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We reexamine a recent study of the operator-product expansion in spontaneously broken scalar
field theories. First, the asymptotic behavior of the propagator in a spontaneously broken XP
theory is calculated to lowest nontrivial order. The use of the operator-product expansion in the
"naive" vacuum, with operators developing nonvanishing vacuum expectation values, is found to
correctly reproduce the usual perturbative analysis of the shifted theory when carried out to the
same order. The renormalization-group improvement of this result is studied. We find that y &, the

renormalization-group coefficient of the operator P, is nonzero at first order in A, . This contradicts
the result of the study of Cxupta and Quinn. The generalization of this analysis to all Crreen's func-
tions at all orders in perturbation theory is outlined. We argue that the renormalization-group im-
provement of the perturbation theory should yield the same answer for the two methods of calculat-
ing the asymptotic limit. Finally, we discuss the implications of this study for gauge theories.

I. INTRODUCTION

The operator-product expansion (OPE) is a powerful
tool for calculating observables in QCD. ' An important
assumption in these calculations is that any nonperturba-
tive effects present can be absorbed into operator matrix
elements. It is, of course, assumed that the large-
momentum behavior of the coefficients can be found from
renormalization-group-improved perturbation theory.

In a recent paper, ' Gupta and Quinn have questioned
the validity of these assumptions. To test them in a
specific example, they studied A,P theory with spontane-
ous symmetry breaking due to a negative mass term. The
effect of the symmetry breaking on the vacuum of the A.P
theory is used as a model of nonperturbative effects which

presumably are responsible for a nontrivial vacuum struc-
ture in QCD. This study should be understood as an at-
tempt to examine a known theory from behind the same
veil of ignorance shielding us from a complete understand-
ing of QCD. In particular, their study assumes no
knowledge of the vacuum structure of the theory such as
vacuum expectation values of operator products. The key
question, then, is whether or not the OPE can be used to
calculate the asymptotic behavior of Green's functions in
the absence of such knowledge. It is the purpose of this
paper to reconsider the example of Gupta and Quinn in an

attempt to distinguish between models of potentially er-
roneous calculations in gauge theories, and the legitimate
analysis of spontaneously broken scalar field theories.

Gupta and Quinn suggest calculating the large-q
behavior of the propagator via two different ways.

The first method defines subtractions of the theory so
that composite operators have zero expectation value in a
"naive" vacuum, defined as an expansion around (P) =0.
The coefficients of the operator-product expansion are cal-

culated in perturbation theory in this "naive" vacuum. Qf
course, because of the symmetry breaking, this is not the
true vacuum. This is handled by simply allowing operator
expectation values in the physical vacuum to be nonvan-
ishing.

The second method is to take the symmetry breaking
into account from the beginning by shifting variables

P =p+ u where U is the expectation value of P and (p ) =0.
Thus the expansion is done about the physical vacuum.
The Green's functions are calculated using renormal-
ization-group-improved perturbation theory.

Clearly these two methods should give the same large-
q evolution of the Green's functions if our initial assump-
tions are correct. Indeed, the perturbative equivalence of
the shifted and unshifted theories is well known. In Sec.
IV, we shall show this in the context of the operator-
product expansion.

This sort of argument always uses some knowledge of
the effects of symmetry breaking. We use the fact that the
two expansions are related by a shift of the field operator
P = (P ) +p. The question to be addressed, then, is wheth-
er, if we choose to be "naive" and to ignore such informa-
tion about the vacuum structure (which we certainly do
not have in QCD), can the operator-product expansion
correctly predict the asymptotic behavior of the shifted
theory'7

Gupta and Quinn suggest that the answer is "no." They
argue that calculating the large-q behavior of the first
higher-twist term of the propagator via a "naive" use of
the operator-product expansion with renormalization-
group-improved coefficients does not yield the same
asymptotic behavior as the calculation in the shifted
theory. Specifically, they assume that asymptotically as
the momentum q ~ ac, the propagator b, (q) can be writ-
ten as
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1 P7l q
yg/2

&(q)-, +q' q' m'

where y~ is an "anomalous dimension. " They argue that,
to first order in A, , y~ is nonzero in the shifted theory, but
vanishes when calculated using the "naive" QPE. Such a
result would suggest that difficulties with the operator-
product expansion would arise in QCD where nonpertur-
bative information is not available.

