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The electric dipole moment of leptons and 7T-odd correlations in leptonic decays are calculated in a
wide class of gauge theories. These theories phenomenologically realize milliweak, microweak, and
superweak models of CP violation. The T-odd transverse polarization in u (or 7) leptonic decay is
found to be superweak in magnitude and hence is intrinsically difficult to detect. Consideration is
also devoted to the coherent admixture of opposite CP eigenstates in positronium. The upper limit
of the mixing amplitude of the transition between states with the same C, but opposite P and CP, is

of order 10718,

I. INTRODUCTION

Almost 20 years after the discovery of CP violation,!
there has been much progress in the study of the
phenomenology of CP nonconservation. However, the
problem of why the weak interaction approximately con-
serves CP symmetry in the low-energy kaon system still
remains an enigma. Indeed it is easy to accommodate CP
violation in gauge models, but it appears rather difficult to
fully understand the smallness of CP nonconservation.

Several models which have been put forward in trying
to explain the small CP violation in the neutral-kaon sys-
tem are based on the idea of spontaneous breakdown of
CP symmetry. As we will discuss in Sec. II, these models
are gauge theories which are realized phenomenologically
as the milliweak, microweak, and superweak models,
respectively, of CP violation. But unlike models of hard
CP nonconservation, the approximate CP symmetry in the
K%K° system is understandable if the Kobayashi-
Maskawa matrix? can be made real at the tree level. As a
consequence, the small CP-violating phase in the gauge in-
teraction arises from higher-order radiative corrections.
Thus the smallness of CP breakdown is due either to the
fact that quarks (of the first two generations) are lighter
than the Higgs bosons, or to the fact that the horizontal
gauge boson is very heavy, or to the very small mixing of
the left- and right-handed gauge bosons.

The concept of spontaneous CP violation is appealing
and attractive and provides a way of explaining the almost
conserved CP symmetry in the weak interaction of six
quark flavors. Nevertheless it also encounters some diffi-
culties. These are as follows. (a) There is the domain-wall
problem.> (b) There is a need in general for a rather com-
plicated scalar-field structure. (c) Discrete symmetries, if
needed, have to be imposed by hand. (d) Global symmetry
gradually seems to be the automatic consequence of gauge
symmetries, renormalizability, and the representation of
the Higgs bosons. Hence, imposing CP symmetry on the
initial Lagrangian appears to be quite ad hoc. Thus, as
mentioned earlier, the smallness of CP nonconservation
and its origin in the neutral-kaon system still remains a
tantalizing problem.

In this paper we focus on CP violation in the leptonic
sector. Possible CP-violating effects associated with the
leptons include (1) the electric dipole moment of the lep-
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ton, (2) the T-odd transverse polarization of the lepton in
purely leptonic decays, (3) neutrino oscillation if the neu-
trino is massive, and (4) the admixture of opposite CP
eigenstates in positronium. For massless neutrinos none
of the effects mentioned above can happen in the
Kobayashi-Maskawa (KM) model. In the extension of the
KM model for CP violation one has an analogous KM
matrix for leptons. However, the CP-odd phases respon-
sible for CP violation in the leptonic sector are not deter-
mined or constrained by any known experiment.* In anal-
ogy to the quark case, CP nonconservation in the leptonic
sector with right-handed neutrinos may be introduced by
adding more Higgs bosons® or by enlarging the gauge
group. Nevertheless in these models the CP-violating
phases for leptons are in general not related to those in the
quark sector and hence are undetermined.® On the other
hand, even if the neutrino is massless, CP nonconservation
in leptons can still be achieved through the CP-violating
neutral-current interaction, as discussed in Sec. II. Thus,
except in the left-right-symmetric models, we will assume
in this paper that neutrinos have only left-handed com-
ponents and are massless. As a consequence the neutrino-
mass problem which is itself at the center of another con-
troversy, is also avoided. ]

In Sec. II we briefly review some milliweak, microweak,
and superweak gauge models of CP violation. Then the
electric dipole moment of the lepton is calculated in Sec.
III. The coherent admixture of states with opposite eigen-
values of CP is discussed in Sec. IV. Section V is devoted
to the computation of the T-odd transverse polarization of
the lepton in K ;3 and ™ decays. Finally, Sec. VI presents
our conclusions.

