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Quantum-chromodynamic potential model for light and heavy quarkonia
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Our earlier treatment for the investigation of the cZ, bb, and tf spectra is extended to other
quarkonia with u, d, s, ¢, and b quarks. We find that it is possible to account fully for the observed
ground-state hyperfine splittings of light as well as heavy quarkonia provided that the perturbative
quantum-chromodynamic potential is supplemented not only by the nonperturbative confining po-
tential but also by a nonperturbative annihilation potential which rapidly decreases with increase in
the quark mass. We also give our predictions for the experimentally interesting bi7, b3, and bC sys-

tems with unknown mass splittings.

I. INTRODUCTION

In a recent paper' we investigated the spectra of heavy
quarkonia with the use of a perturbative quantum-
chromodynamic potential supplemented by a phenomeno-
logical long-range confining potential, and our results
were found to be in excellent agreement with experiments.
It would be interesting to see to what extent the same
quantum-chromodynamic potential is applicable to quar-
konia with light quarks u, d, and s. The use of a nonrela-
tivistic potential for a light-quark—antiquark system is
obviously questionable. For instance, while for a heavy
quark it is possible to take into account the relativistic
correction to the kinetic energy by including the term
—P*/8m3 in the Hamiltonian, this term becomes too
large for a light quark and no longer provides the correct
relativistic correction. However, the resulting error in the
kinetic energy can be absorbed for the ground state in the
potential constant C. Thus, our treatment may be reason-
able for hyperfine splittings in the ground states of lighter
quarkonia, but may prove unsuitable for their excited
states.>

With the above viewpoint, we shall extend our earlier
treatment to various quarkonia with u, d, s, ¢, and b
quarks. We shall show that it is possible to account fully
for the observed ground-state hyperfine splittings of light
as well as heavy quarkonia provided that the perturbative
quantum-chromodynamic potential is supplemented not
only by the nonperturbative confining potential but also
by a nonperturbative annihilation potential which rapidly
decreases with increase in the quark mass. We shall also
give our predictions for the experimentally interesting biz,
b3, and b¢ systems with unknown mass splittings.

We shall follow the same calculational procedure as
used in Ref. 1, and while varying potential parameters so
as to bring about agreement between our theoretical re-
sults and known experimental values, we shall ensure that
quantum-chromodynamic transformation relations are
respected. Thus, a; will transform as
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where By=11—%n ¢, and ng is the number of light-quark
flavors. The transformation relation for the quark mass
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where we have inferred from the general result for y,,,
given in Ref. 3, that for our quark masses and ranges for
values of y, the effective values of ¥, can be taken as
for the s quark, 4 for the ¢ quark, and + for the b quark.

Our results for mesons with and without light quarks
will be presented in Secs. II and III.

II. MESONS WITH LIGHT QUARKS

The quark contents of mesons with light quarks u, d,
and s are shown in Table I, where we have assumed that ¢
and w are ideally mixed with

6=tan~'(1/v2)=35",
while 17 and 7’ have the mixing angle
6=tan~'(1/V2)—n/4=~ —10°.

TABLE I. Quark contents of mesons with light quarks.

Meson Quark content Meson Quark content
T,p” dix DO D*° cir
°,0° (1/V2)uit—dd)  D+,D*+ cd
150—,5*‘:)— siT B-,B*~ biz
KK sd BY,B*° bd
n Huw+dd—V'2ss)  Fr,F¥+ o5
7 Tud+dd+V2s5)  FY,FF° by
® (1/V2)(uig +dd)

] —s5
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These mixing angles for vector and pseudoscalar mesons
are theoretically simple and in agreement with imprecise
experimental results.

Table II gives our values for hyperfine splittings for
those mesons in Table I which are not affected by the an-
nihilation channel. The quark-antiquark potentials used
by us are given in Appendix A. For mesons containing
the u or d quark, the potential parameters are

1=0.916 GeV , a,=0.6573 ,
m,=my=0.331 GeV , m;=0.533 GeV ,
m,=1.346 GeV , m;,=5.081 GeV ,

2.1

while for F and F* mesons, which do not contain the u or
d quark but contain the s quark,

p'=1.131 GeV , a,=0.5484 ,

mg =0.505 GeV , m;=1.293 GeV ,
my =5.013 GeV .

