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We elucidate and somewhat extend Bardeen’s gauge-invariant formalism for calculating the
growth of linear gravitational perturbations in a Friedmann-Robertson-Walker cosmological back-
ground. We show that the formalism can be derived from the usual gravitational Lagrangian, by
variation with respect to a restricted set of metric perturbation functions. This approach produces a
natural decomposition of an arbitrary matter field (whose constitutive equations need not resemble
the usual cosmological perfect fluid) into a spatially homogeneous piece, which couples to the back-
ground metric, plus a spatially inhomogeneous piece, which is not necessarily small and which is the
source term in a second-order differential equation which evolves the gauge-invariant metric pertur-
bation potential. We show how the complete perturbed metric can be reconstructed in arbitrary
gauge from the single gauge-independent metric potential, so that the evolution of the matter fields
can be concurrently calculated in the usual manner (i.e., in a perturbed coordinate frame). The ap-
proach of this paper is designed to be particularly suited to the study of fluctuations generated by
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classical scalar or gauge fields in “inflationary” cosmological models.

I. INTRODUCTION

Many papers have, by now, been written on the evolu-
tion of density perturbations in a Friedmann-Robertson-
Walker (FRW) cosmology. The pioneering work is that of
Lifschitz,! as summarized by Lifschitz and Khalatnikov.?
The texts of Weinberg® and Peebles* treat the subject in
some detail. Although thus standardized, the subject has
continued to be plagued by difficulties in interpretation,
particularly in the subtle area of choice of gauge, that is,
infinitesimal coordinate transformations. The analyses
mentioned thus far are all gauge dependent (or, more pre-
cisely, “gauge specific””). A particular choice of gauge is
made, the so-called “synchronous gauge,” where, without
loss of generality, the perturbation in the metric tensor is
taken to have zero time-time and time-space components,
nonzero space-space components.

In the synchronous gauge, the interpretation of pertur-
bations whose wavelength is larger than the horizon size is
not always straightforward. Press and Vishniac® proposed
a scheme for keeping track of gauge modes (modes
representing only coordinate changes) while continuing to
calculate, following the textbooks, in the standard syn-
chronous gauge. The proposed scheme clarified a certain
number of “tenacious myths” that had crept into the
literature. For example, the Press-Vishniac scheme shows
clearly that pressure perturbations on scales larger than
the horizon size do not give rise, at lowest order, to grow-
ing density perturbations.

At about the same time as Ref. 5 was published, Bar-
deen® published an entirely different solution to the same
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sorts of problems. Bardeen’s approach, based on previous
work of Hawking’ and Olson,® is to eliminate the gauge
rather than just to specify and understand it. One does
this by finding, at the very start of the analysis, gauge-
invariant quantities which completely specify the nature
of the metric perturbation. The advantages of this ap-
proach are that it is conceptually straightforward and
mathematically elegant. The apparent disadvantage is
that it is not technically straightforward; indeed, Bardeen’s
paper is a computational tour de force. Also, it is not
straightforward to make the reverse connection back from
the gauge-independent formalism to a particular (e.g., syn-
chronous) coordinate system where other, coupled, physi-
cal processes may be computed.

The purpose of this paper (its overlapping authorship
with Ref. 5 notwithstanding) is to remedy the apparent
disadvantages of the Bardeen formalism. We give a new,
and in our opinion simpler, derivation of the gauge-
independent Bardeen equations, starting in fact from a
synchronous-gauge formulation of the problem. The rela-
tion between the gauge-specific and gauge-independent
formulations is thus elucidated. Our formulation of the
problem is Lagrangian based. This, we think, allows for a
closer investigation of the coupling between the gauge-
independent quantities in the metric perturbation and the
various matter fields which act as source terms. In partic-
ular, we move away from the fluid formulation of the
matter sources (perfect, imperfect, or otherwise), and to-
ward a more general formulation in which the cosmologi-
cal perturbations are coupled “automatically,” in correct
manner, to any other matter fields that one chooses to in-
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clude in one’s master Lagrangian.

The particular relevance of this reformulation, and im-
petus to write this paper, is the recent interest in perturba-
tions of the “inflationary universe” and “new inflationary
universe” models of Guth,’ Linde,'®© Albrecht and
Steinhardt,!! and others. Several authors!?— !¢ have ob-
tained tantalizing results suggesting that perturbations on
the required scales of galaxies and clusters of galaxies, and
perhaps someday (though not yet) with the correct ampli-
tudes, can be obtained by coupling the quantum fluctua-
tions of a grand unified theory (GUT) of matter in an ear-
ly, inflationary epoch, to the classical growing modes of
the FRW model.

The methodology of this paper is designed for max-
imum usefulness in investigating the coupling of cosmo-
logically interesting modes to GUT or other unified
theories of matter. It is designed to supplement the exist-
ing analyses which are, in our opinion, incomplete: Some
neglect the first-order perturbation equations for the
metric in the initial phases of the evolution of the universe
(Refs. 12—14), while others replace the quantum field by a
perfect fluid outside the horizon (Refs. 15 and 16). The
circumstances under which these idealizations may or
may not be justified is the subject of a second paper,!’
where we will give a consistent analysis of the growth of
perturbations in the new inflationary cosmology, based on
the formalism of this paper.

We will now briefly outline the derivation to be present-
ed: We consider the so-called “scalar” perturbations of a
FRW background metric, which are known to be the only
class of perturbations which couple to matter and contain
growing modes. We derive zeroth-order (background
metric) and first-order (metric perturbation) equations of
motion by considering appropriate variations of the action

-

Here R is the Ricci scalar curvature, while .£",, is an arbi-
trary matter Lagrangian density. Next, we combine our
variational equations to produce one second-order dif-
ferential equation for a gauge-invariant metric potential
¢p. For a fluid formulation of the matter source, our
equation reduces to Bardeen’s equation [Eq. (4.9) in Ref.
6].

The plan of our paper is as follows: In the next section
we introduce our notation and derive the basic variational
equations for gauge-variant (i.e., noninvariant) quantities.
In Sec. III we analyze the effect of gauge transformations,
identify the gauge-invariant metric potential ¢z, and com-
bine the initial variational equations to yield an explicitly
gauge-invariant equation of motion for ¢y. Section IV
discusses the matter source terms for three different ex-
amples of matter; a scalar field with arbitrary effective
potential, a perfect fluid, and a fluid with shear stresses.
In Sec. V we compare our method to previous work, in
particular to Lifschitz and Khalatnikov,? Press and Vish-
niac,” and Bardeen.®

A word about the notation we use: Greek indices run
from O to 3; Roman, from 1 to 3. Indices are raised and
lowered with the full metric except where otherwise stat-

——R———i—.i’M vV —g d*x .