II. MODELS

To fix our notation, and for later purposes of calcula-
tion, we briefly review in this section some gauge models
of CP nonconservation. We consider only models of spon-
taneous CP violation. Models of hard or intrinsic CP non-
conservation, in which the breakdown of CP invariance
arises from the complex Yukawa couplings or from the
complex quartic terms in the Higgs potential, are not dis-
cussed here.” As mentioned in the Introduction, we will
assume that neutrinos have only left-handed components
and are massless in all models except the left-right-
symmetry model.
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Gauge models of CP violation may be classified into the
following three categories according to the effective cou-
pling strength F of their low-energy four-fermion interac-
tion: milliweak, microweak, and superweak. Milliweak
models have a AS =1 CP-odd Hamiltonian H_. The cou-
pling strength of H_ is 10~3Gy and it gives rise to
ImM , ~10~3ReM,, where M, is the off-diagonal mass
matrix element in the K°-K° system. As a result, in the
milliweak model one has a direct CP-violating K9— 2
decay. (Of course, this does not necessarily mean that
K; —27 is totally explained by the K 927 decay.) Su-
perweak models have a flavor-changing neutral current
which violates CP symmetry.! However, unlike the
phenomenological superweak model,” K3—27 is not
strictly forbidden in the gauge superweak model although
it is very much suppressed. Fora AS=1 H_, F~10"3Gy
is a necessary but not a sufficient condition for the CP im-
purity € in the neutral-kaon system to be of order 1073,
Thus it is possible to have a microweak model which has a
AS=1H_ with F~10~%G; but still gives the right

|
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respectively. For notation see Ref. 13. The coupling con-
stants §;; in Eq. (2.2) are real and of order unity. In pure-
ly leptonic interactions, the coefficient y in (2.1) can al-
ways be made real by redefining the lepton states, so there
is no CP-odd charged current. Two difficulties often en-
countered in this model are (1) the ratio €'/e in the
neutral-kaon system is unacceptably large!* and (2) the
electric dipole moment of the neutron dy is of order
—10~2% (with negative sign),'* which may not be con-
Sist(’irét with the recent measured upper bound , 6 10~%° ¢
cm.

(b) Superweak Higgs model. This is the original model
of Lee.!” Two Higgs doublets are required but NFC is not
imposed on the theory so that flavor can be changed by
the neutral Higgs boson. This model is superweak in na-
ture if the charged Higgs boson is as heavy as the neutral
Higgs boson. The Higgs-boson—fermion couplings are
not fixed by the theory, but there are two cases of in-

amount of € in the K°-K° system. An example of this is
the left-right-symmetric model. It should be emphasized
at the outset that the above classification of CP violating
models is usually appropriate only for light quarks, (i.e.,
first two generations of quarks). Indeed superweak
models may no longer be superweak for third-generation
quarks.

For the purpose of illustration we will consider only one
milliweak, one microweak, and two superweak models of
CP violation. Other relevant models'® are not examined
here.

(a) Milliweak Higgs model. This is the “spontaneous”
version of the Weinberg model of CP noninvariance.!"!?
Natural flavor conservation (NFC) is imposed, and at least
three Higgs doublets are needed to implement CP viola-
tion. The breakdown of CP symmetry arises from the ex-
change of a light Higgs boson whose mass is of the order
of 10 GeV. The charged- and neutral-Higgs-boson Yu-
kawa interactions are given by

(2.2)

r

terest!S:
(i) The couplings are roughly of the order of the mass of

the fermion
L ~(Gp) (m; +mj)P; (x)H (x)ih;(x) . 2.3)

In this case, the mass of the Higgs boson lies in the range
1TeV > my > 500 GeV."

(ii) The couplings are roughly of the order of the mass
of some heavy fermion Mp:

L ~(Gp)"*Mptp;(x)H (x);(x) . 2.4)

Shanker?® has estimated m > 150 TeV from the K -Kg
mass difference. Because the Higgs particle in this case is
so heavy that the quartic Higgs-boson couplings become
very large,?! perturbation theory may break down in this
case.

In either case, the Yukawa interactions for charged and
flavor-changing neutral currents can be parametrized as

LF=02V2G) Y laf(1—ys)/2+af(1+v5)/21y;H* +H.c. (2.5)
and
G 172
“h= [TFz H{P,[afi(1—ys)/24af(14+y5)/21;+H.c.} , (2.6)

where a,-Lj’R=(m,-+mj )C,%'R for case (i) and MFC,-’;’R for
case (ii). The dimensionless coefficients C§’R are in gen-
eral complex and of order unity.

