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The average action per plaquette is calculated using strong-coupling expansions up to 15th or-
der for the pure U(N), N =2, 3, 4, 5, and 6, four-dimensional Euclidean lattice gauge theory.
We compare these expansions with Monte Carlo-generated data and find agreement to be better

than 1% over the whole strong-coupling region.

The techniques for evaluating the strong-coupling
expansion were outlined in a series of papers.'™ In
the present paper the results of a numerical study of
U(N), N=2, 3,4, 5, and 6, lattice gauge theories in
four Euclidean space-time dimensions are reported.
The free energy and the average action per plaquette
are investigated through strong-coupling expansions
and Monte Carlo simulations.

The action for the U(N) Wilson theory is

S =BN 3(TtU, +TrU;) , )
p

where 2, is a sum over each elementary plaquette in
the lattice. Equation (1) defines our normalization of
B; the factor of N in front of the sum guarantees
that the theory will be a smooth function of B in the
large-N limit.

The free energy F per volume ¥ per N? is defined
as
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where V is the number of sites in the lattice. The re-
duced free energy f or free energy per plaquette in D
dimensions is
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The quantity f has been calculated in a strong-
coupling B expansion to order B¢ and the results are
tabulated in Appendix A. Here is a brief summary of
the method of calculation. First of all, we used Eq.
(2) in Ref. 5. For U(N) theories to order B it is
not necessary to compute any of the group integrals
in Eq. (8) of Ref. 5. It is, however, necessary to
know (i) the dimensions of the representations of the
U(N) groups, (ii) the character coefficients for the
Wilson action, and (iii) the group product coefficients
N, and N, of Egs. (5), (6), and (7) in Ref. 5. The
first two can be found, for example, in Appendix A
of Ref. 6. The latter, namely N,, and N,,, can,
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respectively, be found in Tables I and II. Tables I
and II are valid for any U(N) group with N =2. For
N =1, all coefficients in Table II are one instead of
two, and all coefficients involving the representations
(1%0), (0;1%), and (1;1) in Table I are zero instead
of one. The notation for the U(N) representations is
defined in Sec. II of Ref. 6. The calculations of the
character coefficients and their B expansions were
performed with the use of MACSYMA. For N=3 it

TABLE I. The N, coefficients.

r s t Ny
1,0 (1,0 0;1%) 1
o) () 1%0) 1
(1,0) (1,0) 0;2) 1
;1) ;1 (2;0) 1
1,0) ;1) ;1) 1
;D (1;0) (6] 1

1%0) (C3Y) (G3Y) 1
(0;1%) 10 1,0 1
;1) (1%0) ;1) 1
1;0) 0;12) ;0 1
2;0) (0;1) ;1) 1
0;2) (1;0) (1;0) 1
;1) (2;0) ;1) 1
(1;0) 0;2) 1,0 1
((NY) ;1) 1;0) 1
(1)) 1,0 ;1) 1
;1) 1D (1;0) 1
(1;0) ;1 ©;1) 1
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TABLE 1. The n,, coefficients (N =2).

r s t u Nise
(1;0) (1,0 ;1) ;1) 2
(1;0) ;D 1;0 ;1) 2
1;0) ;1) ;1) 1;0) 2
;1) 1;0) 1;0) ;1) 2
;1) (1,0 ;1) 1;0) 2
;1) ;1) 1;0) 1;0) 2

is time consuming to compute these character coeffi-
cients using Eq. (A4) of Ref. 6 because of the size of
the determinants; instead, the formulas in Eq. (A19)
of Ref. 6 were used.

There were two nontrivial checks on our free-
energy calculations. First, we checked that for N =1
we obtained the U(1) result of Ref. 2. Secondly, we
checked that as N — oo f had a smooth large-N limit;
this would not have been the case if the subtractions
involved in taking the connected pieces of graphs had
not been correctly done. The large-N results are also
presented in Appendix A.
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The average plaquette action P is defined as
1
PYM==(Ttl,) )
and is related to Y™ by
PU(N)=i_a_fU(N) . )

2 0B

Appendix B tabulates the PY™ in D =4 as computed
via Eq. (5).

