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Bianchi type-I exact solutions are obtained in two models involving nonminimal coupling of grav-

itation and other fields.

I. INTRODUCTION

The Lagrangian for interacting gravitational and other
fields is generally constructed using the minimal-coupling
principle. Only such terms are included that give unambi-
guously the curved-space generalization of the flat-
Minkowski-space form of the equations of motion for
nongravitational fields. Terms that contain the curvature
of space-time are usually disregarded. The validity of
such an assumption is open to question.

Recently, Frogyland! and the present group of authors®
have considered a model of a massless conformally invari-
ant scalar field interacting with gravitation in a non-
minimal manner. Static as well as Bianchi type-I cosmo-
logical solutions were obtained.

In this paper we obtain Bianchi type-I cosmological
solutions for the following cases.

(i) The coupled Einstein-Maxwell—conformally-
invariant-scalar field equations with minimal coupling be-
tween electromagnetic and gravitational fields.

(i) The gauge-dependent theory involving nonminimal
coupling of the electromagnetic vector potential with
gravity.

The order of presentation is as follows. In Secs. II and
III, we solve and discuss the above models, Sec. IV
presents the conclusions.

II. COUPLED EINSTEIN-MAXWELL—
CONFORMALLY-INVARIANT-SCALAR FIELDS

The system of coupled Einstein-Maxwell-conformally-
invariant-scalar fields can be described by the Lagrangian®

2
L=V_g 1_5% R4+ 43,6046 — L+F, F*

’

1
2k

(2.1

where R, ¢, and F,,, denote the curvature scalar, the scalar
field, and the electromagnetic field, respectively.
The equations of motion may be written as

R*,—1ght R=—k(S*,+E"), 2.2)
FB.p=0, *F*45=0, (2.3)
¢“m+%¢=0, (2.4)
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where the stress-energy tensor of the conformally-
invariant-scalar field is given by

S, =34¢3,p — 78,0,09°¢ + £ [8,8,0%¢*) — G* #7] .
(2.5)

Here G*, is the Einstein tensor, and 3* and V*# are ordi-
nary and covariant derivatives. The stress-energy tensor
of the electromagnetic field is given by

EF,= —(FFOF,, — v+, F°PF.p) . (2.6)
Using (2.5), Eq. (2.1) can be written conveniently as
GH f(¢?)=k(—pt¢d b+ 5 8",0a$3%¢)
+84,V,Vef —VOV, f —kEF, (2.7)
where
f)=1-¢4". 2.8)

By forming the trace of Eq. (2.8) and using (2.3), one ob-

tains
R=0. (2.9)

We can now use this relation to rewrite Eqgs. (2.8) and (2.3)
in the forms

RE f=8 uu®—4utu,+2uut,,—kE", (2.10)
and
ut,=0, (2.11)
where
172
K
_ | K 2.12
u 6 ¢ (2.12)
and
f=1—u?. (2.13)

We take the metric corresponding to the Bianchi type-I
model in the form

ds*=dt*—A%dx*— B*dy*—C%dz?, (2.14)

where 4, B, and C are functions of ¢ only. We assume
that u and F*” share this symmetry of space-time.
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Now u =u(t) and (2.1) give

K 2.15)
" ABC’ '
where the overdot means d /dt.
Next, introducing the vector potential W, by
Fo=W,,—W,.,, (2.16)

the equation for *FM*¥ becomes an identity. Also from
(2.10) we see that E¥, must be diagonal too.
Equations (2.5) then lead to three possible cases:

(i) Fy,F350,
(ii) Fop,F3;50,
(iii) Fop Fiy70 .

(2.17)

Without loss of generality, we may consider only case (iii),
Fy3,F,50. Also, since the electromagnetic stress-energy
tensor is duality invariant,* we can choose F;,=0. From
(2.3) we have

F3*=_v2K,/ABC . (2.18)

Substituting (2.18) into (2.6) gives the following nonvan-
ishing components of the stress-energy tensor of the elec-
tromagnetic field:

K,?
VT
Substituting (2.14), (2.15), and (2.19) into (2.10), one ob-
tains the following explicit form of the field equations:
fA4/A+B/B+C/C)=—3u’+f(A/A+B/B+C/C)
K,?

