quantum one. The physical mean-
ing of this is very clear: From the beginning we put the
system in the equilibrium distribution P(¢)=e =S¢ and
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the presence of the Langevin dynamics ¢= —d3S/3¢+17
does not modify this. On the contrary, in the case of the
choice! P(4(0))=58(¢(0)—¢;) we started with every field
in configuration ¢; and then the Langevin dynamics was

1
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able to spread them to the equilibrium form at time
T1—> 0.

Inserting (21) back into (16), the new generating func-
tional looks like

ZFP [J]= f DP(0)e ~SBO 2 §(1)e —SW/ 251 exp [ fOTgFPdT'] . (22)

vacuum

We like to call this the ‘vacuum-vacuum generating
Sfunctional.” The reason is clear if we remember that the
ground-state (vacuum) of A FP is Wy=e 5972,

Another way (less transparent) to get stationary correla-
tion functions is tg start from (15) and take the limit of
integration from | to | . What happens is that the
Fokker-Planck dynamics builds up a probability between
— o and 0 equal to e ~5'%); that means equal to the one
we inserted at 7=0 by (21).

Before concluding, a word of caution is needed: Sto-
chastic quantization does not compel us to choose (21).
Any normalizable form of P(#(0)) is acceptable: the re-
sult, the limit of 7,— o0, is independent of P(¢(0)).

The particular choice (21) has the advantage that it
avoids step (iii) of the Parisi-Wu prescription.

Somehow this ZEF vacuum 18 another method for represent-

vacuum

ing the traditional quantum generating functional
Z = f Dpe=5® and in Ref. 11 its connection to the
new functional method recently proposed by De Alfaro,

|
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ZE= [ 549 ¢P(¢(0))expl fz’[ > 5

The reason for the notation SS is that, with a proper choice of P(¢(0
reveals a hidden supersymmetry recently discussed in Ref. 13. Let us choose P(¢(0

be written as

FP __ YER AT T 2 l'z _1_ §,§
z8= ['2¢ 2y @¢exp{_ l |59 +% !M
with
'9¢~ hm H@q&, .
®i=1
The Lagrangian that appears in ZE¥ is
108 1 %S
L& =74 +3 + 26
¢ v ) dp? v (26)
The corresponding “Euclidean” Hami]tonian
1 8 1)3s
gep__ 1o  11d5 =

is well known in the literature and it has been studied in
great detail in Ref. 14. It manifests a sort of nonrelativis-
tic supersymmetry whose conserved charges are

Qy= 7T¢+1 05 Y,
2 d¢ o)
5¢
5.7 |y 1238
? 72 3¢

+¢

Fubini, and Furlan!? has been shown, using nonperturba-
tive techniques.

IV. HIDDEN SUPERSYMMETRY
A. General notation

In this section we want to study another form for ZFF,
The expression for the Jacobian that we derived in (14) is
not the only manner in which to write it. Another way to
do so is by using anticommuting variables 1,1

|

:j'@z/@{bexpl— f

S
8¢

2
2, ¥

¥ YE ¥

dT'].

(23)

With this form for the Jacobian and rescaling the time
7'— 7' /2 the generating functional Z* becomes

13

o+ = > a¢2

2

2r
ar'— [ Jgdr ] . (24)

)) and of boundary conditions for 1,1, this s stem
))=8(4(0)—¢(27)). Then ZEF can

2
8,+1 25

+¥ 2 93¢

|
The symmetry transformations generated by them are

6¢: —-6,1,‘@[1——6@—-1// N

L4

dr' l (25)

19S
dp=¢y ”¢+E—a¢ ’ , (29)
- 138
=€ |67 2 06

where e,/, and € are infinitesimal anticommuting parame-

ters. HE & itself can be written, in perfect supersymmetric
fashion, as

AE=5(0304) .

We can even bring the notation a step further with the use
of superfields.!> Let us first rewrite (24) with an auxiliary
field o (that in statistical mechanics is known as a
response field)
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«p{f

Z8WN= ['9¢'Do'D

Second let us introduce the superfield @,
P=¢(x)+ 60y + 6y + 60w ,

where 6,0 are elements of a Grassmann algebra. Then the
action in (30) can be written, in a very compact form, as

A[@]= [ [H(De®)Dp®)—S(®))drdodf . (1)

S is the usual action of the system (1) from which we
started, but whose argument in (31) is the superfield ®
and Dy=3,— 03 is the so-called covariant derivative.!*
As we can see S plays the role of a sort of “potential” and
in supersymmetric jargon its proper name is superpoten-
tial. The “space” over which the Lagrangian in (31) is in-
tegrated is 7,6,0, and it is the supers ace!* of our system.
The symmetry (29), under which .£gg is invariant, can be
seen as a transformation on the fields ¢,1,% induced by
the following “supertranslation” in superspace:

86=€¢ N
8§=€$ s

8= —(Bey—ez0) .