In Sec. II we calculate the propagator to the one-loop
level using both methods suggested by Gupta and Quinn.
Using our knowledge of {P ) in the shifted theory, we
find that both methods give the same result.

Section III discusses the renormalization-group im-
provement of these calculations. We find (1) that ye, the
"anomalous dimension" associated with the operator P, is
nonzero to first order in A, and (2) the renormalization
group shows that the sum of leading logs in the propaga-
tor does not exponentiate as assumed in (1.1), but is related
to the scaling of the four-point function at exceptional
momentum. Thus we find

II. ONE-LOOP CALCULATIONS

We consider a real scalar field theory defined by the La-
grangian

(2.1)

In particular, we are interested in the case m &0. In this
case, it is usual to shift to the classically stable vacuum de-
fined by

5V 6V
(2.2)

In Sec. IV we use the effective action to generalize these
results to all vertex functions to all orders in perturbation
theory. We argue that the operator-product expansion
reproduces the perturbation theory in the shifted vacuum.
We further argue in Sec. V that renormalization-group im-
provement of the operator coefficients performed in the
unshifted "vacuum" will reproduce the asymptotic
behavior of the shifted theory.

(1.2)

which implies that P develops a nonvanishing vacuum ex-
pectation value

where we have written 2

{y)2 U2 (2.3)

p(A, )=pDA. +O(A, ),
yg=ypX+O(A, ),
yp ——O(A, ),

dA(s)
p( g)

ds

If we now shift the field P=y+U, we have broken the re-
flection invariance of the original Lagrangian. The new
Lagrangian may be written as

A, (s =l)=A, ,

The Lagrangian can also be written in terms of

(2.4)

Quinn (in a private communication) has emphasized that
this is a key point because it clarifies the origin of the scal-
ing behavior of the subleading term of the propagator.
Further, because the term in brackets in (1.2) does not

2 yg/2
behave like (q /m ), the term "anomalous dimension"
seems a misnomer for y~. We shall refer to y~ as the
renormalization-group coefficient associated with the
operator —,P . We conclude that, at the level considered

by Cxupta and Quinn, the naive use of the OPE does
indeed predict the correct asymptotic behavior of the
propagator.

A,
2

M2 ~2+ 2~2) 0
2

(2.5)

The renormalization of this theory is straightforward,
and has been discussed many times. " Thus, we shall
proceed to the calculation of the lowest-order correction to
the two-point function, defining subtractions by those of
the unshifted theory at p =0. The only contributions at
the one-loop level are the three diagrams of Fig. 1. Since
only the diagram of Fig. 1(c) contains momentum depen-
dence, I' ) is given to this order in Euclidean space by

(2) 2 2 A,v d k 1

2 (2~) [k +.M ] [(p+k) +M ) [k +m ]

i 2

p 2+~2+
32%2

1/2
4M. —2+ 1+ ln
p 2 —1+(1+4M'/p')'~' M' (2.6)
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operators. In particular, this implies that

« I &(p)&( —p) I
n & =C, (p') &1&+C~2(p2) & y2&+

(2 9)

where the notation 0 denotes a calculation of the propaga-
tor in the physical vacuum. Asymptotically (the region of
validity of the operator-product expansion), this yields

A,
2

I n'(p, M, )(,)~p +m +
A.U inp2/

~

m 2
~
+

32m
(2.7)

We now turn to the calculation in the perturbative vacu-
um. The operator-product expansion tells us that

T

FIG. 1. First-order contribution to the propagator in the
shifted theory.

