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The Poisson brackets of the constraints are explicitly computed for various equivalent forms
of canonical gravity with tetrads. This study sheds useful insights on the supergravity ‘‘algebra”
and is necessary for the Hamiltonian formulation of the path integral. The shortcomings of a
method devised some time ago for this kind of calculation are clarified.

The quantization in an arbitrary gauge of a con-
strained Hamiltonian system with first-class con-
straints requires the explicit knowledge, off the con-
straint hypersurface, of the ‘structure functions’ of
the theory.!

It is the purpose of this report to give a detailed
calculation of these structure functions in the case of
tetrad gravity, described by the canonical action?

S [h(x)a- T (k)a,N,Nk’ )\(k)(u)]
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Here, Gaeq is DeWitt’s supermetric rescaled, for later
convenience, by the factor g2 and o is the Hamil-
tonian signature of spacetime.’> The Lagrange multi-
pliers N and N* are the usual lapse (rescaled by
g~12) and shift, whereas the six multipliers A(M®)
=AM are associated with the possibility of per-
forming arbitrary local Lorentz transformations on
the tetrads A (y), in the course of the evolution (local
indices are put in parentheses; Greek indices run
from 0 to 3; Latin indices take on the values 1, 2, 3).
To our knowledge, the constraint ‘‘algebras’’ com-
puted in the literature are incomplete—they are only
weakly valid—and cannot be used to quantize the
theory when the local Lorentz gauge is fixed by
means of noncanonical gauge conditions (such as
AMW =0 or \M W =0). The need for such gauges
has been advocated recently on practical grounds,
when coupling to matter is considered. It can also
be understood geometrically, since there is no way to
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freeze the Lorentz gauge by canonical conditions
¢4(h(n)a) =0 which are simultaneously (i) local (i.e.,
the functions ¢ do not involve tetrad derivatives)
and (ii) coordinate invariant, i.e., such that the
tetrads obeying the gauge conditions ¢4(4(,),) =0 in
one coordinate system also obey these conditions in
all other coordinate systems (at a given point, there
is no preferred direction that can be determined by
local means).

The point which has been overlooked in the litera-
ture is that the Poisson brackets of the metric g,, and

the “‘metric momenta’ #%,

T = %(,n.(x)ah ()‘)b_‘_ w(“)”h(,‘)") , (5)

do not have the standard canonical values. A
straightforward calculation indeed yields

[gas (x),8a(x")1=0 , (6a)
[ga (x), 7 x") 1=+ (8588 + 888§)8(xx') ,  (6b)

as in ordinary metric gravity. But the brackets
[#%(x), w“(x')] only vanish weakly,’

[7%(x), w4 (x')] = u%(x,x") , (6¢c)
with
y'abcd=%(gacscbd+gad3cbc+gbc3cad+gbdscac) (6d)
and
3Cab=h ()% () PNV W (6e)

If coupling to nonzero-spin fields (described by their
tetrad components) is included, the brackets (6¢) do
not even vanish.®

As a result, the Poisson brackets of the functions
(2) and (3) differ from their metric gravity values by
terms proportional to the new generators JC(y)(,). In
order to evaluate these modifications, we note that
any two functionals F and G of the variables g, and
7% obey

[F,G] = [F,G ]MG+ [F»G ]mod .
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Here, the bracket [, lug is the metric gravity bracket, obtained by setting the right-hand side of (6¢) equal to zero,
and the symbol [, 1n0q Stands for the modification of the bracket due to the nonvanishing of [#%, 7%]. It can be
computed by setting the right-hand side of (6b) equal to zero.

Applied to the constraints 3C and 3¢, this rule yields?

[3¢(x),3(x") 1 =—0lg (x)3*(x) + g (x") 3 (x") 16 1 (x,x") , (7a)
[3¢, (x),3¢(x" ) 1=13¢(x) +3¢(x") 18« (x,x") + [MePB(x,x") ], (70)

136, (x),3C, (x')] =3, (x")8,m (x,x") +3Cm (x)8 6 (x,x") +4[p?, 2'8(xx")]

where the functions A\;? are defined by
AP =—4G g™ P" . (7d)

In the evaluation of the second covariant derivative
in (7¢c), the indices a and k correspond to the point x,
whereas m and b correspond to x'. Besides, there is a
unit density weight at both x and x’. A similar
prescription holds for (7b).