167G (1.1)
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ed. The Einstein summation convention is assumed
throughout; repeated Roman indices are summed even
when both are lowered, or both raised. A comma indi-
cates an ordinary partial derivative with respect to a coor-
dinate. We employ units in which fi=c =kg=1.

II. THE VARIATIONAL EQUATIONS

A general perturbation of the Friedmann-Robertson-
Walker (FRW) metric can be decomposed into the sum of
three decoupled pieces, called “scalar,” “vector,” and “ten-
sor” according to how they transform under spatial coor-
dinate transformations at constant time.>~® As shown in
Refs. 3 and 6, there are no instabilities in either the vector
or the tensor perturbations. The former decay kinemati-
cally in an expanding universe. The latter are gravitation-
al waves, whose coupling to matter is so weak as to render
them, for all interesting purposes, decoupled; hence they
red-shift away. If we are interested in growing inhomo-
geneities in the early universe, it is therefore sufficient to
restrict attention to scalar perturbations. We will now
show how to obtain these perturbations, uncluttered by the
vector and tensor modes, from the variation of a con-
strained Lagrangian, i.e., the true gravitational Lagrang-
ian restricted to a certain class of metrics.

The Einstein equations

Gu=8nGT,, (2.1
are obtained as the variational equations of the action (1.1)
when the metric g,, ranges over all possible metrics. Let
us first, however, restrict attention to the class of metrics
that describes a homogeneous and isotropic universe,
namely, the FRW metrics

guv=diag[ — La(t),a(t),a(1)] . (2.2)
It is well known that the equation of motion for the scale
factor a (), and the equation for the change in energy den-
sity, can be directly obtained by varying (1.1) in the class
of “generalized FRW metrics”

guvzdiag[—a2(t),a2(t),aZ(t),az(t)] . (2.3

If we “unfreeze” the constrained metric (2.3) somewhat
more by adding aptly chosen degrees of freedom, then we
can obtain the linear gravitational perturbation equations
for the scalar perturbation modes. The most general per-
turbed metric is

guv=diag[ —a®(1),a*(1),aX(t),aX(t)] +ea’gyy) . (2.4)
Here the superscript (1) denotes that the term is of the
first order of smallness, and € is a formal expansion pa-
rameter introduced to keep track of the order of magni-
tude of terms in power-series expansions in the order of
smallness. One always sets € equal to 1 at the end of any
computation.

The only ways that scalar quantities can enter linearly
into a three-tensor are (i) by multiplying the unit tensor or
(ii) by contributing their covariant derivative. Therefore,
the most general form of (2.4) containing only scalar per-
turbations is ‘
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(1 E Ei
: 2.5)

Euw= |F, 48,;+B

where 4, B, E, and F are functions of all four coordinates:
A=A4(t,X), B=B(tX),
E=E(t,X), F=F(X).

(2.6)

We will in due course fix the gauge to the synchronous
gauge by setting

a(t)=1, E=F=0, (2.7

and then derive an explicitly gauge-invariant framework
(which will therefore be independent of the synchronous
derivation). However, all the degrees of freedom in (2.5)
are necessary when we vary the Lagrangian: In the
language of the Arnowitt-Deser-Misner (ADM) formal-
ism,'® the function E is a lapse function and the function
F ; is a shift function. These are not dynamical degrees of
freedom, but parametrize how the spacetime is sliced in
time, and how spatial coordinates are transported from
one slice to the next. The two dynamical degrees of free-
dom for scalar metric perturbations are the two free func-
tions 4 (¢,X) and B (t,X).

There are two conceptually equivalent but computation-
ally distinct ways to vary Eqgs. (2.4) and (2.5) with respect
to any one of their free functions. The first is to express
R and .Z ), explicitly in terms of the free functions and
their derivatives, thus reducing the problem to a standard
variational problem with 1 degree of freedom. The second
method is to reduce each variation to a combination of the
known variations with respect to g,,. We will follow the
latter approach. The crucial formulas are

(Vg R=V"g G*,

(2.8)
88 v
s: V=g Ly)=—3V—g T". 2.9)
uv

Here 8/8g,, stands for variation with respect to one com-
ponent of a general metric, with all other components held
fixed.

The Einstein tensor for the metric (2.5), to first order in
€ and evaluated at a(t)=1,E (t,X)=F(t,X)=0 s

2
V24

G=—3 |2 | +e| = —324-2VB|,
a a a a
Gh=—e—4,, (2.10)
a
. 2 .
. g . e as o,
Gl=—|2—+ 2 ]8‘,!—68} A+3—;A+VD]
+€D ;; ,
where
p=1|ji3%p 4 @.11)
2 a
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and the “overdot” denotes 9 /9t.

We now perform each desired variation, keeping in each
case terms of lowest nonvanishing order in e. Since a(z)
and a (¢) are functions of time only, variation with respect
to these functions does not probe the spatially varying de-
grees of freedom of the system. Therefore, such varia-
tions automatically produce space -averaged equations. To
lowest order in € these will be exactly the FRW equations
for the smooth, zeroth-order, background. A key feature
of this variational approach is that we do not need to as-
sume that the matter fields consist of a smooth back-
ground plus a small inhomogeneous perturbation. The or-
dering of terms in the metric by powers of € automatically
induces a decomposition of an arbitrary matter field into a
smooth part that couples to the background metric, plus a
spatially varying part that couples to the metric perturba-
tions. The linear perturbation expansion fails only when
the metric perturbations become large, not when the
matter perturbations become large. (For spatial scales
much smaller than the horizon size, large matter perturba-
tions can induce small metric perturbations.)

Consider first varying with respect to a (¢). The action
(1.1) is

I= [d*Lig,la(n]},

L= Vg R4V =g L.
16mG

We demand that I be constant under arbitrary variations
8a (1) which vanish at infinity:

(2.12)

(2.13)

dL dL
0=8I= [ d* SghY+ 5ghY
/ agh* © ogla i
aL
+ 8¢t
ol
= fd4x —aL— aLv
gt | gty |,
4 afv s
ag,ap ,ap

3
- f d“x—gl‘—g#“—g—:igﬂvsa(z). (2.14)

ghY

This gives the space-averaged equation [using (2.8), (2.9),
and (2.13)]

i)
f d3xv —-g(G,w—81rGT,w)g‘“’—§§£gﬁ"=0 . (2.15)

To lowest order in €

[ d*x(G}—87GT})| c0=0. (2.16)

It is natural to define the background pressure as a space-
and angle-averaged combination

P=(T}), (2.17)

where angle brackets denote spatial averaging. Formally,
this averaging is to be done with €=0, i.e., in the back-
ground, unperturbed, metric, and with unperturbed matter
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fields. In practice it is usually more convenient to average
the perturbed matter fields, in either the unperturbed or
perturbed metrics. Doing this will introduce errors only
of order €% so it is allowed. By (2.10), the variational
equation (2.16) now reads

2
2%+ — —87GP .