(c) Horizontal superweak model. In this class of

models the vertical gauge interaction is CP-conserving at
the tree level. CP violation arises from the flavor-
changing horizontal gauge interaction, and is thus su-
perweak in character. The first such model was discussed
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in Ref. 21a. The horizontal gauge group Gp is often
chosen as Ug(1),22 SUZ(2),2 SUL(3),>* Ogp(3),”° or
SU; 4 (N)XSUgy(N) (Ref. 26) (I is the number of genera-
tions). In any case the horizontal interaction has the form

EY“[ el By vk +elaUrvbR) +He 1,

2.7

where gy is the gauge coupling constant of Gy, g; and gg
are mixing angles between different flavors with the same
charge, and a is the species index of the horizontal gauge
boson Y. The mass of Y? and the mixing angles g; as well
as gg depend very much on the details of the model (or
the horizontal gauge group). In general my is in the range
10°—10° GeV.

(d) Left-right-symmetric model. In the left-right-
symmetric (LRS) model based on the gauge group
SU, (2)XSUg(2)XUg _,(1),27 CP violation in the four-
quark case lies in the right-handed gauge sector, since the
mass matrix is real for left-handed quarks but complex for
right-handed quarks. However, because CP symmetry is
assumed to be spontaneously broken, if there were no
W, -Wxr mixing quark mass matrices could always be
made real and hence there would be no CP violation at all.
Thus the degree of CP symmetry breakdown is a function
of the W, -Wy mixing parameter. It is known that apart
from the sign, the W, -W; and WL-WR box diagrams
have the same contributions to ReM, in the neutral-kaon
systems if Mz ~1.6 TeV.® With the assumption that CP
violation in K%K° is dominated by the W, -Wyr box
graph?® the ratio of CP-odd to CP-even amplitude due to
the exchange of a Wy boson must be of order 10~3. This
means that the effective CP-violating coupling strength is
of order

—2\/5

2

M
L | Gp~10%G; .

R

103 (2.8)

Therefore the LRS model of spontaneous CP violation is
microweak in nature.*

Following the conventions and notation of Ref. 31, the
vacuum expectation value of the Higgs multiplet ¢ in rep-
resentation ( %, %,0) reads

0]

0 k'e'® 2.9)

(¢)——

The left- and right-handed gauge bosons W, g are related
to their mass eigenstates W, , by

W\ =W cosé — Wge ~i%iné ,
W, =W, e'%siné + WxcosE .

(2.10)

8
2

i(6,—

g e 6,
+WW2 Hley,(14ys)e Y(N4-Ev) e

- Wt ey, (1 —ys)(v—EN) —e ey, (14 ys)e’

~iegzy, (1—ys) (v—EN)]+H.c. |

The W -Wy CP-violating mixing is independent of the
L g g P

quark and leptonic sectors. The gauge interaction of four

quarks in terms of mass eigenstates is

L= % Wi (cos¢ Uy y,K Dy —e'*sinUpy, Kz D)
+ % Wi (e ~sing Uy, y,K, Dy
+coséUry,KrDg)+H.c.  (2.11)
with
cosOc sinfc¢
K= —sinfc cosfc
(2.12)
e _iszcosec e _islsinec
Kp= . .
K —e's‘sinec elsZCOSGC
and!
8 mc .
=—7 m rsina ,
(2.13)
8 ~_ = (4 . ,
2 2, r sina

where r =«'/k, and O¢ is the Cabibbo angle The W, -Wg
mixing angle £
2

M
Ll =rB,

E (2.14)

= %tan2§= —

is determined by the CP-violating parameter € in the
K%K° system>?

430

Bl i (2.15)
|e|_2‘/§r mssma. .
With sina ~ 1, one has

£=1.5x107°. (2.16)

It should be noted that no assumption about My has been
made in obtaining (2.16). Again one may check the mi-
croweak feature of this model from Eq. (2.11). For a gen-
eralization to the six-quark case, see also Ref. 31.

Together with Higgs multiplets A, =(1,0,2) and
Ag =(0,1,2), this model leads to a light Majorana neutri-
no v, and a heavy Majorana lepton N, 3 In terms of
mass eigenstates e, v, and N, the gauge interaction in the
leptonic sector reads

N 4]

(2.17)
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where & is the v,-N, mixing angle and is of order
me /mN’33

91—02=r sina(h, /hz—hz/hl)
with 4, and A, the Yukawa coupling constants in

Ly=hPrdr +hy P dpr+He + -+ -,

Ve

(2.18)
Ve

Y= Yr=

Although (2.17) is written for the first generation of lep-
tons, it can be generalized to the three-generation case
with more complicated mixings among the leptons.

R .