(2.2)

The values of a; and quark masses in (2.1) and (2.2) are
related to each other as well as to those for c¢ and bb in
Ref. 1 through the quantum-chromodynamic transforma-
tion relations (1.1) and (1.2), while the values of u are re-
lated through the empirical relation*

u/my =p'/m; . (2.3)
The parameter A always retains the value
A4 =0.177 GeV?, (2.4)

while C can be adjusted for each quarkonium such that
the theoretical mass of the ground state agrees with the
experimental value.

The results in Table II are in agreement with available
experimental data.’ Since the B and B* mesons are
currently of much experimental interest,®’ it should also
be noted that our value of 23 MeV for the hyperfine split-
ting of B* and B is much smaller than those predicted by
earlier authors.® If we accept the experimental value’
mp=5.272 GeV, we obtain My 5.295 GeV, which leads

to the conclusion that the B*B threshold is close to the
Y(4S) resonance of the bb system.

The potentials in Appendix A are unable to account for
the masses or the mixing angles of those mesons in Table 1
which are affected by the annihilation channel. To over-
come this difficulty, we shall assume that self-conjugate
quarkonia acquire an additional coupling among them-
selves through annihilation channel which is nonperturba-
tive in nature and appreciable only for the light mesons.’
We shall, therefore, replace the perturbative annihilation
potential (A6) by a phenomenological potential 7~, which
represents the annihilation-channel coupling among iz,
dd, and s5. Moreover, in view of the near equality of the
u- and d-quark masses, we shall take

(uit | 7 |uw)={uit |7 |dd)={dd | 7 |dd ) .
(2.5)

According to the quark contents of mesons shown_in
Table I, 7° and p° are not affected by the coupling 7.
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Moreover, separating our Hamiltonian as #=%+ 7,
and substituting the quark contents of 7 and 7’ into

| Z+7 | n)p=M, ,
(' | #+7 |0 p=My ,
| Z+7 |0 )p=0,
we obtain for the pseudoscalar states
(wit | 7 |uig)p=5 My +M,)—5M,,

A 1
(uu|%|ss)p=3~‘/—:2—(M,,'—M,,),

(s5| 7 |s5)p=5(My+M,)— (55| |s5)p .

With the use of the potential (A5) and the parameters (2.2)
and (2.4), the hyperfine splitting for s is found to be 333
MeV, so that

(s5| 27 |s5)p~My—333 MeV .

This result together with the experimental values® of M,,,
M,, M, and M, upon substitution into (2.6), gives

(uit | 7" | uit ) p~308 MeV ,
(uit | 7| 55) p~ 145 MeV ,
(55| 7" |s5)p~67 MeV ,

(2.7

which shows that for pseudoscalar states (7" ) rapidly de-
creases with increase in the quark mass, and may be ig-
nored for heavy mesons.

A similar analysis for o and ¢ with the use of their
quark contents and experimental masses® indicates that

<u7|7|“17>v=%(M,,,—Mp)z7 MeV ,
<u17|7'[ss_)y:::0 ,
<SS_17,S§‘>VzO .

(2.8)

It is not surprising that expectation values of the nonper-
turbative annihilation potential are much larger for pseu-
doscalar states than for vector states. Indeed, according to
(A6), the annihilation potential to fourth order contributes
only to the pseudoscalar states.