2 (2.18)

This is one of the two usual FRW equations.
The other FRW equation follows from variation with
respect to a(t). Analogously to (2.14),

0=8I=— [d* afw

gﬂGfd x(G®—87GTO)V =g a(t)dalt) .

0,
gh0—— agoo g%8al(?)

(2.19)
To lowest order in € we get
[ @*x(GP—87GT™) | _o=0. (2.20)
Defining the background energy density as
=—(T3), (2.21)
(2.20) becomes ]

GiI(O)gik(0)+GiI(l)gik(0)+GiI(0)gik(l)_8,”_G(Til(0)gik(0)+ Til(l)gik(O)+ T,'I(O)gik(”-f- Til(”gik(”)skl
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2

3|4 | =87Gp (2.22)

which is the other FRW equation.
The induced decomposition of an arbitrary matter field,
mentioned above, is

=T/ +1Tx", (2.23)
where
T =diag(—p,P,P,P) , (2.24)

where p and P are defined by Egs. (2.21) and (2.17).

The equations of motion for 4 (¢,X) and B(¢,X), that is,
the linear gravitational perturbation equations, follow
from varying the action (1.1) with respect to 4 (z,X) and
B(t,X). Consider first the A variation:

—Jat s

T Gfd x(Gy—87GT,,)

8L ,,aagas o
A
5% 8" o 870 (£,%)

X gh*8,,8'"V —g €a?BA (1,X) . (2.25)

Expanding the parentheses to order € we obtain

(2.26)

(superscripts in parentheses on g and G indicating the order in €). The zeroth-order terms as well as the third and sixth
terms cancel by (2.18). Thus to lowest nonvanishing order in € the 4 variation gives

GIV=gx G(TIV  T](gik(1)g(0))
or using (2.10)

2 a 2 V4 i(1)
(34 +V B),,,+3;(3A +V°B),,——=—8aG(T; '+
a
Analogously for the B variation,
ag
dix2=_gra 298 b
f 8 I"' aB,aB 8 ( ,aﬁ)

= [ @*x[(G*—87GT™ )1V =g ] 8B (1,%)ea’ .

16 G
The corresponding equation of motion is
[(G*—87GT*)V —g 14 =0
The lowest order nonvanishing terms are of order €:
0= (G} —87GTF") 487"+ (G} " —87GT} g
+ (Gk(O) 81rGTk(°))g”‘°’(\/— )(xlk)a -3

The second and third parentheses vanish by (2.18). Thus
by (2.10)
VAd+324)

=—81TG[ Jkl(kl)alj_'_T]{Cl(l)(gl]‘/_ )(1) —1] . (2.32)

I(1) _ik(1),(0)
T/ Vg Mgy .

877'GTk“)(g”1/* )(l) —3

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

I

We now make use of the € ordering and drop all source
terms of order €! in the presence of those of order €°.
This is not the same as ordering in the superscript (0)’s
and (1)’s: Note that T,(ﬁ,) and TL‘,,) by construction are of
the same order of magnitude. The ordering by € therefore
correctly drops both T©g" and T'Vg!) terms compared
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to TWg© terms. This is an important point, not always
treated correctly elsewhere in the literature.

Both (2.28) and (2.32) now simplify; the second source
term in each can be neglected. The equations are then

A +3%A =—87GV2a’TY"), (2.33)
. 2
(34 +VB) 4 +3234 +V2B) , — T4
a
=—8rG(a®,;T9"). (2.34)

The use of V2 is unambiguous and represents solving
the flat-space three-dimensional Laplace equation. V2 has
no bounded analytic zero modes on A3, except for con-
stant functions. Since the space average of a perturbation
vanishes [definition of “(1)” quantities] V~2 in (2.33) is
uniquely determined. The same argument applies to all
subsequent uses of the operator V™2 in this paper: it al-
ways represents the solution of an auxiliary Laplace equa-
tion for the unique bounded solution with vanishing spa-
tial average; or else, in Fourier space, it is simply algebraic
division by —k?2.

The components of the stress tensor T7‘! only enter
the final equations in the following two combinations:

Z,=V2’TYV (2.35)

Pr=V"2a8; TV -3v2TY") (2.36)
With these two definitions we can combine (2.33) and
(2.34) to yield

A‘+3%A:—sfr69’1, (2.37)

B+3%B- A _ 8162, . (2.38)
a a
These two equations are the main result of this section.

To derive, in the following section, the equation of
motion for the gauge-invariant metric potential we will
also need to use the variational equations with respect to E
and F. We obtain these by repeating the steps outlined
above. The E equation gives to lowest order in €

2 . . . .
68‘“=V—;“~33A—1V23=8nGT8‘” : (2.39)
a a a
The F equation is
[(G”—87GT)V —g ],i=0 (2.40)
or by (2.10) to lowest order in €
V24 = —87Ga*T% V= —87Ga’2, , (2.41)

where the last equality defines &5 as one final combina-
tion of source terms that enters the analysis.

The full set of equations of motion consists of (2.18),
(2.22), (2.37), (2.38), and in addition the matter equations
obtained by varying the action (1.1) with respect to the
matter degrees of freedom (see Sec. IV).
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III. A GAUGE-INVARIANT EQUATION
FOR FLUCTUATIONS

Not all solutions of the system of Eqgs. (2.37) and (2.38)
correspond to physical perturbations. Some can be ob-
tained by a coordinate transformation of the background
system and are thus gauge artifacts rather than physical
perturbations. Before studying perturbations we must
therefore eliminate the gauge degrees of freedom. We do
this by deriving an explicitly gauge-invariant equation of
motion for a gauge-invariant metric potential ¢5. First, a
brief analysis of the change of the metric and matter vari-
ables under a coordinate transformation:

A coordinate transformation

x“':x"+§”(t,i') (3.1)
induces the following change in the metric:
Sgyvzgp;v+§wy . (3.2)

The covariant derivative is with respect to the background
metric.

Since we are only interested in scalar metric perturba-
tions, we can restrict our attention to coordinate transfor-
mations which, via (3.2), generate scalar perturbations of
the FRW background metric. Later in this paper we will
use the terms “gauge transformation” and ‘“‘gauge invari-
ance” to refer only to these restricted transformations.