III. THE ELECTRIC DIPOLE MOMENT
OF THE LEPTON

The electromagnetic current of a fermion has the gen-
eral form

VPN F1(g*)Yu—Fy(gYioyg*+F3(g%)0,,q"ys1¥(p)

3.1

T invariance requires that F; be imaginary, and hermitici-
ty implies that F; is real. Thus the measurement of the
electric dipole moment (EDM) of the lepton d;=F;(0) is a
sensitive test of time-reversal invariance in the leptonic
sector.

Experimentally, the EDM of the electron d, can either
be measured directly or extracted from the experimentally
determined EDM of an atom, such as Xe, Cs, and Tl. The

J

(1), (2) 2

eGrm;® 3, gi'g; 1 3 %7 Inx;?

dy= 2 — >

471'2 i=1 mH',Z (l—xiz)z 2 2 N l——x,-2
where x, =m/my,.
Since g —g and g? =

EDM of the lepton is

={¢ are of order unity, it is reasonable to assume that g;'g;

atomic-beam experiments are indirect, but are more sensi-
tive to d,. On the other hand, d » has been measured at
the CERN storage ring by assuming that the discrepancy
between the measured g —2 value of the muon and the
theoretical prediction is totally due to the EDM of the
muon.** The experimental upper limits for d. and d, are
102 e cm,*® and 10~'® e cm,** respectively. On theoreti-
cal grounds, the calculation of d; is less ambiguous and
uncertain than that of dy, the EDM of the neutron.
There are no QCD corrections, no contributions from
strong CP violation, and no similar ambiguity in choosing
the quark mass, current, or constituent. The early calcula-
tions of d; in the context of different gauge models of CP
violation can be found in Refs. 36 and 37. It has also been
discussed recently by Gavela and Georgi.*
Naively d; is expected to be of order

Gr —20
d,=e-4—m1f=2><10 f(m;/1GeV) ecm , (3.2)
T

where the parameter f characterizes the degree of T viola-
tion. However we note in passing that the classification of
CP-violating models into milliweak, microweak, and su-
perweak categories is suitable only for the first-two-
generation quarks.

Milliweak Higgs model

The dominant contribution to d; comes from the loop
diagram with the neutral-Higgs-boson exchange. From
Eq. (2.2), we find

(3.3)

In deriving (3.3) the external lepton mass has been neglected in the denominator of the amplitude.

{Ug{?’~0.1. Taking my =10 GeV, the

d,=1.4x10"%ecm, d,=5.1x10"*ecm, d,=6.6x10"2 ecm . (3.4)
Because d is proportional to m2;%, the EDM of the electron is far below the present experimental upper bound.
Superweak Higgs model
From Eq. (2.6) it is easy to show that
eGr mp 1 3 x%2  Inx?
di=———SIm(afal ) —5 —— |- 24+ X , (3.5)
! 161/%2; PO g 1=x22 |27 2 7 1-x?
[
where x =m; /my and !’ is the intermediate leptonic state. _eGr  m. 3 . myg® 3
Since the neutral Higgs boson has a flavor-changing cou- T6v3r? m(CECR *) |In 775 (3.7)
T

pling, the main contribution to d; is from the 7 intermedi-
ate state, and thus d, , are enhanced relative to d,. As dis-
cussed in Sec. II, there are in general two different types
of Higgs-boson—fermion couplings. For the present prob-

lem, both cases have the same couplings:
aff=m,Ci2% (3.6)

where the dimensionless parameter C,, is complex in gen-
eral. Therefore

Taking into account the mixing angles between different
leptons and the CP-odd phase, it is reasonable to take the
following values for purposes of the present calculation:

Im(CLCR* )~ 10!

m(CLCR" )~Im(CL,CR} )~10-2 (3.8)
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For case (i), 1 TeV >mg > 500 GeV, we find

de,uf:lo_27 ecm, d,~10"%ecm . (3.9

For the second case, My > 150 TeV, the EDM is much
suppressed

d,,~10"3ecm, d,~107 ecm .
an

Although for both cases d,

(3.10)

is not as big as in the mil-
|

myp
Ma2

3
dj= 21 m(g/hghy )

128 2 (1—x2)3

where x =m; /M, and M, is the mass of Y,. It should be
noted that in Eq. (3.11) /4] because the flavor-conserving
amplitude is real. In obtaining d; we have neglected con-
tributions such as Im(g,"’;gﬂ*) which come from the mix-
ing of Y, and Y,. Such mixing is suppressed by a factor
of order MWZ/M 225 Since M, >>my, (3.11) simplifies to

’

eg my
di= P 221111 ngR)Ma

(3.12)