The remaining part of the constraint algebra is
given by

[3C(X),5C(,)(¢)(X')]=0 , (8a)
[3¢ (x),3 ) (x)]=0 , (8b)
(3¢ (6,3 () (o) (x) ]

1
=57 (=10 @X W@ T MW IO ()

=W @XM F N0 @I (W ()3 (x,x")
(8¢c)

since 3C(,)(s) generates local Lorentz transformations
and since 3C and 3C; are both Lorentz invariant.

As pointed out in Ref. 5, there is a good geometri-
cal reason why terms proportional to 3C(,)(,) should
appear in the algebra (7). Indeed, the spacetime gen-
erators JC and 3¢, which involve the momenta 74
only through the symmetric combination 7%, trans-

(7c)

[6'la

I
port the tetrads 4 (,), according to the law

8ha=5h ("8 - ©9)

Now, it is a key fact that this law is not integrable:
Two successive variations 8,8, and 8,8, will not in
general lead to the same final tetrad when performed
in reverse order. The difference is an easily comput-
ed Lorentz rotation, which straightforwardly leads to
(7) as a result of the argument developed in Ref. 7.

This suggests replacing 3¢, by 3C,, the generators
of ordinary Lie derivatives,

=100 mik— (D™ ) m (10

Since 3¢, and 3¢ differ by a combination of the con-
straints JC(y)(,), this change is permissible. The new
generators 3C; obey the algebra characteristic of the
diffeomorphism group,

[, (x),3Cm (x )] =T (x )8 m(x,x" )+ I (x)8 1 (x,x),
and are such that e
[3C(x), 3e(x)]=[3c(x) + 3 (x) 5, (x,x") , (7b)
[3C; (x),3C00) () (x) 1= 300 () (%) 8 4 (x,x") (8b")

(the ordinary Lie derivative£ g )4, although asso-
ciated with an integrable transport law, is not Lorentz
covariant; this is why 3C; and 3C(,)(,) do not com-
mute). Besides, one easily finds

[3¢(x),3(x") ] =—0o (g (x) [3(x) + 3k, (x) + oV ®k(x)3e ) (W (x)]

+g (x")[F*(x") +ackm,, (x') + oD WH(x)IC () (X8 (xx) (72"

where ®()(u)« is the three-dimensional connection
defined in Ref. 8.

The set of generators (JC, J_Ck,.’lc(,\)(,)) possesses
two distinct advantages: (i) In the limit of zero sig-
nature (o =0), its algebra becomes a true algebra
(the structure coefficients no longer involve the
fields); and (ii) it is of rank one according to the clas-
sification of Ref. 1 (the higher-order structure func-
tions all vanish). This second property, which the
reader can easily check, singles out this set of genera-
tors as the best starting point for the quantization.’

Another set of constraints which has been con-

I

sidered in the literature for geometrical reasons is de-
fined as follows. If one expresses the Lagrange mul-
tipliers associated with the primary constraints 3C,)(,)
in terms of the tetrads and their derivatives by means
of the first Hamiltonian equations (i.e., the equations
hvao0=LhxyeH]), one finds®

1
Avw =73 A0 @w*—nw,muw— —=w)l , 11)
where n(,) are the tetrad components of the normal

to the hypersurfaces x’=const. These multipliers are
thus not equal to the zero components of the four-
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dimensional connection “w(,)(,)0 and do not possess
a direct geometrical meaning. However, by a redefin-
ition of the generators JC and 3C,, one can rewrite the
canonical action (1) as

S [h(”a’ W(A)“,N,Nk, w(k)(p)]
= [ [l nWongeo-NaE
—NKIC L — 0 D®3e ) 0] (122)

in such a way that the new multipliers »‘»¥*), when
expressed in terms of the tetrads, their derivatives,

the lapse and the shift by means of the first Hamil-

tonian equations, are precisely equal to Y™ ®),

[3¢'(x),3¢'(x)]1=0 ,

The link between JC and 3C' on the one hand, and 3C;
and JC; on the other hand, is well known,% 1°

Je'=3C+23Ck, (12b)
B =3k +3C " — 28V km — 3 T m ) I

(12¢)

Here 3C4™ is equal to —n )k ()™M W), Tt is
noteworthy that the term added to 3C in (12b) is such
that the tetrads remain fixed in a tilting of the hyper-
surfaces x%= const (see Ref. 11 for a definition of
these transformations).