The general gauge transformation generated by scalars
takes the form

t'=t+f%,3%),
xi’ =X +f,i(t’i) ’

(3.3)

where f° and f are two arbitrary functions. The induced
changes in the metric coefficients are

.0
8g()0:’ _2f ’ .
Sgoi=—S i+ i=201 s
8gyy=2(f ;j+aad;f°) .

The gauge transformation (3.3) thus yields a scalar pertur-
bation of the FRW background metric with

(3.4)

a=24p0,
a

B=2a"%f, (3.5)

E=—2a"%°,

F=—a7* (a2, .

It therefore follows immediately that the following is a
gauge-invariant metric potential:

by =+(4 —adB +2aiF) , (3.6)
or, in the synchronous gauge,
by =+(4 —adB) . 3.7

We have chosen notation and constant factors to obtain
agreement with Bardeen (Ref. 6).

Turn now to the source terms. The following two
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quantities are conventionally used to describe the equation
of state of the matter and its time change:

w.=_£— R (3.8)
p-

2= (3.9)
p

In the present context, these are to be viewed as merely de-
rived quantities from the definitions (2.17) and (2.21); they
need not have the physical interpretation as enthalpy and
speed of sound squared. Note that w and c¢2 have
by definition no spatial variation, but are functions of ¢
only.

In the Appendix we derive the transformation laws for
matter perturbations. We obtain

P =.@1—3(p+1>)c3%f° ) (3.10)
Py=2,, (3.11)
Py=P3+(p+Pa VO | (3.12)

Equation (3.12) holds for gauge transformations preserv-
ing the synchronous gauge condition. The above formulas
will be useful to show that the inhomogeneous terms in
the equation of motion for ¢y are jointly gauge invariant.

After these preliminaries we can now start the deriva-
tion of the gauge-invariant equation of motion for ¢y.
We will proceed in two steps. First we make an ansatz of
the form

$u=Ci¢y+Cry+Cs . (3.13)

Using the equations of motion (2.37) and (2.38) for 4 (1,%)
and B(t,X) we will express ¢y, ¢y, and ¢y, as functions
of 4, /i, B, and matter perturbations. C; and C, are deter-
mined by comparing the coefficients of A and B on both
sides of (3.13); they will turn out to be gauge invariant.
C3 will still contain individually gauge-dependent, but
jointly gauge-independent, pieces, most notably A.

In the second step we will use an additional equation,
namely, (2.41), to replace the gauge-dependent terms by
explicitly gauge-invariant functions of ¢4, ¢y, and
gauge-invariant matter terms. Rearranging terms will
give the final equation for ¢ .

For notational simplicity all calculations are performed
in the synchronous gauge. The final equation however is
manifestly gauge invariant.

We will start with step 1: ¢ is given by (3.7). Dif-
ferentiating and using (2.38) to eliminate B we obtain

20y =A— %A +[3d2—(ad) 1B +87Gac 7, . (3.14)

Differenfiating‘_once more and using (2.37) and (2.38) to
replace 4 and B we get

3a%—(ad),

a?

A

a

a
a |,

+ [[3&2—(@),,],,—33[3#—((:&),,] IB

+87G{—~ P —[3d*—2(ad),1P,+ad P} .
(3.15)
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Comparing the 4 coefficient yields

C,=—42 (3.16)
a
and similarly for the B coefficient
1 ) . a ) o
Cy=——1[3a"—(aa),;] ,+—[3da"—(aa),] | .
aa a
Finally (3.17)
C3=¢y—Ci¢y—Crdy
2
1 a a ol .
=—-5A - l;J +3;—(aa) 1[3(12—(aa),,],,}

+47G{— P +(36* +2ad) P, +aa P} . (3.18)

The coefficients of Eq. (3.18) have been written entirely
in terms of higher-order time derivatives of the scale fac-
tor a. One can alternatively write them in terms of only a,
its first derivative written as the Hubble “constant”

Hn=%
a

(3.19)

and equation-of-state functions P, p, and cs2, by using the
FRW equations (2.18) and (2.22), the definitions (3.8) and
(3.9), and the continuity equation

p=—3H(p+P). (3.20)
We obtain, e.g.,
3G*—(ad) ,=47G (P + ipla’ . (3.21)
Thus (3.13) becomes
bu+4Hby —4A7G[2P +3¢,X(P +p)1dn
= —47G[Z + %CSZ(P +plA]
+47G [87G (2p—P)a P ,+Ha*P,] . (3.22)

All terms except for those in the first brackets on the
right-hand side of (3.22) are individually gauge invariant.
It is a consistency check to verify that the two terms in
the first brackets are jointly gauge invariant; this follows
immediately from (3.5) and (3.10).

Equation (3.22) still contains the gauge-variant metric
perturbation 4 (£,X). In the second step we replace 4 by a
function of gauge-invariant metric perturbations and
gauge-variant matter terms. We do this by considering
the system of Egs. (3.7), (3.14), and (2.41).

Equation (2.41) is used to eliminate A from the system:

A= —87Ga’V 22,
(3.14) gives B as a function of ¢, 4, and 4:

(3.23)

B=[3d2—(ad),]"! 2¢H+§A

—87Ga?

Lp, v, H .
a

(3.24)
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Finally, we insert both (3.23) and (3.24) into (3.7) to obtain with
A=2¢y+v 2¢H+%A — 87Ga> %%-v*% v=aa[3d¢>—(ad),] '=H[47G (P +1p)]~'. (3.26)
(3.25)  Solving (3.25) for 4, we find
]
. -1 .
A=|1—-%y [2¢H+ZV$H—81TGaZV %@2—V—2§’3] ] . (3.27)
a
Introducing the abbreviation
2
21' ey 1 .2 .
w=3;— = | —(aa)~[3a"—(aa),],
=127Ge, (P 4p) (3.28)
and inserting our result for 4 in (3.22) we obtain
but [4H +—2— gy + | —47G [2P +3¢, AP +p) ]+ —2— Iy
1—va/a 1—wva/a
a’vo  |a 2 ) )
=47G —-@1—1-1—./_ ;-@2-—V_ .@3 +477'G’[81TG(7p—P)a2.@2+Ha2?2] . (3.29)
—va/a
This result can be easily simplified to yield
by +(4+3¢,)Hby +87Gplc,?—w)py = 4wG[ — P\ —3¢,*Ha’V 2P+ a*H P ,+87G (1p—P+pc,2)a’,] .
(3.30)

As a consistency check we observe that by (3.10) and
(3.12), the 7| and 275 terms are together gauge invariant,
and they are the only ones which are not individually so.
Thus (3.30) is a manifestly gauge-invariant equation of
motion for ¢5. It constitutes the main result of this pa-
per.