We can calculate the Co in the perturbative vacuum by in-
serting (2.8) into the expression for higher-order Green's
functions. If we consider, for example, 6' '(p,p, 0,0), we
find

G' '(p p0 0)-C (p )6' '(0)

+C&,(p')6&",,o, (0)+, (2.10)

where 6&&I
~

denotes a two-point function with a (t (0) in-

sertion.
To second order, 6' '(p, p, 0,0) is given by the five

graphs of Fig. 2. If we again subtract at p =0 to define
the divergent integrals, the graph of Fig. 2(c) does not con-
tribute. Finally, recalling that an insertion of P (0) is
equivalent here to differentiation with respect to —m /2,
it is easy to see that

lim P(x)P(y) -g Co(x —y)O
X~@ 0 2

(2.g) 2= 1

p +m
(2.1 1)

where the [0 J form a complete set of local renormalized
I

and

C 2(p') =
L 2+m 2]2

—A+A
d4k

(2m) [(p+k) +m ] [k +m ]

1

[k+m ]
(2.12)

1+(1—4m'/p')'"
1 —(1—4m /p )'i

to this order. Evaluating the integral and keeping track of the negative mass yields asymptotically
1 1/2

4mC 2(p )= —I,— —2+ 1— ln
[p +m ] 16' p

(2.13)

Hence,

2+ 2 ~ 2 2]2p +m jp +m
pln

/m'[
' —1

X2& '& p'= p'+m'+ —&P'&+
2 32m m

[I (2)( 2)]—1 (2.14)

Comparison with (2.7) and (2.3) reveals that the perturba-
tive evaluation of the expansion has reproduced the results
of the shifted theory.

As noted in the Introduction, this direct comparison re-
quires knowledge of the vacuum expectation value &P &.
In the next section, we shall show that the renormalization
group allows us to compare asymptotic behavior even if
&P & is unknown.

III. RENORMALIZATION-GROUP IMPROVEMENT

In this section, we carefully review the renormal-
ization-group analysis corresponding to the perturbative
study of the previous section. We want to compare the

lowest-order renormalization-group-improved Green's
function I n'(p ) in the shifted theory with the lowest-
order renormalization-group-improvement of Eq. (2.9).
The renormalization-group improvement of (2.9) is to be
conducted in an unbroken A,P theory, and continued to
the case of spontaneous breaking. &P & is to be under-
stood as an unknown parameter. Thus, the crucial ques-
tion is whether the "anomalous dimension" associated
with the first subleading term of the propagator in the
shifted theory agrees with the "anomalous dimension" as-
sociated with C&2(p ) in an unbroken theory. Care must
be used in this analysis because the quadratic divergence
of Fig. 1(a) associated with mass renormalization in an un-
broken A.P theory is independent of external momentum.
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(b)

catively renormalizes insertions of —,
'

P .
To first order in A, in an unbroken theory, P and y van-

ish, and a=2. Also to lowest order, I 8(0)(p)=1. Hence,
the renorrnalization group tells us that, in an unbroken

theory, to first order in A,

I"' '=i(p —m ) . (3 &)

(c)

As pointed out by Gupta and Quinn there is no nontrivial
scaling of the propagator at order A, . Similarly, correc-
tions to the scaling of C) '(p ) are absent at order A, .

We now review the derivation of the renorrnalization-
group equation for C,(p). Consider the renormalization-

group equation for an (n+2)-point vertex and use the
operator-product expansion on both sides. We then have a
set of equations of the form

FIG. 2. The four-point function to second order in the un-
shifted theory.

m- +P +(n+2)y8
Bm

Co(p)1 o('o)(k)

= —im '(Co(p)1 I)(o)o(o)(k) ] (3.6)

Since this is a crucial point in the analysis of the problem
posed by Cxupta and Quinn, we review it in some detail.
We follow Callan's derivation closely.

We renormalize the theory defined by the Lagrangian
(2.1) by introducing counterterms. The renormalization
conditions are chosen to yield the same vertex functions as
Bogolubov-Parasiuk-Hepp-Zimmermann (BPHZ) subtrac-
tion. They are

I' '(0)= im—

In this equation, p is the rnomenturn associated with the
two points on which the operator-product expansion is
used, and k is the momentum associated with the remain-
ing n points. This equation is true in particular for
0 =()) . Now the vertex I ',' (k) obeys a renormal-

P (q)
ization-group equation

r

m- +P +2y+y, I .. .(k)(2)

Bm BA,

(3.7)

(3.1)

-(2) -(2)
(p) = —iP()(0)(p)

dmp
(3.2)

where I are unrenormalized vertex functions with a cutoff
A, and the subscript "0"denotes a bare quantity.