A*B?’

E}=—E|=+4+E}=—E} (2.19)

(2.20)

fl(A/A4) +A/A(A/A+B/B+C/C)]=u*—f(A/A)
K,?
+Kﬁ ’
.21
fI(B/B) +B/B(A/A+B/B+C/C)]=u*—f(B/B)
Lo K
4282
(2.22)
fI(C/C) +C/C(A/A+B/B+C/C)]=u*—f(C/C)
K,?
A’B?
(2.23)

—K

Equations (2.20)—(2.23) are, however, all not independent
owing to Eq. (2.9). To obtain the solution we consider the
set of equations (2.21)—(2.23). Using (2.15), one obtains
after integration

ABCf[InVFC] =(K;*—«K 2 fCH'/?, (2.24)

where K is an integration constant. Here we are consid-
ering the positive root only. The sum of (2.21) and (2.23)
yields on integration

K,
fABC ’
where K, is a constant of integration. Also the sum of
(2.22) and (2.23) gives on integration

Ks
"~ fABC’
where K5 is a constant of integration.

If one knows the solution of (2.24), then one can deter-

mine A and B from (2.25) and (2.26). To obtain the solu-
tion, we introduce a new function 1 such that

[In(VFA)+In(VFC)] = — (2.25)

[In(VFB)+In(VFC)] =

(2.26)

2K
C=

By 1 2 ,0y—1
Ve VF (Y+K,“/¢)~ 0. (2.27)
Substituting (2.27) into (2.24) gives
(Iny)" =K, /fABC . (2.28)

Using (2.28), one then obtains easily from (2.25) and
(2.26), respectively,

Vi . W+KTY ko,

A= 2K, K V7 ¥ (2.29)
and
Vi . W@+K Y ko,
B= 2K, K, VF 2 ) (2.30)

where K¢ and K, are integration constants. Using (2.27),
(2.29), and (2.30) in (2.19), one finds

3K>4+K,>—K4K5=0. (2.31)
From (2.15) and (2.28) one obtains after integration
Ky/Ky  —Ky/Ky
u=t— =t (2.32)
¢ 2 3+¢ 2 3

where we have taken the constant of integration equal to
1. Using (2.32) in (2.17), (2.29), and (2.30), one obtains

A=a " Ly TNk 2R (233)
B=b(¢KZ/K3+¢—K2/K3)(¢+Kl2¢r_')¢K5/K3  234)
C=c ™ 1y 5k 211, (2.35)

where a, b, and ¢ are constants. Using (2.33)—(2.35) in
(2.28), one obtains after integration

—px+q= [ [Y*+ 9P+ K, 224 yP D) ]dy

a+1 1B+1 a—1 B—1
ALl S A
a+1 ' B+1 a—1" B—1
(2.36)
a,B#*E1,
—K,+ Ky +Ks

K, 4+K,+Ks
a= N B_..
K3 K3
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p=abc and g is a constant of integration. From (3.3) one
gets, using (3.19)—(3.21),

V2K,
p
« (¢K2/K3

F03

—K, /K, (Kg+K5)/Ky—1

+¢ P(Yp+K ™)

(2.37)

The set of Egs. (3.19)—(3.21) with (3.18), (3.22), (3.23), and
(3.17) gives the complete solution of the
Einstein—Maxwell—conformally-invariant-scalar field.

The solutions (2.33)—(2.35) correspond to the spatially
homogeneous anisotropic Bianchi-I universe having a
conformally-invariant-scalar field and the electromagnetic
fields as the energy source. The role of each field is easily
distinguishable. v

For K, =0, one finds from (2.36) that the scalar field
vanishes and a=f3. One obtains then the Bianchi-I elec-
tromagnetic universe, the detailed discussion of which is
given by Carmeli, Charach, and Malin.’