For d, , the main contribution is from /’=7. For d, the
intermediate state gives the dominant contribution. The
prediction of d; is quite model dependent: It depends on
the details of the mixing angles of leptons and masses of
various horizontal gauge bosons. To have a conservative
estimate we assume gg°Im(g gk)~10"2 as in Eq. (3.8)
and take the heaviest mass of Y,, namely, 3 10% GeV.?
Then

d,~10"2¢cm . (3.13)

This result (3.13) may be regarded as a lower-bound pre-
diction of d, in the horizontal superweak model because

J

empy 1
— ———Im(ab*) | =
8772M12 2

where x =my /M, and M(=My ) is the mass of mass
eigenstate W,. In (3.16) my is an unknown parameter.
Since my is proportional to vy, which is the vacuum ex-
pectation value of Ag, it is natural to assume that
my~Mp (Ref. 33) (recall that My~guvg). Because the
v-N mixing angle {~m,/my, d, is insensitive to the mag-
nitude of My. Taking the conservative lower-bound
My /My, >3,*" (3.16) reduces to

(3.17)

d,= m,&sina .

eGr
4V 2772
For sina ~ 1, it follows that
d,=10"*e¢cm . (3.18)

Slmllarly d,, and d, are expected to be 107? ecm and
102 ¢ cm, respectlvely, which agree with the naive esti-

1 3 1 X 2
L X 1y
2+ ) l > +x“lnx

3
x242xt—x4nx?) |,

liweak Higgs model, the EDM of the electron in the first
case is significant because of the flavor-changing interac-
tion.

Horizontal superweak model

From Eq. (2.7) the loop diagram involving the exchange
of the horizontal gauge boson Y yields the gauge-invariant

result®®

for a light horizontal boson and large mixing angle the
EDM of the electron can easily become as large as
107 e cm.

(3.1D

f

Left-right-symmetric model

The evaluation of d; in the LRS model is similar to that
of dy, which has been calculated by Beall and Soni,* thus
we will take over their result directly. Equation (2.17) can
be recast in the form

L =ey,la+bys)NWiH+ .-, (3.14)
with
a=—=5_(t1ei),
22 (3.15)

2‘/§(§ e'%g) .

The phase (6,—6,) is neglected in (3.14). As shown in
Fig. 1 the loop graph with the intermediate state N gives
the dominant contribution to d,, which is given by

(3.16)

o
12
D

FIG. 1. Lowest-order contribution to the electric dipole mo-
ment of the electron in the left-right-symmetric model. N is a
heavy Majorana lepton and W is one of the mass eigenstates of
gauge bosons.
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mate (3.2).

To conclude this section we notice that the Majorana
lepton cannot have an electric dipole or magnetic moment
if CPT invariance holds, as pointed out by many au-
thors.*?

IV. CP VIOLATION IN POSITRONIUM

In this section we study CP nonconservation in the posi-
tronium atom. The eigenvalues of charge conjugation and
parity of positronium are given by

C=(—1E+S, p=(—1)E+, CP=(—

1)S+1 ,
4.1)

where L and S denote the orbital and spin angular mo-
menta of positronium. Thus, it follows from (4.1) that
orthopositronium has CP= +1 and parapositronium has

CP=—1. Consequently a CP-violating interaction can
|
ed v v, = ’
M=—-—————[u(p )utt(p)5(g)a**(q’ —q)yys(q" w(g") +@(p" o (p '—p)yysu(p)oig)yvi(g’)]
(p'—p) 4.2)
+ amplitude of annihilation diagram ,
where d, is the EDM of the electron at g>=0. The . ed,
Fourier transform of (4.2) in the nonrelativistic limit < Se=+1)|8V |2 Py(L, _+1)> T 27V2may? ]
yields an effective long-range potential ted
1 3 €Ge
So |5V |2 P0> e
ed < 0 Veranl
SV =—2(G_—G )T/, 4.3) 27V 6mag
4 Gem
3 1 F'Tte
< S1(S;=%1)|8Vy |2 'Py(L, _+1)>= T3
which is spin-dependent. In (4.3) &_ and &, are spin 8ma,"my
operators acting on the electron and positron spinors, 3 . Grm,
respectively. We note that in the nonrelativistic limit the <2 S D) |8V |2 P(L,= il)) =4 16V 3matma?
annihilation diagram has no contribution to §V. In addi- o H
tion to the long-range potential there is another contribu- 21§ | 8V | 23P Grm, 4.5)
tion in the Higgs model of CP violation, namely, the tree 0| Vx| 0 4\/31Tao4m112 ’ )

diagram with neutral-Higgs-boson exchange. This gives
the following spin-dependent short-range potential:

Grme (1) @), —mur = _ = mH
8VH_41/277g e (0_—0,.)T ") +
(4.4)
where g and g are real and of order unity. Both 8§V

and 8Vy can induce transitions between states with the
same eigenvalue of C, but opposite eigenvalues of P and
CP.