The Callan-Syrnanzik equation is given by

m +P +ny I '"'(p)= im al I)(—0)(p), (3.3)
Bm M

where

Bm
cx =2Zg

Bmp

2()m

Bmp

Bmp=m
BVl p

Bmp
—1

——lnZ,
Bmp

(3.4)

where Z multiplicatively renormalizes ()I, and Zs multipli-

I'e(0)(0) = 1

I I)(')(p) denotes a vertex with an insertion of the operator
—2'()I) (q) at momentum q into a two-point function with
momentum p. Nate that, in particular

This equation is still valid at the exceptional momentum
q =0, where, however, the right-hand side cannot be
neglected asymptotically. Multiplying from the left by
C&&(p), we see that the right-hand side of this equation
corresponds to the right-hand side of Eq. (3.6). Hence,

m +p +2y —
y~2 C~2(p) =0 . (3.8)

Now y&2, as we have seen, is associated with an insertion
of P (p) at nonvanishing momentum p. We thus except
y&& to be of order A. because I

&&I )(k) will be a nontrivial
p (p)

function of p because of the diagram of Fig. 3 with P car-
rying momentum p. In fact,

Bm
—1

p 2=2m (3.9)
Bmp 16m

a
lnZ 2

amp'

Note that this does not contradict the finding that I e(0)(k)
in the unbroken theory does not scale at order A, , even
though y & enters into the renormalization-group equation
(3.7). This is because the right-hand side of (3.7) is not
asymptotically negligible. Using the analysis of Syman-
zik, it can be written in terms of y&QI yp(p) using the
operator-product expansion. The two order-A. terms can-
cel.

Equation (3.8) can easily be solved. Using the notation
of (1.3),
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I

I

buting to C&2 and to the subleading term of the physical

propagator. That the scaling behavior is nontrivial in both
approaches can be summarized by noting that y~ is
nonzero at order X, independent of symmetry breaking.

The fact that y~ is nonzero to first order in A, is well
known. It is related to the trace anomaly of the stress-
energy tensor O' . Because 9'zo:P, the existence of the
trace anomaly at this order is equivalent to the operator P
having a nonvanishing "anomalous dimension. "

Of course, at first order the trace anomaly can be re-
moved by defining an "improved" stress-energy tensor

FIG. 3. First-order diagram contributing to P renormaHza-
tion.

~pv ~pv+ 12 Y8( jib v gpss

[This is Eq. (3.17) of Ref. 9, where we have identified
Af(0) with —,y9.] Again, we see that the need for an im-
provement at this order is due to y~0.

/

c 2(P')-
ro Po

[A( /m )] (3.10)

Similar analysis can be carried out to analyze the scal-
ing of the first subleading term of the propagator in the
shifted theory. Because this term has order-k contribu-
tions from Fig. 1(c), it scales at order A, in the same way as
Eq. (2.9). Asymptotically, this diagram is
A.u —,'yein(P /m ). At higher orders, diagrams of the
same topology, and hence the same large-momentum
behavior contribute to both C&, and I n' in the shifted

theory (see Fig. 4). The series is thus asymptotically

I' '( )-P + '
A.

' '[X(P /m )] ' ' (3 11)
2

Thus, we have reproduced the scaling behavior of the
first higher-twist correction to the propagator by means of
renormalization-group-improved perturbation theory. The
equivalence of the two calculational schemes is ultimately
due to the topological equivalence of the diagrams contri-

IV. EXPANSION TO ALL ORDERS

We now turn to the discussion of general n-point func-
tions at an arbitrary order in perturbation theory. We
shall use the effective-action formalism and, hence, will
discuss one-particle irreducible Green s functions. We are,
in particular, interested in checking the validity of the as-
sumption that we may analyze the asymptotic structure of
the spontaneously broken theory by using the operator-
product expansion about the perturbative (unshifted) vacu-
um, and then taking matrix elements in the physical vacu-
um. It is convenient to develop our analysis in the
language of the effective action, because it allows us to
discuss shifted Green's functions in terms of the unshifted
functions. '

We begin our analysis be reviewing the effective action.
As before, we consider a theory described by the Lagrang-
ian (2.1).