III. HEAVY-QUARK MESONS

The treatment of cZ, bb, and tf systems with the use of
our quantum-chromodynamic potential was fully dis-
cussed in our earlier paper,l where our results were found
to be in excellent agreement with available experimental
data. In addition, it should be pointed out that our results
for bb indicated that the fine-structure splittings of the
23P states are 14 and 20 MeV, while the center of gravity
of the 2 3P states lies 97 MeV below the 3 35, state. These
predictions are also in excellent agreement with the experi-
mental findings.!®

Finally, Table III gives our results for the b¢ spectrum,
where it is necessary to take into account the spin-orbit
mixing terms in (A2) and (A3), which convert the pure
states >J; and J; into the mixed states 3J} and 'J} as ex-
plained in Appendix B. The potential parameters here are
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TABLE II. Hyperfine splittings for mesons with light quarks. which correspond4 to those for the c¢¢ system in Ref. 1
Hyperfine Hyperfine with th'e addition of ‘ the trans.formed b-quark mass. The

splitting splitting results 1rl11'll‘2able I!I dlffe.r considerably from those of other

Meson pair (MeV) Meson pair (MeV) authors,'>"“ and in particular our value of 33 MeV for hy-

perfine splitting in the ground state is much smaller than

(p, ) 632 (B: »B) 23 the earlier predictions.
(K*,K) 400 (F*,F,) 135
(D*,D) 141 (Fy,F,) 25
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APPENDIX A: QUARK-ANTIQUARK POTENTIALS
Our Hamiltonian for the quark-antiquark system is
H=mi+my+PB/2m+P2/2m,—B*/8m —P*/8m;}+ 7, (V) + 7 (7)), (A1)

where 77, (T) and 7.(T) are the perturbative'3 and confining potentials.
For a quark and an antiquark of different flavors,

Y ()= |y 3% % s o ) a1 _3% % a3 ona ) | v2
=T, Y * 6r o M YE) | F 3mymyr | 27w +61r —enginur + g
2ra, (my+my)? 3a a 1 29 2
s 1 i 2.; 1— s 8(F) — s (33—2nf)V2 nur +vg _ o (my+m,) 8mym,
3 mi*m, 27 2472 r 92  mym,(m,+m,)
Rra; - 19a a m;—m m;+m m
s 1——= |8(F)— — [8s———2 L2 In—28(7)
9m1m2 6 87 m;+m, my—m, my
a Inur + 2la In(m m,)?r
_;{(33_2nf)vz ny YE ;Vz 17782 +7’E
2411 r 167 r
4as §1';%,2'?- %§1 §2 s a 4 3as
s 2q 4y 7% 172 4
P 3 1+ 3, T 67T(33 2ng)(Inpr +yg—7) o [In(m m)) %r +ypg—31
Qg i'g 2 3as g
3m 2my? P} [(mi4+m;y)*+2mm,] [1— Py +’6—T;(33—2nf)(ln‘u,r+7/5_1)l

a 3a m
+2—s(m1 +my)2 (£ —6[In(m my) 2 4y — 11} ———s(mlz—mzz)ln—2 ]
v 21 m

ag i(gl—gz) [

_ (m;2—m,?) [1— &(33_2,1 Y(Inur + _1)_31_5_[111(”1 m )1/2r+ —1]
3m*m,? r ! 2 6r 6w s IURE Y E T 172 VE
3a m
-—s_(m"*'mz)zln'_z ] N (A2)
2T m
and
m2+my> T§  mP—m,? L-(§,-§)
V()= -4 S LS | U T 2 e, (A3)
4m*my-  r 4m°m, r
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where the confining potential corresponds to a scalar-exchange interaction in the quasistatic approximation.
For a quark and an antiquark of the same flavor, the perturbative potential consists of a direct potential 77, (T) and an