The initial conditions for ¢y are determined by a
gauge-invariant initial-value constraint equation which we
now derive. By (2.10)

G —3aaV2GE =2a 2V (3.3D

Inserting the E and F equations (2.39) and (2.40) we obtain
¢y =41Ga’V TV —3aav2TED] . (3.32)

Equation (3.32) and its first time derivative can be
thought of as providing, for specified densities and energy
fluxes on an initial time surface, a consistent set of start-
ing conditions which are then evolved by the second-order
dynamical equation (3.30).

One might well ask the question, why not use only Eq.
(3.32) to obtain ¢y, by evolving the matter fields in time
by their own equations of motion, computing the implied
stress tensor, and substituting into (3.32) to infer the
geometric inhomogeneities. In that case, the use of the
dynamical equation (3.30) seems superfluous. The answer
to this question depends on the specific application: For
perturbations well inside their horizon, the metric pertur-
bation ¢y is a small “tail” being wagged by a large “dog,”

the matter field Tg(”. In this case (3.32), which is the re-
lativistic generalization of the Poisson equation of
Newtonian gravity, is most appropriate. For perturba-
tions outside of the horizon, on the other hand, whose
wave number k satisfies

k/a <<H ,

the source terms on the right-hand side of (3.30) are negli-
gible in comparison to the homogeneous terms (see next
section). The homogeneous, dynamical evolution of the
metric perturbation is now the “dog”, while the matter
terms are the “tail.” Any attempt to use (3.32) in this re-
gime would lead to a very delicate problem in computing
the evolution of the matter source terms: all the metric
evolution will be buried in the small differences between
covariant derivatives and partial derivatives in the matter
equations, as due to the nonzero value of ¢y. While it is
formally possible to compute in this manner, it would not
be easy to read off any useful order-of-magnitude esti-
mates of quantities.

Phrased in different terms: Inside the horizon, the
matter evolution is dominated by matter self-interactions.
Thus it is appropriate to solve the matter equations of
motion and infer the geometric fluctuations from (3.32).
Outside the horizon on the other hand, the matter evolu-
tion is dominated by gravitational effects. Therefore it is
more convenient to take a simple model for matter and
solve (3.30) in place of the dynamical equations for

(3.33)
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matter.
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Equation (3.30) is equivalent, but not algebraically identical to Bardeen’s principal equation (4.9) in Ref. 6. The two

equations differ by adding and subtracting the term

—%V%ﬁcp,, .
a

(3.34)

Adding (3.34) to both sides of (3.30) and using (3.32) to rewrite the right-hand side gives

by +(443¢,)Hdy + cs’—87GP ¢y

2
[——V-z——{—S#Gp
a

—47G[— P —¢,* TV +a*H P ,+87G (5p—P +pc;2)a’P,] .

This equation coincides with Bardeen’s equation, but with
the source terms written in general form rather than in the
form of a fluid with shear stresses. We work out the
latter example in the next section.

A few words are in order about which of the equivalent
equations (3.30) or (3.35) is “best.” Our view is that both
are flawed (though mathematically correct). One would
like an equation in which physical processes at different
cosmological epochs cause source terms (on the equation’s
right-hand side) to generate perturbations in ¢y which
subsequently grow homogeneously (by the equation’s left-
hand side). Thus cosmological perturbations today, for
example, would be the sum of homogeneous solutions,
each of which could be traced back to a physical “cause.”

For the above picture to hold, one would need an equa-
tion equivalent to (3.30) or (3.35) whose source terms de-
pend only on the spatial stresses T}, and not on the energy
fluxes Ty, or the density Tpo. The reason is that only the
spatial stresses are freely specifiable (by the underlying
microscopic theory of matter) at each instant of time.
Fluxes are not freely specifiable: they evolve from the in-
fluence of spatial stresses over time according to the
momentum conservation equations; likewise the density is
even less freely specifiable, since it evolves over time ac-
cording to the conservation equation from the accumula-
tion of fluxes. The trouble with both (3.30) and (3.35) is
that a physical “cause” of a perturbation acts not only in-
stantaneously through its stress terms to create a nonzero
¢, but then it also continues to act over time as matter,
set into motion, builds up fluxes and density perturba-
tions. There is no clean separation between homogeneous
and inhomogeneous pieces of an evolving ¢y. We have
tried unsuccessfully to find a more “perfect” form of the
Bardeen equation, one coupled only to Tj;, and commend
this problem to the reader.

Until a better form of the equation is found, Egs. (3.30)
and (3.35) each have minor advantages and disadvantages.
Equation (3.30) is an ordinary differential equation. Since
an easy Green’s function method is available,!” the order
of magnitude estimates of the effects of source terms be-
come very simple. Equation (3.35) on the other hand
shows more clearly the two ways in which classical matter
can generate metric fluctuations, via entropy perturbations
[the first two terms on the right-hand side of (3.35)
represent a nonadiabatic stress perturbation] or via aniso-
tropic stress perturbations.

(3.35)

-
IV. EXAMPLES OF MATTER SOURCE TERMS

In Secs. II and III we derived the equation of motion
for the single variable ¢y which completely characterizes
the metric perturbations. Matter terms appear as inhomo-
geneous sources in that equation. In this section, we want
to write those matter terms explicitly for several useful
cases. This will complete the description of the evolution
of ¢5. In Sec. VI, below, we will show how ¢y acts back
on the matter evolution equations to produce a completely
closed set of equations.

A. Scalar field with arbitrary effective potential

The case where the matter content of the universe is
idealized as a single scalar field, with arbitrary effective
potential, is of interest in inflationary-universe scenarios.

The matter Lagrangian for a scalar field is

Lu=—[76a08£"P+V()]. 4.1)
Its stress-energy-momentum tensor is
Ti=0u" 870,087+ V(#)]. (4.2)

Using (2.17) and (2.21) the background energy and pres-
sure are readily computed as

p=1($")++a"H(VP)?) +(V (),
=) —La=2 (V) —(V(4)) ,

where angle brackets again denote spatial averaging. The
matter source terms & |, #,, % ; are given by

(4.3)

(4.4)

P1=a" VAP, 5+ 18" — a HVP—V ()

— () ++a"H(VPD) +(V($)) , 4.5)
Pr=a" V"¢ b:)—3a VX0 ;)i » (4.6)
Py=—a "Udd,); . @.7)

Variation of the action with respect to ¢(¢,X) leads to
the Klein-Gordon equation in curved spacetime:

1_ (V=g g% p) a=V'($) . 4.8)

Elg¢=—‘/-————§‘

Expanding the metric as in (2.4), using the synchronous
gauge and keeping terms to order ¢, (4.8) becomes
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.
O 329 a2y 1D |g=(g) .