B. Forward and backward Fokker-Planck dynamics

The manner in which we wrote ||87/864|| in (23)
deserves a deeper analysis. Being ||81/8¢|| nothing else
than a determinant (11), we can think of evaluating it as
the product of its eigenvalues, that means

FUNCTIONAL-INTEGRAL APPROACH TO PARISI-WU . ..
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135 | 5|9 ,123%
= _ P24 === dr' t. (30)
2a¢] Y1ar T2 g2 d’] T}
r
where «, are the eigenvalues of the equation
3,4+ L8 Iy
+ 2 —a? n=a,¥, (33)

The solutions of (33) are

fOTdT’

where K is a normalizing constant) (from now on we will
call the extreme of integration 7 and not 27, for conveni-
ence).

If we impose, following Ref. 16, antiperiodic boundary
conditions,

19

¥, =K exp 5 8¢2

n

¥, (r)=—-Y¥,(0),
we have
iQntymr 1 ,13%
n= r f dr 2 a¢2 :

Unfortunately we cannot make this choice in our case.
Our system is supersymmetric and the choice of periodic
boundary conditions on the bosonic variable induces the
same boundary conditions on the ¥,%. If we had chosen
antiperiodic ones, we would have broken supersymmetry
explicitly (for more details see Ref. 9).

2—;} Taking ¥, (r) =¥, (0) we have
o aZS , 2m7r 1 ,1 aZS
+ 0
= II a., (32)  and, substituting this in (32), we get
n=—c
|
te e li2nm 1 71 9%
nEwan—nEw T T 0 26¢2dT
| [l praes] g ol [, +2(8%s /3¢*)d7
I T T Y0 293¢4% |22, 2mni
"1 92 - " L(3%5 /3gV)dr
|1 LS T 1+f°2 o
T J0 2 3¢ i 2mhi
(IT’ is to indicate that we exclude the term n=0 from the product)
=c'sinh§ f dr g;;
c’ 1 T 62S , 1 T aZS , (35)
=7 |exp |7 fo S—tﬁ_zd‘r exp |—7 J, Wd'r H

(¢’ is a constant). Inserting this expression into (25), we get
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c _ 1(3S 1938 |,
—_— 4 _ - — d
ZSS—Z f @gbexp{ f ¢/2+8 a¢ 4a¢2 T
2
~ ar 1|3s 138 |,
- f'°@¢eXP{— fo ¢2/2+§ FY) Za¢2 T] (36)

We see that the first term on the right-hand side is the
usual Z¥? studied in Sec. II, while the second term is the
generating functional corresponding to the backward

Kolmogoroff-Fokker-Planck Lagrangian presented in
(17).
We can indicate this in a compact way as
c’
gg['l] =75 forward[J] Zbackward[‘]]) » (37)

where the notation is self-explanatory.

If we had chosen antiperiodic boundary conditions for
¥ and 1, we would have gotten

c
gg["] = E( forward [J] +Zbackward[']])

In this case the right-hand side, besides the notation,
would not have been supersymmetric.

This nice interplay of forward and backward FP
dynamics is also evident at the level at A £0n. Ifwein
fact represent 1 and 1 as 2 X 2 matrices (see Ref. 14),

01 _ 00
=100l ¥=|10
¢2= W»E] =1,
A &% can be written as
ge__198 1fas| 1 |[@s
ST T2 942" 8 |30 477 | a¢?
ﬁf}?olx,'ward
= , (38)
Hbackward

where H EP vard is the expression in (7) while A HP ward 1S
the one in (17a). Both of these Hamlltonians are positive
semi-definite: in fact, HI 4=+ 3 100" and
HE wra=~070 with 0 =0/3¢—1/235/3¢. As we
said in Sec. I, the ground state of H Eryarq is at Eq=0 and
is whoward __o =572 Also H Y, .. 1 has a state at Eq=0

e 1572, but we have to be cautious about
\Pgorward____e —S/2

and is Wbackward

this state. If we assume, in fact, that the
is normalizable [and we have to assume that for the tradi-
tional quantization (1) to hold], then W5*k¥ard—¢+5/2 jg
not normalizable and cannot be accepted as part of the
spectrum of A P cwara- This means that there is no physi-
cal state for H E;kwa,d at Eo=0: All its states are at
E,>0.

