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I suggest how the presence of an ultraviolet and a nontrivial infrared-stable fixed point in (@ )3 theory
could be related to the (presumed) absence of any nonzero fixed points in (@4)4 theory.

Beginning with Landau, ' it has long been suspected that
infrared-free theories such as QED do not exist as funda-
mental, interacting field theories. This is probably true for
the simplest example of an infrared-free theory, (@4)4,
where numerical evidence strongly indicates that the contin-
uum limit of any interacting lattice (@4)4 theory is free field
theory. This is sometimes described as ensuing from the
ghost which occurs when the renormalization-group func-
tions, calculated to one-loop order in the infrared limit, are
extrapolated to the ultraviolet regime. ' Of course, the trivi-
ality of (@ )4 theory could simply be due to the detailed
structure of the theory, and have nothing to do with
Landau's ghost, which after all appears only when perturba-
tive results are pushed far beyond their region of validity.

An interacting continuum field theory, with a finite renor-
malized coupling constant, surely exists if the bare coupling
go vanishes as some ultraviolet cutoff A diverges. This in-
cludes super-renormalizable theories, where go —A

p & 0, and asymptotically free theories, for which
gp I/1n(A). I suggest, however, that this does not include
all interacting field theories. In particular, it should always
be possible to construct an interacting field theory if the
bare coupling approaches some fixed value, go g', as
A ~. In the above instances, g'=0, but a g'&0 would
occur in any infrared-free theory with an ultraviolet-stable
fixed point at g .

Large-N (@ )3 theory provides an example of such an
infrared-free theory, since it has an ultraviolet-stable fixed
point A.UV

—N . The existence of P Uv can be understood
as the result of an effective asymptotically free theory4 for

From considerations of this effective theory, I
was led to the conjecture that there is a nonzero infrared-
stable fixed point X~'R —N ' '.

The existence of Xt'R has dramatic effects for (@')3 theory.
%ith a A.~'R &0, there would be tricritical points in three
dimensions with nonclassical exponents. In this paper, I
wish to address a different question: How can (@4)4 theory
be trivial if (@6)3 theory is not? On simple but plausible
grounds, I argue that if there is no g' in (P")4 theory
(which I take to be true for all N), and there is a h. t'3v in
($ ) 3 theory, then there must be a A.~R ) XUv in (p') 3

theory. My arguments will be couched in terms of large-N
($ ) 3 theory, where the existence of XUv is assured.
Nevertheless, as I suspect that a A.uv may exist in (@ )3
theory for all N ~0, the arguments of this paper provide
support for a A.~'R & PUv in this case as well. Needless to
say, for small-N (p )3 theory, in order to find even
only numerical simulations wi11 suffice.

I take the p function of the large-N @6 theory in 3+&
dimensions to be3 4

2

p(3) =2~) +3NZ' ——N32+ —N'3, ' .
32 2

The six-point coupling A. is defined following Ref. 3. In
three dimensions, the form the p function takes is illustrat-
ed in Fig. 1. For t =0, there are two fixed points:

+O(N-')UV

X(R= 3(2 +O(N )
4~~ N~ (3)

At large N, the correction. s about PUv involve N ', while
those about X~'R involve N ' '. The latter is due to the
unusual nature of the N ' expansion —really, a N
expansion —for the effective theory of Ref. 4.

I must emphasize that although perturbation theory in X

can be used to show A. UV exists for large N, the existence of
X~'R is assumed. Even for large N, the presence of a' must be established by nonperturbative means.
The p function of Eq. (I) is meant only to be indicative of
how a p function such as that of Fig. 1 would behave. In
this way, while explicit computation reveals b is negative, I
shall take b to be positive. '

Consider first how XUV changes as e increases. For
«&N ',

96 1 2
UV= — - +——+3N

As e increases further, so e » N

8
~UV

~ ~ ——+ e ~ ~

N3 j2 (5)

FIG. 1. The proposed P function of (P )3 theory.

Assume for the moment that A.~'R does not exist. Then,
granting merely that the p function is a smooth function of
e, Eq. (5) is incompatible with the triviality of (@ )4 theory,
since for a=1, Eq. (5) indicates there is a lI,Uv

—N
Even if one started with a pure P4 theory, universality in
the ultraviolet limit would imply that PUV, and thus a non-
trivial continuum theory, would be generated dynamically
through the virtual effects of six-point interactions. I re-
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mark that if A.Uv & 0, for e ~ 1 the superficially nonrenor-
malizable six-point coupling will dominate the four-point
coupling in the ultraviolet limit. The opposite is true in the
infrared limit, where the four-point coupling prevails, with
the customary tricritical phase diagram.