—Et—i—- 2 a1 4.9)

Here D'V is the perturbation-order differential operator
DWg=—a—%g V¢ . _q —2gf{;(1)¢’j
—1h¢+3ah b, (4.10)

where

h=gV'=34 +V?B . 4.11)

If ¢ is spatially uniform, so that ¢(X,?)=¢(¢), then (4.10)
becomes
DWg=—5(34+VB)$ . (4.12)

Once we learn, in Sec. VI, how to obtain 4 and B from
éx, then Egs. (4.9) and either (4.10) or (4.12) will close the
set of evolution equations for all quantities. It is impor-
tant to note at this stage, however, that the evolution
equation for ¢, the matter field, is not gauge invariant. It
is true in general that the matter equations, computed as
they are in some coordinate background, are not gauge in-
variant. This is no cause for alarm: Having eliminated
any gauge dependence from the gravitational equations,
we are free to evolve the matter equations in any con-
venient gauge, or to make arbitrary changes of gauge at
any time-slice.

In a companion paper,!” we will consider the evolution
of fluctuations during the de Sitter phase of an inflation-
ary cosmological model (see Refs. 12—16). For that and
similar purposes, it is useful at this point to make order-
of-magnitude estimates of some of the above expressions.

The inflationary scenario is characterized by an energy
scale o of grand unified symmetry breaking. This, in
turn, determines the Hubble constant during the inflation-
ary era, by the relation

0_2

H~

(4.13)
M planck

Here mppnc is the Planck mass, and one has
0 /Mpanck ~ 1073 for typical grand unified theories.

In the final stages of the inflationary de Sitter stage, it
turns out that (¢ ) increases, at first slowly but then rap-
idly, from O (H) to O(o), with approximately the func-
tional form!’

(¢)~Hf (1), (4.14)

fO)=H"1—n"'H-, (4.15)
During this period

Vig)~o*, 8p(t)~Hf(t) . (4.16)
Also, using (4.3)—(4.7),

p~a4 , P~o*, (4.17)

P ~H Y1), Py~a PH Y1),

.@3~§;H3f3(t) , (4.18)

where k /a is the characteristic wave number of the per-
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turbation in physical units.
It follows that the total source term on the right-hand
side of (3.30) is of order
~ [ H 4.19)

2
] H* ) .
M planck

By (3.32), the initial condition for ¢ when it previously
crossed the de Sitter event horizon is

2
H

M planck

o~ (4.20)

We will make use of these scalings in Ref. 17 when we
come to decide whether the homogeneous evolution of ¢y
dominates or is dominated by the source terms at various
epochs.

) B. A perfect fluid

In the inflationary cosmology, the matter content is
well modeled by a perfect fluid after grand unified sym-
metry breaking, and concomitant reheating, have oc-
curred.

Consider small perturbations of a fluid at rest in the
FRW background, so that

Tp.v:(P0+P1)g[w(())+(P0+p0+Pl+pl)u;1uv .

4.21)

To linear order in the perturbations P!, p’, and v:

T*=diag(p%a ~2P%a ~2P%a —2p°) 4+ TH*1) (4.22)
with

00 ”=p1

TOi(l)=(p0+P0)Ui , (4.23)

T _ g —2plgii |
Therefore

P =V~ %?TiV=p!

2,=0, (4.24)

Py=(p°+PW'; .

For the evolution equation in the form of (3.35), the
right-hand side becomes simply

1

47G |c*—— |p' - (4.25)
P

This is just an entropy perturbation. If the equations of
state for the background and the perturbation are identi-
cal, then (4.25) vanishes. In this case the gauge-invariant
equation of motion for ¢ is homogeneous and the pertur-
bations evolve in a simple way. Even if (4.25) does not
vanish, outside the horizon it is negligible compared to the
homogeneous terms in (3.35) by a factor a2H?/k>.

C. A fluid with shear stresses

The energy-momentum tensor of a fluid with shear
stresses is equivalent to the most general scalar perturba-
tion:
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=diag(p,Pa =%, Pa =%, Pa~%) 4TV | (4.26)

pd (p+Pw;a=?
THHD 4.27)

(p+Puja~? a=2P[{Il, — +V2I1}8Y+111]
with v; equal to the gradient of some scalar velocity potential v; =V ;. Here, § is the fractional energy density perturba-
tion, II; the fractional pressure perturbation, and Il the fractional anisotropic stress. Equation (4.27) is the form of
matter perturbations used in Bardeen (Ref. 6). In the context of first-order matter perturbations it is completely general,;
nevertheless we think that the notation of this paper for general source terms [Egs. (2.35), (2.36), and (2.41)] makes clear-

er how to calculate with matter sources that do not resemble a perfect fluid.
The matter inhomogeneities do not now vanish as they did in (4.25). By Egs. (2.35) and (2.36) they are

& =PIl + 1PVl ,
.@2:-—2})“7‘ .

Thus the equation of motion (3.35) becomes

bu+(4+3c,)Hey + ¢,>—87GP

2
‘—Zz’+87er
a

It is easy to check that this corresponds exactly to Eq.
(4.9) in Ref. 6.

To complete the dynamical system of equations of
motion we need the time evolution of the fluid variables.
The energy-momentum conservation equations

T™ =0 (4.31)

will not, in general, be sufficient. One will also need “con-
stitutive equations” which give the various off-diagonal
stresses in terms of the material state. These can only
come from a more detailed model of the matter.

V. RELATION TO PREVIOUS WORK

In view of the long history of the study of linear cosmo-
logical perturbations, and because a variety of different
formalisms have been put forth, we particularly want to
make explicit the relation between the methods of this pa-
per and some prev1ous ones. We have selected three pa-
pers for comparison: Lifschitz and Khalatnikov,? as the
most often quoted review of the entire subject; Press and
Vishniac,” as typical of the standard treatment in synchro-
nous gauge; and Bardeen,® as the original derivation of the
gauge-invariant formalism used here (extending previous
gauge-invariant work”?).