In order to have coherent admixture of opposite CP
states we will focus on states with the same quantum
numbers J and m;. Before proceeding to the calculation
of matrix elements of 8V and 8V}, we note that the radial
matrix elements of the CP-nonconserving potential 8V
vanish when taken between nonrelativistic Coulomb wave
functions with the same principal quantum number n.
For the ground state and first excited state the matrix ele-
ments of 8V and 8Vy are given by

admix states with the same total orbital angular moment
but opposite eigenvalues of CP.

The first investigation of a possible coherent admixture
of opposite CP states in positronium was due to Fisch-
bach, Freeman, and Cheng.43 They studied the fermion-
antifermion system in the presence of an external gravita-
tional field, and computed the gravity-induced effective
potential which leads to transitions between states with the
same C but opposite P, and hence opposite CP. Since the
gravity-induced potential is T invariant, the changes in CP
induced in positronium are compensated for by corre-
sponding changes in the external gravitational field.

In this section we wish to examine such an admixture in
the context of gauge models of CP violation. The main
contribution which gives rise to mixing of opposite CP
eigenstates comes from the one-photon- exchange Feynman
diagram with vertices ey, and d,o0,,q"Ys, respectively,
plus the annihilation diagram. The amphtude is given by

where aq=2#"/m.e? is the Bohr radius for positronium
and the spatial wave functions are assumed to be those ob-
tained using only the Coulomb interaction. The amplitude
of admixture of opposite-CP components induced by &V is
given by

__(Bl8V]a)

. 4.6)
E,—Eg+il/2

Similarly for ag, which is induced by §Vy. The relevant
fine-structure energy splittings in the n =2 energy level
are

E(23Py)—E(2'Sy)=2.9%107°

4.7)
E(238)—E(2'P;)=4.6X10"7 eV
Together with
E(ny)—E(n;)=5.1eV,
we find
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a(138,,2'P)=2.1x10"'%d, /10~ e cm) ,
a(1180,2%Py)=4.9x10"%d, /10~* e cm) ,
ag(238,,2'P)=1.9x10"22
ap(2180,23Py)=7.0x10"22,

(4.8)

where the decay width difference T is negligible. To cal-
culate the matrix elements of 8V, and hence the amplitude
a, between states with the same principal quantum number
n, we need the next-order wave functions which take ac-
count of the fine-structure and radiative corrections. This
is because, as noted earlier, the matrix elements of §¥ van-
ish when taken between pure Coulomb wave functions.
However, since the lowest-order correction to the
Coulomb wave function is of order «?, this offsets the
enhancement due to the small fine-structure energy split-
ting compared to the principal energy level difference in
the denominator of the amplitude a. Thus we anticipate
that a (235,2 'P,) is of the same order as a (135;,2'P,).

Since the computation of d, is model-dependent, the
mixing amplitude a thus depends on the models of CP
violation. Because the experimental upper limit of d, is
10~%* ¢ cm, we then have an upper bound for a:

a<107'8, (4.9)

From (4.8) it follows that if d,> 10728 ¢ cm, the main
contribution to the mixing amplitude comes from the
spin-dependent long-range potential 8V. It is interesting
to notice that the amplitude of admixtures induced by
gravity is of order 107224 If the experimental sensitivity
in searching for the admixture of states with opposite CP
in positronium is only at the 1% level, then it would be
impossible to observe such CP-violating effect.

Thus far we have not considered the transition between
23P, and 2'P, states because both T-odd potentials §V
and 6Vy cannot lead to this admixture directly. However
such a C-odd CP-odd transition can be induced by a com-
bination of 8V (or 6¥Vy) and C-odd P-odd (hence CP-even)
part of the weak interaction. Therefore the magnitude of
the admixture of 23P; and 2'P, states is even smaller
compared to the transition, say, between 2P, and 23S,
states. An experiment looking for admixtures of
opposite-CP components in the positronium atom is now
underway in Michigan.*