For K, =0, one has a conformally-invariant-scalar field
only as an energy source. This problem has been treated
by us in a previous paper.. When both K;=K,=0, Eq.
(2.36) yields

—;:_Lll:%px +3q, (2.38)
when oa=(K;+Ks)/K;. Substituting (2.38) into
(2.13)—(2.15), one easily gets the metric

dsz-——dtz—a1t2p‘dx2—a2t2p2dy2—a3t2p3dz2 ,  (2.39)
where

p1=(K3+K4)/(K3+K4+K5),

pr=(K3+Ks5)/(K3+K4+K5), (2.40)

p3= —K3/(K3+K4+K5) .
Since
p1+P2+p3=pi*+pt+pit=1,

Eq. (2.39) with (2.40) represents the well-known Kasner®
metric.

For the combined electromagnetic and conformally-
invariant-scalar field, the structure of singularities de-
pends on the field parameters K, K,, K3, K4, and K5. As
t—0, u—0, ¥— 0, the volume ¥V of the r=constant
three-dimensional hypersurface— 0. The electromagnetic
field becomes the dominant energy source. As the
energy-momentum tensor of the electromagnetic field is
spatially anisotropic, the expansion factor C along the
electric field decreases while those along the orthogonal
directions increase. At this stage the model has Kasner-
type behavior. As t— «, u— 1, ¥—> 0, V— 0. At
this limit, the scalar field is the dominant energy source.
The energy-momentum tensor of the scalar field is spatial-
ly isotropic and the expansion factors tend to an isotropic
limit. The model tends to the open Friedmann type. The
model thus evolves from an initial Kasner-type elec-
tromagnetic universe to the final isotropic open

Friedmann-type universe, through the quasi-isotropic in-
termediate stages.

III. NONMINIMALLY COUPLED
ELECTROMAGNETIC FIELD

Nonminimal coupling of the vector potential with grav-
ity in the spatially homogeneous cosmological models was
investigated in an interesting paper by Novello and Salim.”
A special case of their Lagrangian is

L=v_g %(H—AW”WVg’”)R—%F’"'Fm, , (3.1)

in which

4

PR (3.2)

Fuy=W,u—

where A is a constant with the same dimensionality as
Einstein’s coupling constant «.

The equations of motion for g,, and F,, obtained from
(3.1) are

(1+AW?)(R,y— 38 R)—AOW g, +AW?,

+ARW, W,=—E,,, (3.3)
=L pwn (3.4)
K
The trace of (1.3) gives
R=-3A0W?. 3.5)
The wave equation for the vector potential W* is given by
2
EIW"+R“,,W"—(W";,,);“zék—(Wz)W" . (3.6)
K

However, in their analysis of particular models, they con-
sidered the case when both the electric and magnetic vec-
tors are null. In other words, their vector potential W* is
curl-free.” Still, the nonminimal coupling is found to be
responsible for a Friedmann-type cosmos with a minimum
radius.

In this paper we investigate the effect of this non-
minimal coupling when the vector potential is not curl-
free, but the Maxwell equations remain linear.

Since the Maxwell equations are linear, we set R =0,

which implies that
Ow?=0. 3.7

Using Eq. (3.7), the field equations (3.3) take a very simple
form,

QR*, 4+ QH, = —kE*, , (3.8)
where

Q=1+AW?2, 3.9)
and the wave equation (3.7) reduces to

OWHE4+REWE— (WY, )E=0. (3.10)

Equation (3.4) goes over to the usual Maxwell equation
F*.,=0. (3.11)
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For the Bianchi type-I model, the calculations are simi-
lar to those in the previous section. Using the same nota-
tion as in Sec. II for the electromagnetic field, we get

K,

Q= — ~BC (3.12)
A B C KK 2

Q I+§+—C_' =_ —_AZBZ s (3.13)
A AB AC . A KKy’
S = =0 ——, 3.14

2 4748 ac A A’B? 314

B B4 BC KK,*
Q 3 —+BC :—Q—E A232 , (3.15)
C C4 CB . ¢ kK?