It is convenient to introduce the generating functional

Z[J]= J[dg]exp i Jd x[W(x)+J(x)P(x)]

(4.1)

Then the generating functional of the connected Green's
functions 8'[J], is defined by

Z[J]=expIiW[J]I . (4.2)

The effective action is then defined by the functional
Legendre transform of the connected generating function-
al,

58'[J]
~ ( )5J(x)

I'[P, ]= W'[J] —I d x P, (x)J(x) .

Consequently,

(4.3)

FICs. 4. Two-loop graphs contributing to both C 2 and the

subleading term of I ~'. The external lines ending in circles car-
ry no momentum.

J(x)=—
5 ,(x

(4 4)

We can define one-particle irreducible Greens functions
by the functional Taylor series expansion
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Following the arguments of (4.5)—(4.8), we can write the
I o' of the shifted theory in terms of unshifted quantities:

(4.5),

It is important to note that the theory can be renormalized
in a manner independent of the vacuum about which the
expansion is made: subtractions which make the sym-
metric theory finite also make the broken theory finite.
If we shift

r'o'(p, m, z, u) =g, u "I"o'+"'(P,O;m, X, v =0) .
n!

In particular,

(0
i
0

i
0) =I o'(;m, A, , u)

u"I o'(0;m, A, ,u =0)

(4.12)

(4.13)

P, (x)~f&, (x) +v,
where u is given by (2.2), then

oo n

I [g,u]= g f+d'x, q, (xi) q, (x„)
n=0

&&I'"'(xi . x„;u,m, A, )

(4.6)

(4.7)

represents the expectation value of 0 in the physical (shift-
ed) vacuum.

Substituting (4.10) into (4.8) yields [with (4.14)]

r'"'(p, p„;u, m, X)

oo
U

I
= y —yco'"'(p, v =0)r~o"(0;X,m, u =0)

I =0 0

and

r'"'(p, . p„;v,m, X) =+Co"'(p, u =0)(0
i
0

i
0) (4.14)

oo —viI'"+i'(pi . p„;0 O, A., m) .
I=o I!

(4.8)

The I'"+ ' of the right-hand side of (3.8) are just the
Green's functions of the unbroken theory analytically con-
tinued to negative mass. The Euclidean space propagator
h(k) now has a tachyon pole at k =m . However, analyt-
ic continuation from Minkowski space yields an explicit i e
prescription which is sufficient to define all one-loop in-

tegrals:

b,(k)=(k —m +ie) (4.9)

(pi'''p qi'''0)
[I)-+Co (pi p. )1 o(qi ' qi»

0
(4.10)

where the operators 0 form a complete set and I 0 is an(I) ~

insertion of 0 at zero momentum into the 1PI function

I"Iq~i. Note that the Co differ from the Co of Sec. II be-

cause we are expanding proper vertices rather than ordi-
nary Green's functions.

Proceeding as in (4.1)—(4.5), we can express I o' in
terms of the Legendre transform of S'o [J] defined by

e = f [dg]O(q =0)

X exp i fd x [W(x)+J(k)P(x) ] (4.11)

We are now in a position to study the asymptotic
behavior of a A,P theory which is spontaneously broken.
In particular, we can examine the predictions of the
operator-product expansion. For any vertex function
I"'"+ '(pi . P„,qi . . qi) of the unbroken theory, we can
express the limit p;~00 (with fixed ratios) for fixed qj
as"

in the large-p limit. Because the left-hand side of Eq.
(4.14) has no tachyon poles, the right-hand side must also
be free of tachyonic singularities if we perform the sum
before evaluating the Feynman integrals. But the naive
use of the OPE entails calculating the Co"'(p) and treating
the (Q

~

0
~

0) as unknowns. As we saw in the explicit
one-loop example, as long as p ))

~

m i, we do not ex-
pect the tachyonic pole to affect the leading asymptotic
behavior of Co"'(p). Although the tachyon pole may give
rise to problems in nonleading order, this is not the prob-
lem found by Gupta and Quinn. It arises because the ex-
pansion about the naive (u =0) "vacuum" is unstable.
There are no analogous problems in gauge theories. The
expansion about the perturbative vacuum of QCD is not
unstable to symmetry breaking. Since we are concerned
with finding possible problems with using the OPE in
gauge theories, we will ignore the tachyon pole. Thus, the
perturbative operator-product expansion of the unbroken
theory (continued to negative mass), taken with the
effective-action formalism, implies that the vertex func-
tions of the shifted theory can be expressed by (4.15) in
terms of an expansion about the naive (u =0) "vacuum".
We see explicitly that allowing operators to develop non-
vanishing vacuum expectations values incorporates all
symmetry-breaking effects in this theory.