annihilation potential #7,(T), so that

Y o (T)=7 (1) 4 77,(1) (A4)
with
yo e 30 3% By e+ ye) |+ (12 2% % (33 o Y +7p) | V2
L 1% 27 6w f T TV E 3m2r 27 6m s TV E
8ma, 3a, a Inur +yg 14a,?
1— 8(T)— ——(33—2n,)V? -
3m2 2T 2477'2 4 r 9mr2
Nrag . 35a, ag Inur +yg 2la Inmr +yg
1— 8(t)— 33—2n,)V? ~v?
m2 1 2| 127 (1) 2477.2( nf)V , 161T2V ;
4o, Sl‘?_s’z';'\— ‘31‘§] §2 Qg ag 4 3a 4
2 3 1+ . +a(33—2nf)(lny,r+y;—7)——w—(lnmr+yE—;)
20, 1-S lla, «ag 20,
= 11 _5 _ 1) ——5 _
= e (33=2n)Inur +yg— D= (nmr +yp—D |, (AS)
7= 25 (| 1), By e
pr—3 2 —In2) 12—'7)(1'), (A6)
m
and the confining potential is
. 4 LS
VeD=ar— Lo =2 4c. (A7)
APPENDIX B: SPIN-ORBIT MIXING INTERACTION ¥ (F)=(3/8m)" 20,7 €™R'(r) B1)
For quarkonia with unequal quark and antiquark P(F)=(3/16m)"2G-(FxeM)o,R"(r) ,
masses, it is necessary to deal with spin-orbit mixing where the €™ are the unit vectors
terms of the form™ L-(&@‘V— & @) f(r). o
Consider the 2 X 2 matrices eV= _(1,v2)1,i,0), €9=(0,0,1), (
, B2)

TABLE III. bz spectrum. The pure states >J; and 'J; as well
as the mixed states 3J; and !'J; are given. The ground-state en-
ergy is approximately 6.3 GeV.

Excitation energy

State (MeV)
138, 33
118, 0
238, 625
218, 602
1P, 543
13P, 1°P] 486, 484
1P, 431
1Py, 1P} 513, 515
13D, 835
1°D,, 1°D; 823, 816
13D, 809
1'D,, 1'D; 826, 833

e P=1,v2)1,-i,0) .

It is possible to represent the 'P; and 3P, states by ¢'(T)
and ¢"'(T’), respectively, with the understanding that

cMy=ay, dPy=ya", (B3)
and the ¢ are normalized as
[ ar T p)=1. (B4)

Let us evaluate the matrix element
(.’:P1 li’,(g;(l)_ar(Z))f(r) | IP1 )
= [dr Ty (®L(F V'~ ) f (Mp'(D)],

which becomes, with the substitution of (B1) and the ap-
plication of (B3),
<3P1 li’_(ar(l)__(—f(Z))f(r) | IP1 )
3
8V 2w

[ dtTr{0,5-(Fx&M")(Go,—0,5 ]

ITAeEMFE(R" (PR (r) .
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The trace can be simplified by using 0,5 7o,= — &, and
readily evaluated, and thus
<3P1 li,((—f(l)__ar(Z))f(r) l IP1 )
3 =iy 2* (MY T A M) ’ '
=——=— | dT(FXE )-LF-€ (F)R"(r)R'(r) .
V2 f 4
But,
(L) T8 =€yjux;pix1€ = €4 X ( — 184y + X1 &)

—

= —i(TX€);+1€L);,
so that for the present purpose

(PxSEMNTpeM_ _j(pxe*™M)).(pxeM)
= (MM p ok (M) A(M)) )

and the matrix element reduces to
CP LGV —=GD)f(r)|'Py)

=—i2 8y [ drr’f (NRV(NR'(7)
(BS)
which leads to mixing of the P, and !P, states for
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M'=M.
The above treatment can be generalized by using the
representation

172
1

l/l(lJJ): (2J 4+ 1)1 EZ?'ﬁ(M)R'(r),

: 8mJ!

(B6)
(2J + 1)1 12 M)

3J — L = A M R" ,

=1 | TP mRD
with

A(M)__A(M) NI P

(B7)

LTyt s

L M
where the polarization tensor 'e‘i-l,,-)z, .

iy TS, ..

oy is symmetrical in

all its indices and traceless with respect to the contraction
of any pair of indices. It then follows that

<3JJ If,(a.’(l)_a.*&))f(n l 1JJ>
=—2i[J(J + D] 8pps f0°° dr rf (r)R"(rR'(r)
(BS)

for all values of J.
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