Q C+—+6 =— E—AZBZ . (3.16)
Equations (3.13)—(3.16) are all not independent due to the
relation

R=0. (3.17)

Thus when we work out the solution we can omit Eq.
(3.13).
Equation (3.16) can be expressed, using (3.13), as

(Vo) 2K

2\@ C\/_ =7 4B

c,
which on integration yields

— vy
Wt Teva

K is a constant of integration. We take here only the posi-
tive sign before the radical. To integrate further we make
the substitution

2K,

I = [KP—kK HCVQ)HV?. (3.18)

C=—H+ e — 0 "v4+K " H, (3.19)
where v =v(?).
Substituting (3.19) into (3.18) gives
v K
v___K (3.20
y =T Vega )
Equations (3.14)—(3.16) give
avar  evor K (3.21)
AVQ AVQ Vg’
(BVQ)  (cva)y K (3.22)
AVQ AVQ v—_gQ’ '

where K3 and K, are constants of integration.
One gets from Egs. (3.20)—(3.22), after further integra-

tion,
Q4Cc=kp’%, (3.23)
QBC=Kg" %, (3.24)
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where K5 and K¢ are constants of integration. The equa-
tions (3.19), (3.29), and (3.24) will satisfy Eq. (3.14) if
R =0 is satisfied. From R =0 one obtains the relation of
constraints,

4K?—4K,K,+3K,*=0. (3.25)

From Eqgs. (3.12) and (3.20) we obtain ) explicitly as

Q=v"F oK, (3.26)
Since Q=1+AW?— 1 as A— 0, we have chosen K, =A
and the constant of integration equal to 1. It is worth not-
icing here that the coupling constant is independent of the
constant K; related with the electromagnetic field. To
complete the solution we determine the function v(¢) from
Eq. (3.20), using (3.23), (3.24), and (3.26) as

2AK —K)—
+at+B=fdvu“ 3+K,—K) A]/ZK(v+K12U_1),

(3.27)
where f3 is a constant of integration.

The system of equations (3.20), (3.23), and (3.24) with
Eq. (3.27) completely determines the model. Equation
(2.18) specifies the electric field.

As is evident from Eq. (3.27), there exist different possi-
ble models depending on

2AK3+K4+K)—A
2K

u= #—2,0
or u=-—2,0.

When A =0, the solutions correspond to the Bianchi
type-I electric universe.> When K, =0, the electric field
vanishes. In this case the four-potential W, is the gra-
dient of a scalar field. We shall consider all possible cases
here.

Case 1. u=2,0: Then, from Eq. (3.27), one obtains

U~t1/(”'_'_2)=t2K/[2(K3+K4+K)——A.] ) (3‘28)
Equation (3.26) yields

QMUK+ K+ K1) (3.29)

From Egs. (3.20), (3.23), and (3.24), we find, using Egs.
(3.28) and (3.29),

2AK3+K)—A/[2K;+K4+K)—A]

At , (3.30)
B 2 KaHO MU K KA (3.31)
C~t_(HZK)/[Z(K3+K4+K)_“ _ (3.32)

When A— 0, Egs. (3.30)— 6

models. If we write

P1=2(K;+K)—A/[2K3+Ks+K)—A],

(3.32) correspond to Kasner’s

P2=2K4+K)—A/[2A(K3+K4+K)—A], (3.33)
Pa=27/2(K;+K;+K)—A
Then, one finds that, using (3.25),
4
X pi=Xp’=1. (3.34)
i=1
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Novello and Salim® found an equivalent solution using a
Kasner-type ansatz.

If K;=K,=—2K=—A/2, one obtains ¢t =constant hy-
persurfaces conformally flat.

The model corresponds to the flat Friedman-type with
isotropic expansion.

Case 2. p= —2: In this case, from Eq. (3.27) one gets

t
v~e%,
Aa/2K)t
.Q~e( a/ ,
(1+K4/K)at
A~e ,
1K /Kat

(3.35)

B~
C~e —[(A+2K)/2K]at

b

The expansion factor along z depends on the coupling con-

1857

stant A, while those along the orthogonal directions are in-
dependent of A.
The case =0 does not occur when K; =0.

IV. CONCLUSION

Bianchi type-I cosmologies for nonminimal coupling
between gravitation and other fields were obtained for two
models. The physical consequences in each case have al-
ready been discussed in the earlier sections.
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