V. T-ODD CORRELATION

A T-violating correlation, which is a scalar quantity and
odd under T, is another place for testing 7 invariance. In
four-body decays one may look at the 7T-odd angular
correlation —lsl-i’)zxi’} of the decay products. In three-
body decays the above angular correlation cannot occur,
hence a T-odd correlation in these decays must lnvolve at
least one spin operator, such as &' P2><P3 or o 02><P3
The measurement of a T-odd correlation is a clean test of
T invariance if the final-state interaction, which can
masquerade as a T violation, can be neglected. However if
the final-state correction is not negligible but comparable
to the T-violating correlation induced by the violation of
CP invariance, then CP-symmetry violation can still be ob-
served. For instance in K 23 semileptonic decays, the
transverse polarization of the muon caused by the elec-

tromagnetic interaction is the same in K° u3 and K de-
cays, whereas the polarlzatlon due to the CP nonmvan-
ance has opposite signs in these cases. Hence the absolute
magnitude of the muon ’S transverse polarization should be
different in K 3 and K decays

Generally speaking 1t is not easy to have a T-violating
correlation in most gauge models of CP violation. As em-
phasized by Donoghue,” to produce a T-odd correlation
one usually needs an interference between two different
processes (leading to the same final states) that have dif-
ferent phases and space-time structure. As we will see
later on even so such an interference does not guarantee
that a T-violating quantity is always observable.

In the purely leptonic sector a 7-odd correlation can be
studied in the four-body decay 7= —>7t7~7*v and in the
three-body decay p—evv or 7—uvv. The final-state in-
teraction is electromagnetic and hence of order a. Unless
it is suppressed by the phase-space factor, the eiectromag-
netic correction is expected to be of order 1072~1073,
Thus if a milliweak model predicts a null T-odd correla-
tion, then such correlation will be immensely difficult to
detect. In this section we focus on p (or 7) three-body de-
cay. For purpose of comparison we also briefly discuss
the muon’s transverse polarization in K3 decays.

K 3 decay

The degree of T-odd transverse polarization of the
muon is usually expressed in terms of the parameter
EW)=f_(t)/f (1), where f and f_ are the form factors
in the amplitude

M «py, (1 —ys(Pg +P,),f 4 (1)

+m g(1—ys)vf_(1) . (5.1)

The imaginary part of & governs the size of the T-odd po-
larization. In the milliweak Higgs model it has been cal-
culated by Zhitnitsky*® and the result is given by'?

—6.8X107%,%/v32 <Imé < —2.0X 10~ 3,2 /052,

(5.2)

where v, and v; are the vacuum expectation values of the
Higgs fields ¢, and ¢;, whose neutral components couple
only to down-type quarks and leptons, respectively. The
unknown factor v, /v3 in (5.2) is expected to be of order
unity. The calculation in the superweak Higgs model is
quite similar to that in the milliweak Higgs model and the
result is
2

m
Imé& = Im( as,,am +asL,‘ fﬂ )————K2 - (5.3)
msm, mpg“sinfc

(For notation see Sec. Il.) For the Higgs-boson—fermion
couplings

a,»,~=(m,~+m,~)C,7 (5.4)
and (5.3) becomes
R*/ ~R L mKZ
Img~ImCR (CX +ch)—5— . (5.5)
my“sinfc
Assuming ImC*C~10"%? as in (3.8), and using

1TeV > mpy > 500 GeV, it follows that
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Imé~10—2% . (5.6)
On the other hand for the couplings a;; =MzCj;, (5.3) be-
comes

mgimm,
Img~ImCR (CR 4+ cL)—F——"— (5.7)
msm, mp-sin@c

For m,; =30 GeV and my =150 TeV,

Imé~10""7 . (5.8)

It is easy to show that the LRS model, horizontal CP-
violation model, and KM model all predict null 7-odd
transverse polarization of the muon to lowest order. The
reason is that the T-violating polarization arises from the
interference between vector and scalar parts of the ampli-

]

Py(x,0) = 42000 8=m/2,p=7/2)—
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d’o(x,0,6=—m/2,0=m/2)
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tude (5.1). To lowest order the ¥V and S amplitudes have
the same phase in these three models, and thus there is no
CP-v1olat1ng effect.

For K} w3 decays Zhitnitsky*® has calculated the elec-
tromagnetic correction and found P(EM)< 10~%. Accord-
ingly, if the milliweak model is ruled out experlmentally,
then from the theoretical point of view it is 1mposs1ble to
detect any T-odd transverse polarization in K> i3 decays.

p decay
In u—evv decay, the quantity we are interested in is Pr

which measures the transverse polarization of the electron
perpendicular to the plane of P, and S, and has the form

d’o(x,0,p=m/2,p=m/2)+d’0(x,0,6=—7/2,p=17/2)

where x =2E,/m, 2m,/m, <x <1), 6, ¢, and ¢ are de-
fined in Fig. 2. For the effectlve Lagrangian in the
charge-retention form
Gr <rrn ,
f:TZE[GFiﬂVFF[(Ci+Ci ’}/5)Ve +HC] N (510)

where T'; stands for S, V, T, A, and P operators, respec-
tively, we have*’

- [3(1 —x)a’+2p']sin8 5.11)
7= 8[3—2x +£&(1—2x) cosf] ° :
where
*
a'=2Im(CsCp +CsCp) ,
STp TSR (5.12)

B'=2Im(CyC," +CpCt) ,

and § is the standard asymmetry parameter in the u de-
cay.