These conditions can also be expressed using the
language of supersymmetry: there is only one ground
state for A £ thatis

e—-S/Z

0

I
the other one,

0

+S8/72 | »

e

cannot be accepted. This is equivalent to saying that su-
persymmetry is unbroken (see Ref. 14).

We can thus conclude that the request that the tradi-
tional quantlzatlon holds implies for the hidden supersym-
metry of ZES be unbroken.

The presence of both dynamics in z= ss 1S very amusing
but it may bother the careful reader who knows that the
prescription of Parisi and Wu! is to choose the forward
one. It should be remembered, anyhow, that in the sto-
chastic quantization we have to take the limit of 1ntegra-
tion 7 in (36) to infinity. In this limit only the ZEP g is
left in (37). In fact,

lim Z [J] = lim (Zforward _Zbackward )

T—> 0 T—
7 FP i FP
—H forward” —H backwardf)

= lim (tre —tre

T— ®©

= lim E e Eforward z e _EgackwardT
T—> 00 n
= lim Z}yyaralJ] (39)

T—

(All the Ejf,ckwarq are positive so the last term goes to
zero.) (We have neglected the constant c because we can
get rid of it by properly normalizing Z s .)

The presence of this hidden supersymmetry can be fur-
ther exploited deriving, for example, the corresponding
Ward identities. This has been done in Ref. 13, but it does
not throw any new light on the problem. These Ward
identities only express the fact that correlations involving
the ¢ and 1,7 fields can be reexpressed as correlations in-
volving only ¢ fields. This is clear already in (37) where
we succeed in integrating the 1,1 away, leaving only ¢
fields.

We want to derive some different identities here that
also stem from the hidden supersymmetry.

Let us define the following generating functional:

ZI851— f e—(1+a)SISS]/g¢'9¢,Q$ ,

where SI581 is a supersymmetric action and « is a parame-
ter. It has been shown in Ref. 17 that, if supersymmetry
is unbroken, then
az!ss]
da '
that means Z, [SS] is independent of a. Let us write this
down for our ZE} in (24):
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Zipss= f ‘D' D' D exp

where S};P is the bosonic part of the FP action (26),

SEP_ foT

$rap L8

8 3¢ dr' .

~(1+aSfP—(1+a) [

1929

1 3%§
YY) YE ydr |, (40)

If we make the following rescaling in the fermionic part of the action y—V1+a=v¢', p—V1+a =19’ we get

13

&+ o

Z(a)ss—fexp —~(1+a)SFP_f P’

Performing the integration in 9,7, we obtain

Z sl
f '@¢e_(1+“)55p+32__ f ,e@(lse—(1+azs};“*’—s2
o 2(1+a)
with
S2= ry a—SdT .
0 a¢2
This ZL* is independent of a, so we can set its derivative

equal to zero. What we obtain is the following relation:

f (14+S5")exp

- fO ffl?o}:'wardd'r, ]'Q¢

—f’9¢(1+

T FP /
CXp - f 0 L backwarddT

This identity has never been derived before for stochastic
processes and it expresses a sort of “time symmetry” be-
tween forward and backward Fokker-Planck dynamics.
This time symmetry is a reflection of the supersymmetry
of the sytem.

d

I@!Ig !;g_gl
14+« '

CONCLUSION

In this paper we have put the basis of a functional-
integral approach to stochastic quantization. We have
done this, not to merely develop once again perturbation
theory, but with the goal of having a new tool to study the
rich nonperturbative content of field theory. The tradi-
tional generating functional has proved, in the last 20
years, to be a very powerful instrument. We hope that our
ZFP[J] can at least complement this.

Note added. After this work was completed, I was in-
formed of past and recent works on the functional ap-
proach to stochastic problems: F. Langouche et al., Phy-
sica 95A, 252 (1979); Y. Nakano, University of Alberta re-
port, 1982 (unpublished); M. Namiki et al., Prog. Theor.
Phys. (to be published); C. M. Bender et al., Nucl. Phys.
B219, 61 (1983).
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