A lengthy calculation leads to the following algebra,

(7a")

[3¢¢ (x),3¢' (x) 1 =[3¢"(x) +3' (x") 18,4 (x,x") = PRy L (1) (18 2NV W5 (x,x) + %361,. (x)aet™(x) . (xx") ,

(76")

13C¢ (x),3Cn (x") 1 =3C;m (x)8 4 (x,x") +3C (x")8 m (x,x") — DR pm 1) (ICD W5 (x,x")
+2872(x ) gm (% )3CH(x )ICP(x )8, (x,x") , (7c"

where YR 4501 (u) Teduce, on the constraint hypersur-
face, to the components of the four-dimensional
Riemann tensor, expressed in terms of g, and 7 as

in Ref. 11 (their explicit form will not be needed here).

Moreover, 3¢’ and 3¢ both commute with the Lorentz
generators JC(»)(,) since they are Lorentz invariant.

The striking feature of the Poisson brackets (7b")
and (7¢”) is that they differ from the constraint alge-
bra computed in Refs. 8 and 12 by terms containing
the squares of the constraints JC(,)(,). This latter
algebra is thus incorrect and only yields the structure
functions on the constraint hypersurface. In order to
understand the origin of the discrepancy, we have to
analyze carefully the method used by the above-
mentioned authors. That method is extremely
economical in providing important information on
the constraint algebra. However, it suffers from one
serious drawback: As we shall show, it is completely
unable to give any information on the squared terms
@I, I w Ik I I (o) (o) and, for that
reason, must be supplemented by additional con-
siderations.

We shall consider from now on more general sys-
tems described by the following canonical action,

Sula'pny*\4u°l
= [ ol pig'+aulay)se
—Mx4(gpy) —u®?(qpy)] . (13)

We shall assume that the constraints X, =0 and
9, = 0—referred to below as the secondary and pri-
mary constraints, respectively—are first class,

[Wa vx]=CTasyr (14)

f

[the compact notation Y = (X4, #,) has been used],
and that the variational equations 8Sy /6p, =0,

38y /6u®=°=0 can be solved for the momenta p;
and the multipliers u%

.§.S_H— SSH =0 > PI=PI(4»é»y, x)
ut= Ua(‘I-ény, A) (15)

8p1 ’ du®

(“‘Legendre transformation’’). Pure gravity belongs
to that class of models (), =g’ #M9=p;; N,N*
=4 A MW=y 5o ) as well as gravity coupled to
matter and supergravity.

If one replaces in the action Sy the variables p; and
u® by the functions P; and U®, one gets the ‘“‘Lagran-
gian action”

Sclalysail= [L(g'4'yym A dx®

which yields, as in well known, variational equations
equivalent to those implied by Sy.
Now, as has been noticed in Ref. 12, the action Sy
is invariant under the transformations
duq'=€%lq! Yal, Supi=€dlp,val ,
duy*=e€ly® yal , (16a)
SH[LA = éA + CAzrizll.r
[n®= (A, 4®)]. This implies that the action S, is in-
variant under
qul= EA[qlr 'I’A]’ aLya=€A(ya’ "‘A] » (16b)
SLXA = é" + C“zrézp.r »

where the right-hand sides are evaluated ‘‘on shell,”
i.e., on the surface where (15) holds.
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It so happens that the action S, is in general the
starting point of the theory and that all its invariances
are known in closed form. Thus, (16b) must be one
of these. This enables one to determine C#,5 on
shell.® By the relation (15) —which establishes a bi-
jective correspondence between the velocities ¢/ on
the one hand and the variables p; [with
¢4(q,p,y) =01 and u*° on the other hand—the struc-
ture functions C4,5 are determined as functions of
q',p;,y* on the surface ¢,(g,p,y) =0. The method
thus provides C#,5 in the whole phase space (g,p,y)
up to combinations of the primary constraints ¢ ,.

As to the other structure functions, they can be
found by evaluating the variation 8, U® of the multi-
pliers u° viewed as functions of the Lagrangian vari-
ables. From the definition (15) of the functions P,
and U*, one easily derives

%y ¢ 32\I‘A s |, o
A AP, +—%AU = I 4+pP
ap,ap, j 6 D; . ap,ap, ® aq, J
(17a)
and
9?,
%, =0, (17b)

where AP, and AU“ are the differences between
dupi, 5yu® [functions (16a)] evaluated on shell and
8P;, 8U° If only one constraint is quadratic in the
momenta—the other constraints being at most
linear—these equations, which possess a unique solu-

thl’l imply AU%= 0. AP, is weakly proportional to
wd-9ya/dq/+ P ; and obeys (17b) because of the re-
lations (15), 8%, /8p;- P, +3¢,/3q;-¢’=0 and
[ya, $5] = 0. From the property

3U%=~ &+ C%seiu’®
the structure functions C%3 can be determined up to
combinations of the functions 4.