V. RENORMALIZATION-GROUP
IMPROVEMENT IN GENERAL

The discussion of the preceeding sections should suffice
to show that, in perturbation theory, the operator-product
expansion in the perturbative vacuum may be used to
reproduce the asymptotic behavior in the physical vacu-
urn. We now turn to the question of the renormalization-
group irnprovernent of this result, generalizing the argu-
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ments of Sec. III.
For purposes of illustration, we adopt a mass-

independent renormalization in this section. Such a pro-
cedure may be defined by means of dimensional regulari-
zation, ' by subtractions at unphysical momenta, ' or by
an extension of Weinberg's approach" in which mass re-
normalization is defined in terms of an insertion of P (p )

at zero mass. In such a scheme, we may write a homo-
geneous renormalization-group equation, valid in both the
perturbative and the physical vacua':

)M +P +y rn —(n +&)yy I'"+"(p,q;m, k, ,(tt) .

a a a
"ap+~ax+y am

—lyp I o(q)=0. (5.2)

If we consider the particular case (II
l

0
l
0) =I Ii', we

see that the correct renormalization-group analysis of the
Co"'(p)(Q

l
0 II) is such that they obey the same equa-

tion as the I'" (p) to which they contribute:

+P +y m ny& —(Co( ~Q
l
0

l
Q~l =0.

Qp Qg BPl

(5.3)

Thus, however the renormalization group is used to im-
prove the perturbation theory, it should yield equivalent
results for the two approaches. Each term of the
operator-product expansion of the I ~

' obeys a
renormalization-group equation identical to the one I ~'
itself obeys. Note, however, that this analysis, as that of
the last section, depends on the effective-action formalism.
An analogous object is lacking thus far in QCD.

Renormalization-group analysis can also be carried out
in a mass-dependent scheme, as in Sec. III. In this case,
however, the rather intricate analysis of Symanzik for es-
timating corrections to the leading behavior must be used.
The renormalization-group equations for the coefficients
of the operator-product expansion will again be defined by

(5.1)

The coefficients are the same in both vacua since the sub-
tractions are independent of the symmetry-breaking pa-
rameter.

The renormalization-group equations for the OPE coef-
ficients follow from expanding I '"+ ' as in (4.10), and
noting that the I o(q, nil, ,p) also obey a homogeneous
renormalization-group equation for any operator 0:

the equation for the corresponding Careen's function. The
two approaches (OPE and shifted perturbation theory) to
spontaneously broken scalar field theory should also yield
equivalent answers when the renormalization-group
analysis is carried out in a mass-dependent scheme.

VI. CONCLUSIONS

We have examined the operator-product expansion in
spontaneously broken scalar field theories. By allowing
composite operators to develop nonvanishing vacuum ex-
pectation values, the OPE (when calculated in perturba-
tion theory) reproduces all nonperturbative effects result-
ing from the instability of the naive vacuum, in the
asymptotic limit. A careful renormalization-group study
of the OPE coefficients (without any use of our knowledge
of the nonperturbative structure of the theory) correctly
reproduces the corrections to scaling due to symmetry
breaking.

By considering the effective action, we have extended
this result to all vertex functions at all orders in perturba-
tion theory. Note that the effective-action formalism as
used here is a consequence of the simple form of the non-
perturbative effects in spontaneously broken scalar field
theory. No analogous formalism exists for QCD. Using
this formalism, we have argued that no violation of these
results will arise from the use of renormalization-group
analysis.

It is appropriate to comment on the implications of
these results for more general theories. The extension of
our analysis to the case of the spontaneous breaking of a
continuous internal symmetry is straightforward. It is not
clear that these results are of much direct value in theories
such as QCD, where the nonperturbative effects arise
from more subtle mechanisms. Nevertheless, it should be
possible to avoid the particular problems suggested by
Cxupta and Quinn by a careful application of the renor-
malization group to the operator-product expansion.
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