The Monte Carlo simulation data were generated
on 6* lattices. We carried out 300 iterations through
the lattice and averaged over the last 100 iterations.
Mixed-phase starting lattices were used throughout
our calculations except in the extremely large cou-
pling region. Periodic boundary conditions were used
in all our calculations. The method of Metropolis
et al.” was used to achieve statistical equilibrium with
20 Monte Carlo updates per link of the lattice. In or-
der to eliminate rounding errors due to the finite
work length on the computer, we renormalize our
matrices after every 50 iterations through the lattice.

In Figs. 1(a)—1(e) our Monte Carlo simulation
data on 6* lattices for U(N), N=2, 3, 4, 5, and 6,
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FIG. 1. The average action per plaquette (E) as a function of the inverse coupling constant squared 8 on a 6* lattice for
(a) U(2), (b) U@3), (c) U4), (d) U(5), and (e) U(6). The solid lines represent the 15th-order strong-coupling expansions,
derived in the text. The statistical error in the Monte Carlo data is less than the size of the Monte Carlo data points.
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respectively, are presented together with the strong-
coupling expansions of Appendix B. To ensure accu-
racy in our diagrams our results were plotted by com-
puter.® The Monte Carlo-simulated data and the
strong-coupling expansions agree over the whole
strong-coupling region with an error of less than 1%.
The critical couplings are B.=0.416, 0.392, 0.375,
0.375, and 0.375 for N =2, 3, 4, 5, and 6, respective-
ly.

In the case of a continuous phase transition, series
analysis such as the ratio test and Padé approxima-
tions can sometimes be used to locate the transition.
Unfortunately, for N =2 U(N) gauge theories have
first-order transitions.” Nevertheless, we examined
Padé approximations to the free energy. They proved
to be uninteresting. All free-energy coefficients are
positive for the U(oo) theory (at least to 16th order)
which curiously also happens in the U(eo) chiral
models® and which suggests a singularity in the series
on the positive B axis. Ratio test estimates of this
singularity do not yet give consistent results; ap-
parently more terms in the series are needed. In any
case, this singularity is unlikely to be the large-N
phase-transition point, again because the transition is
expected to be first order.

Summarizing, strong-coupling techniques appear to
be able to accurately calculate quantities on the
strong-coupling side of the transition, but unfor-

tunately appear to be of little use in obtaining the
phase transition’s location.
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APPENDIX A

The reduced free energies f for various U(N)
theories to 16th order are

v _p2,.|2D 16|56, 2 ps 210D + 6788 10 20D _ 836D _ 2504 B2
4 B+3 9B+3B+4D 3 B 3 81 405
391718D 15187468
+ 3__ 2 —
40D°—372D"+ 405 19845
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+1168D 216 1080 B O (B") ,
2
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+140D*-292D + - 14
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4 B+ 3 3 B+ 8D+ 225 BT+ 3 50625 16 875 B
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+{40D3—292D%+ -
007-292D 45 33075
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+40D3—292D?+710D — 3—2%666—7725—3]19“
- s omoonn_ssnsn |, o1sm,
+|40D3-292D?+710D — —s%gsﬂlau
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U= =pre (2D _ 2ot (4D2-18D +20)B1+ —20—3&2 - %0 21gu

+(40D%—-292D?+ 710D —572) B'* + (168D3— 1200D2+2866D —2276)B'*+ O (BY?) ,

where D is the dimension of space-time and B is the
(inverse) coupling constant in the Wilson theory.

APPENDIX B

The average plaquettes P for various U(N)
theories in D =4 to 15th order are

U@ 8B° , 8B7 . 188B° , 1776B!!
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13 15
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P S0B™+ o216 7 1209
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29030400  TOB) .
o) _ 61 cnog, 2120968168 . 86124BY
PU© =5 +48°+ 608"+ 212LBLE, 24
15
1565866789628 by

13505 625

PU(>)= B +4B%+60B°+136B"
+1092B13 459208+ 0 (B'7) .
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