Consider now how P ~R changes with e. For e (( 1,

vr 512b
~IR = ~ 3/'2 1 —

4 e +
4&bN m

As ~ increases, XI'R continues to decrease, while A.Uv in-
creases. There is a critical dimensionality 3+a, where they
coalesce to give a p function as in Fig. 2. With the p func-
tion of Eq. (1),

m4 1

4096 b

When e ) e„ there are no nonzero fixed points whatsoever.
Hence if (@ )4 theory is to be trivial, it must be true that

From Eq. (7), I find this restricts b to be )0.024.
The simplicity of my arguments should not belie the fact

that without A.~'R, the only way to avoid a XUv in four dimen-
sions would be to postulate some mysterious catastrophe
which befalls the 3+a expansion of the @6 theory. Not
only is there no precedent for this in any other e expansion,
but the coalescence of A.Uv and P ~'R in 3 + ~, dimensions mir-
rors the same phenomena in 3 —e, dimensions. ' The only
difference between e, and e, is that while e, —N ' was cal-
culable for large N, ~, —N is not. Similarly, while the
presence of A.~~) XUv in three dimensions is necessary to
ensure that there are nonclassical tricritical points in two
dimensions (when e, & 1), k~'R is also needed if (@ )4
theory is to be trivial (with ~, & 1). Thus, though the evi-
dence for A. ~R is solely indirect, it is telling.

What of theories in four dimensions? I stress that just
because (@ )4 theory is apparently trivial does not mean
that any theory with fundamental scalars is necessarily so.
A counterexam pie is provided by asymptotically free

FIG. 2. The P function in 3+a, dimensions.

theories of scalars coupled to non-Abelian gauge fields.
The question of infrared-free theories in four dimensions

is much more difficult to answer. For such a theory to exist
as an interacting, continuum field theory, there must be a
nontrivial ultraviolet-stable fixed point gUv for all infrared-
free couplings. For definiteness, consider some number of
scalars or fermions coupled to non-Abelian gauge fields,
which I characterize by a single (gauge) coupling g. Follow-
ing the example' of (P')3 theory, if there is a gt'Jv ~0,
there will be an effective asymptotically free theory in
strong coupling, g && gUv. As the coupling g in the effec-
tive theory will remain dimensionless, by the gauge principle
non-Abelian gauge fields can only enter in the usual
fashion. This is not true for scalars or fermions, where no
symmetry principle restricts their (canonical) mass dimen-
sion. Allowing in particular for higher-derivative actions, it
is then easy to construct asymptotically free theories of
scalars' and fermions' in four dimensions. These might be
relevant as effective theories for g )& gUv.

Nevertheless, my general arguments merely suggest that
interacting infrared-free theories may exist in four dimen-
sions, ' not that they in fact do. In the end, as for small-N
(@ )3 theory, a definitive answer must await the difficult
numerical simulations necessary to model these theories.
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7Consider an N-component scalar field o- with the Lagrangian

L =—[(62a-)2+m2(0 a.)2]1

2g P

subject to the constraint o- =1. This theory is asymptotically free
in g in four dimensions [E. Brezin, J. Zinn-Justin, and J. C. Le
Guillou, J. Phys. A 9, L119 (1976)]. This theory is only meant to
serve as an effective theory in Euclidean space-time, since the
mass spectrum consists of states with complex mass. As an effec-
tive theory, its coupling g is presumably a function of the original
gauge coupling g (for g &) gUv ) and the scalar self-coupling.

Consider a theory of fermion fields III with the Lagrangian

L = e ~'&&+ +f'(ee)'
where the ellipsis denotes couplings with dimensions of mass.
Like four-fermion interactions in two dimensions [D. J. Gross
and A. Neveu, Phys. Rev. D 10, 3235 (1974)], this theory is
asymptotically free in the eight-point coupling f2 in four space-
time dimensions. The same caveats as in Ref. 7 apply.

Implicitly, my reasoning is valid only if gUv is a simple zero of
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P(g). If applied to theories with Abelian gauge fields, it would
rule out a gUv &0. This is because in the effective theory for
g » gUv, by themselves non-Abelian gauge fields will always
contribute to asymptotic freedom. In contrast, whatever matter
couples to an Abelian field, whether higher derivative or not,
gives an Abelian gauge coupling which inevitably is infrared free.
As shown by Adler [S. L. Adler, Phys. Rev. D 5, 3021 (1972); 7,

1948(E) (1973)], however, any gUv in fermionic QED must be
an essential zero. I do not know what form the effective asymp-
totically free theory might take in this instance.

' The phenomenological virtues of extended hypercolor theories
with a gUv &0 were noted originally by B. Holdom, Phys. Rev.
D 24, 1441 (1981).