X

FIG. 2. Kinematic diagram for the p—evv decay in the
muon rest frame. §” and S, are spin directions of the muon and
electron, respectively.

(5.9)

f

We can now calculate Py in some realistic models. Un-
fortunately a’, ', and hence P vanish to lowest order in
all of the models of CP violation that we considered in
Sec. II. It is not difficult to see that in the milliweak, su-
perweak, and horizontal superweak models (all of which
assume no right-handed neutrinos) the CP-odd phase in
the u decay can be rotated away by redefining the u and e
states. In the LRS model we do have an interference be-
tween the left- and right-handed currents both having dif-
ferent phases, but it does not lead to a nonvanishing Pr.

However, a real T-odd correlation can be achieved if the
effective Lagrangian responsible for the p decay in the
charge-retention order has the form

Gp
L= ‘/ien(gv 84Ys)uVyu(l—ysv.+H.c. ,

(5.13)
with g and g, close to unity but complex. Then
a’'=0and B'=4Im(g}g,) (5.14)
and
Im(gyg,4)sind
Pre EvEa . (5.15)

3—2x+&(1—2x)cosO

Such a Lagrangian (5.13) can arise in the horizontal
superweak model with massive Dirac neutrinos.*® In this
model we find

gH2 2 Im(gRagLa )
2V2Gr < M,?

Again the numerical result of B’ and hence Py depends on
the details of the model, but in general it is quite small.
The electromagnetic radiative correction to P; has been
discussed in Refs. 49 and 50. The radiative correction is a
function of x and 0; for fixed 6, it is largest (of order
1072) at small x and then decreases with increasing x.
Therefore unless the T-odd correlation is “milliweak” in
magnitude (which is not the case in our discussion) it
would be very difficult to observe a T-violating effect in
the p (or 7) leptonic decay.

B=— (5.16)
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To conclude this section we note that the prediction of
T-odd correlation in the milliweak Higgs model of CP
violation is quite different for the semileptonic K,3; and
leptonic pu decays: The T-odd transverse polarization is
appreciable in K3 decay but vanishes in u décay. It is not
clear whether this is a general feature, i.e.,, that a T-
violating correlation can be easily achieved in semileptonic
decays but not in purely leptonic or hadronic decays.

VI. CONCLUSIONS

We have studied several CP-violating effects in leptons
in the context of various gauge models of CP nonconserva-
tion. These models fall within the categories of milliweak,
microweak, and superweak theories. In general even if
neutrinos have no right-handed components and are mass-
less, one can still have CP-odd neutral-current interaction
in the purely leptonic sector.

The electric dipole moment of the lepton is examined in
Sec. III. It turns out that the Weinberg model of CP non-
conservation predicts d;=10"32, 10~%, and 10~ ecm,
respectively, for e, u, and 7. In the superweak Higgs
model d; is in the range 10~2—10~?"ecm or
1073°—10~3! e cm depending on the mass of the Higgs
boson. The prediction of d; in the context of the horizon-
tal CP violation model depends very much on the detailed
structure of the model (i.e., the horizontal gauge group).
A conservative estimate yields d, =10732 e cm. The left-

right-symmetric model gives d;,=10"%°, 10~%, and
10~2% ¢ cm for e, WU, and 7, respectively, which agree with
the naive estimate of the EDM of the lepton.

CP violation may also be explored in positronium by
measuring the amplitude of the coherent admixture of op-
posite CP eigenstates. We find a long-range and a short-
range potential, both are CP-odd and spin dependent and
can induce transitions between states with the same C, but
opposite P and CP. The upper bound of the mixing ampli-
tude is of order 10~ !8, which is unfortunately quite small.

The transverse polarization of the electron &,°5, X B,
is a T-odd correlation in the u—eVv decay. It turns out
that all models given in Sec. II yield negative predictions
about this 7-violating polarization. Although a nonvan-
ishing Py can occur in the horizontal CP-violation model
with massive Dirac neutrino, the 7-odd correlation is
superweak in magnitude. Therefore experimentally it will
be extremely difficult to detect. For K 33 decays only the
Higgs model of CP violation is able to produce a T-odd
transverse polarization of the muon, which is not the case
in the p decay.
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