A. Lifschitz and Khalatnikov

Lifschitz and Khalatnikov? begin in the synchronous
gauge, but obtain final equations that are gauge invariant.
Their framework is more general than this paper in that it
is developed for the general case k =—1, 0, or + 1. (Our
restriction to k =0 is one of simplicity only; the extension
to *1 is straightforward, and is carried out in Bardeen.®)

Perturbations are decomposed into scalar harmonics:

g6, X) =M P (X)+p()Q;(X) (5.1)

(4.28)
(4.29)
by = 4G (pdc,?— Pl ) — 87Ga *HPI1
2 c
487G | — Y 1 87Gpa® |2 — 2 4w | |PII; . 4.30)
3 w 3
f
where
Py=k7?Q ;+38;Q (5.2)
ij =3 ng)Q » (5.3)
and Q(X) is the scalar harmonic of wave number k. In a
flat spacetime, e.g.,
Q(Y)=exp(ik-xj) . (5.4)

In other words, P;; is the traceless tensor that can be
formed from Q,Q,J its trace. Note that k2 denotes the
scalar product in the background three-metric.

The relation to our free functions 4 (t,X) and B(,X) is

A, X)=5[MO)+u(0)]Q (%), (5.5)

- 1 -
B(t,x)z;z—k(t)Q(x) (5.6)
This follows immediately by comparing (5.1) and (2.5).

The equations of motion for A and u are obtained by
considering various combinations of
. 1T

1= —8]—=wrf" (5.7)

(a relation which is true for a perfect fluld only) and using

the Einstein equations to express T/ and T3V in terms
of metric perturbatlons The result is

k?

k+3 )»— (?»-Ht)—— (5.8)

. .a. 1393 k? 153

,u+3a,u 1+ 5 W +3az(7k+p) 143 5 W =0.
(5.9

A disadvantage of these equations is that the matter per-
turbations do not only appear as source terms.
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Lifschitz and Khalatnikov eliminate the residual gauge
freedom by defining two new invariant variables £(¢) and
£() by

Atp=(o+po) [ £t ,
A—p=(ho—po) [ E)dr +£(r) .

& and { are manifestly invariant under coordinate
transformations preserving the synchronous gauge, since
the integrals of (5.8) and (5.9) corresponding to the above
coordinate transformations are

(5.10)
(5.11)

A= —pu =constant (5.12)

and p
t dt a
A=—k2 | ==y, u=k? [ = —-3%=py,.
f 22 0, M f 22 a Ko

(5.13)

A coupled set of two equations, each first order in time,
is obtained for £ and &; we will omit the details here.

In our opinion this approach has three disadvantages as
compared to the method of this paper and Ref. 6: It is
only applicable to perfect fluids as matter sources; it is
only partially gauge invariant; and finally the matter per-
turbations do not enter the equations for gravitational per-
turbations only as source terms.

B. Press and Vishniac

Press and Vishniac?® start in the synchronous gauge, and
stay in it through thick and thin. For the case of perfect
fluid sources, a set of four coupled first-order differential
equations is derived for the variables A, Ii, 0, and &, where
the relation to the notation of this paper is

h=34+V’B, (5.14)

O=av j; . (5.15)

JJ

We can derive the equation for 4 by adding (2.34) and
(2.39)

ii+2%ii=—87G(a25,-,-T*'f<”_T8‘”). (5.16)
In the case of a perfect fluid (5.16) becomes
il.+2—Z—};=—87TG(3PHL +pd) . (5.17)

The equations of motion for 6 and 6 follow from energy-
momentum conservation:

5+(1+w)(6+%ﬁ)=3§—[8(w —cH)—ew],  (5.18)
0+ 2 0(2—3¢,2) 2R w
— —3¢,%)=— ;— i
a g a¥(1+w) Ji a’(1+w) €.
with (5.19)
e=3wll; —c,% . (5.20)

Equations (5.17)—(5.19) can be written as a set of four
first-order differential equations. Hence there are 4 de-
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grees of freedom. Two of them however correspond to
coordinate transformations preserving synchronous gauge.

Press and Vishniac idealize (5.17)—(5.19) to the case
where the equation of state (hence the coefficients of the
equations) are approximately constant in time. There is
then a unique decomposition of the coupled system into
four eigenmodes. Two correspond to coordinate transfor-
mations, while the remaining two are the physical degrees
of freedom, i.e., are the gauge-variant representations of
gauge-independent modes.

The main disadvantage of this approach is that the
treatment of the gauge degrees of freedom is not entirely
general. Also, in performing approximations to find the
eigenmodes of the system, there is the danger of dropping
small gauge-invariant terms in favor of large gauge ar-
tifacts. (The paper of Frieman and Will'® unfortunately
falls prey to this danger.)

C. Bardeen

Bardeen® generalizes and improves the earlier work of
Hawking’ and Olson,® and derives a completely gauge-
invariant analysis of small cosmological perturbations.
This paper is based on Bardeen’s work; however the
derivations in Ref. 6 are significantly different from those
given here: The main idea of that approach is to use the
energy-momentum conservation equations to derive expli-
citly gauge-invariant equations of motion for gauge-
invariant matter perturbations. Relating metric and
matter perturbations, equations of motion for gauge-
invariant metric potentials are finally obtained.

As in Ref. 2, perturbations are decomposed into scalar
harmonics. Using the definitions (5.2) and (5.4), Bardeen
writes

g =—Ap(NQ(X), (5.21)

g6’ =—Bp()Q;(%) , (5.22)

g =2H; (0g)()Q(X)+2H()Py(X) , (5.23)
with P; as defined in Eq. (5.2), and

Q(R)=— 10 %) . (5.24)

(The subscripts on Az and Bp are to avoid confusion with
the notation 4 and B of this paper.) Comparing (5.23) and
(2.5) we can relate to the notation of this paper:

A, X)=[2H () +2+H()]Q(X), (5.25)
. 2Hp(1t)
B(t,X)= ;—Q(X) . (5.26)
k
Gauge-invariant matter perturbations are
v,=v—vya*a"?B),, (5.27
em=8+3(1+w)%(v —a?F) . (5.28)

While €,, and v, are mathematically gauge invariant, their
physical interpretation is most clear in certain gauges.
The quantity €, is the energy density perturbation in
comoving gauge, while v, gives the time dependence of the
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rate of shear of the perturbation.
By clever manipulations of the energy-momentum con-
servation equations Bardeen derives two first-order dif-
ferential equations for €, and v;. These are then com-
bined to yield a second-order differential equation for €,,.
Since
V¢y

2 e = —p€m (5.29)

the equation of motion for €, is equivalent to the gauge-
invariant equation for ¢ derived in this paper.