We have thus shown that the constraint algebra
can be computed from the invariances of the Lagran-
gian action up to terms such as ¢, @, or ¢,X, which
vanish with the primary constraints. In order to
evaluate these terms a finer analysis is required. It is
not our purpose here to provide such an analysis for
an arbitrary first-class theory (direct computation of
the brackets—as was done above—is of course always
a reliable method). Let us merely mention that in
metric gravity there is no ambiguity since there is no
¢, constraint once the primary constraints 7% =0
have been eliminated. In the case of supergravity,
the Lagrangian method can be easily supplemented
by the appropriate analysis when the generators JC,
3, and S are taken to involve the gravitational mo-
menta 7™ only through the symmetric combina-
tions m9.

ACKNOWLEDGMENTS

The author is grateful to Professor 1. Prigogine for
much encouragement. He also acknowledges fruitful
discussions with Claudio Teitelboim.

IE. S. Fradkin and G. A. Vilkovisky, CERN Report No. TH.
2332-CERN, 1977 (unpublished); I. A. Batalin and G. A.
Vilkovisky, Phys. Lett. 69B, 309 (1977); E. S. Fradkin
and T. E. Fradkina, ibid. 72B, 343 (1978).

2. Deser and C. J. Isham, Phys. Rev. D 14, 2505 (1976).

3C. Teitelboim, Phys. Rev. D 25, 3159 (1982).

“M. K. Fung, D. R. T. Jones, and P. van Nieuwenhuizen,
Phys. Rev. D 22, 2995 (1980).

SM. Henneaux, Gen. Relativ. Gravit.
Rev. D 21, 857 (1980).

6In fact, there exists no local, Lorentz-invariant tensor
density ?“b(h(x)c. w (M) which obeys simultaneously
[gap (x), T x") ] = (5588 +545£)5(x,x")/2 and
[7%(x), 74(x")]1 =0

C. Teitelboim, Ann. Phys. (N.Y.) 79, 542 (1973).

8J. E. Nelson and C. Teitelboim, Ann. Phys. (N.Y.) 116, 86
(1978).

9The structure functions Q4 and Q9 defined according to
the general theory developed in Ref. 1, are the same as in
metric gravity, whereas the @ (A)(#)°s do not involve the
momenta. From these two properties, one easily infers
that the system (3¢,3C,3¢ (5)(,)) is of rank one.

10M, Pilati, Nucl. Phys. B132, 138 (1978).

1K, Kuchaf, J. Math. Phys. 17, 777 (1976); 17, 792 (1976).

12C, Teitelboim, Phys. Rev. Lett. 38, 1106 (1977).

13There is a little subtlety here. The first step in comparing
(16b) with the known Lagrangian invariances requires the

9, 1031 (1978); Phys.

identification of the parameters of the infinitesimal invari-
ance transformations in Lagrangian form with a suitable
combination of the €4. Usually, this is done with the help of
the first equations (16b) (containing 5, ¢/ and 8, y%). Then,
one has to equate 5; A4 [Eq. (16b)] with the known varia-
tion of A4, which reads SypownA?= €4+ C4yredul +048xy
(plus, possibly, a term like 64255 /8y if the equations for
y@ are first order; this term is determined by examination
of 5,y%). In the above formula, 94 is an arbitrary an-
tisymmetric matrix—the A ’s are assumed to be commut-
ing for simplicity—and Xz are the secondary constraints
(x5 =55/8\5). The only thing that can be inferred from
SL )\A - 5known)‘A is

CAyr=CAyr + FABypxg + MAyrgp®

with FABAr = '—FBAA]- and MAA]'*E = _MAAII" MAAzr is
determined by the requirement that C4,r be independent
of the multipliers uT in the canonical formulation of the
theory. F48,r is undetermined, but since C4,y is multi-
plied by X in the constraint algebra, this ambiguity plays
no role here. I am indebted to P. van Nieuwenhuizen for
calling my attention to the occurrence of terms such as
04855 /6\8 in the transformation laws.

4] the case of field theories, the weak equality AU%=
remains true when only one constraint per space point is
quadratic in the momenta, provided its quadratic part does
not involve spatial derivatives.