It should be evident that our formalism is no more than
a modest extension of Ref. 6. In our opinion, the deriva-
tion of the equations of motion by a direct variational
principle instead of by manipulations of energy-
momentum conservation equations is more direct. Our
derivation expresses the source terms in a form that is im-
mediately applicable to completely general matter sources,
while Bardeen focuses on the case of a fluid with shear
stresses. Also, as we will now see, it is conceptually useful
to think of the metric potential ¢y as generating the
slightly perturbed geometrical “arena” in which arbitrary
matter physics can be evolved according to its usual
coordinate-dependent equations, rather than to require
that arbitrary matter fields be cast into a gauge-invariant
form like €,,.

VI. HOW TO PROCEED

In a companion paper!” we will apply the formalism of
this paper to compute density fluctuations at late times
from any physical mechanism which produces initial per-
turbations in the early (GUT-inflationary phase) universe.
For that application, or equally for any other such appli-
cation, we summarize here the results of this paper.

Suppose that we are given the equations of motion for a
set of matter fields in an arbitrary metric. These might be
derived from varying the universal Lagrangian (1.1)
with respect to the matter fields that appear in the term
L u» or else they might derive from flat-space equations
by the “comma-goes-to-semicolon rule” (principle of

J

The equivalent Eq. (3.35) can alternatively be used.

Finally, we need to reconstruct 4 and B from ¢y, to
feed back into the matter equations and thus close the set.
On the initial time surface where (6.5) and (6.6) are ap-
plied, A and B are arbitrary functions of the three spatial
coordinates. Their choice determines the gauge in which
the matter equations are to be evolved. Choosing both
equal to zero is a perfectly good choice. Subsequently, 4
and B must be evolved by the quadrature equations

AT)=—87G ['aV 22t 6.8)

[which is just (3.23) rewritten], and
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equivalence).

The first step is to write out the given equations of
motion for the particular metric consisting of a FRW
background and a synchronous-gauge perturbation, name-
ly [Egs. (2.4) and (2.5)]

-1 0
= . 6.1
& 0 a*D{[1+A4(1,%)]18;+B(1,%);} b

The resulting equations of motion are the matter equa-
tions that must be evolved as a function of space and time.
We will tell you in a minute what to plug in for 4 and B
in these equations.

The next step is to obtain formulas for the stress energy
tensor T#¥ of the matter fields, either from the universal
Lagrangian [via Eq. (2.9)], or else, for a theory of matter
that is not Lagrangian based, by other means. From T,
one immediately obtains formulas for the decomposition
of the matter fields into two spatially homogeneous vari-
ables, p and P [Eqgs. (2.17) and (2.21)], and three spatially
inhomogeneous source terms £,,#, %; [Egs. (2.35),
(2.36), and (2.41)] as follows:

=—(T9), P=4(T}), (6.2)
T, =diag(—p,P,P,P)+T}" , (6.3)
.@]EV_ZGZT‘.{:}” ,

P =28, TV —3v-2T4") (6.4)

.@35]“?{“) .

The gravitational perturbation is characterized by a sin-
gle scalar variable ¢5. On the initial time surface ¢y and
its first time derivative are set by the initial-value equa-
tions [Eq. (3.32)]

b =41Ga*v ATV —33av2TED) (6.5)

¢y =47G[a*VATY" —33av—2TEI], . (6.6)

Subsequently, ¢ is evolved by its dynamical equation, in
which the matter terms appear as source terms [Eq.
(3.30)],

b1 +(4+3c ) Hby +87Gple,’ —w)py =47G[ — P —3¢,*Ha’V 2Py + a*H P, + 87G (:p—P +pc,1)aP,] .

(6.7)

A-=2
t.____gbﬂ.dt
aa

B(t,%)= [ (6.9)
[which is (3.7)]. It should be emphasized again that 4 and
B are necessary only to provide the coordinate frame
which may be needed to evolve the matter equations; they
are not necessary to the evolution of the gravitational per-
turbations. On any time surface you can change 4 and B
aribtrarily to new values 4',B’ (e.g., reset them to zero) by
making a gauge transformation on your matter variables

[Eq. (3.3)]
=t +f%,%),

x; =x;+f(,X),

(6.10)
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and the corresponding change in 4 and B [Eq. (3.5)]

A'=4+22f0,
a (6.11)
B'=B +2a7%f,

where f and f° are any desired functions of the three spa-
tial coordinates [cf. Eq. (3.5)].

The quantity ¢ (¢) can be directly interpreted as the
magnitude of the physical density perturbations. The den-
sity perturbations at horizon crossing for some wave num-
ber k, i.e., for time ¢, given by

H=Ntp)=ka(tf) (6.12)
are of particular interest for the theory of galaxy forma-
tion. From (3.32) and using (4.27) and (2.22) we have

3 H%?
==
ou(t) 2

where 8 is the fractional density perturbation and v is the
velocity potential defined following equation (4.27) above.
In comoving coordinates

Sulty)=38.

Thus ¢4(tf) is equal to the energy density fluctuation in
comoving coordinates at the time of horizon crossing (up
to the trivial factor ).

In our next paper,'” we will proceed with the applica-
tion of these equations.

[6+3HY(1+w)], (6.13)

6.14)
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APPENDIX: GAUGE TRANSFORMATION
OF MATTER PERTURBATIONS

The goal is to derive the transformation laws
(3.100—(3.12) of the matter inhomogeneities #,—Z;
under gauge transformations (3.3).
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Obviously the tensor transformations are independent
of the particular form for matter. It is therefore sufficient
to consider a fluid with general shear stresses.

First by (3.3), for gauge transformations preserving the
synchronous gauge to first order in the perturbations,

e f (A1)
U= = ay it
Since the total energy density pr is a scalar
pr(t)=p(t")[14+8]=p(2)+p(t)f°+p(2)8
=p(t)[1+8] (A2)
(again to linear order in the small quantities). Thus
8'=8+%f°=8~3(1+w)Hf° (A3)
(using 3.20 in the final step). Since the total pressure
Pr(t)=P)[1+11.] (A4)
is a scalar, an analogous argument yields
My =0, —3(1+w)c,Hf% ! . (AS)
Finally since
. &V —8 XM 2
T’szz(a‘ PIly) ;i (%)) (A6)
ij

it follows that I1 must be a scalar.

Using (4.28), (4.29), and (2.41) we now immediately ob-
tain the transformation properties of the matter inhomo-
geneities |, 27 ,, P 3:

P1=P,—=3(1+w)pc,2HSf®, (A7)
Py=2,, (A8)
Py=23+(1+wpVia~%f),

=23+ (14+wpa V0. (A9)

The final identity is true for transformations preserving
the synchronous gauge and follows from (3.5).
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