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The angular distribution of hadrons produced in deep-inelastic lepton-nucleon scattering
is studied in perturbative quantum chromodynamics. Time-reversal-odd asymmetry in the
distribution is calculated in the one-loop order where quark and gluon final-state interac-
tions at short distances are taken into account. Qualitative features of the asymmetry ex-

pected in neutrino, antineutrino, and longitudinally polarized electron or muon scattering
are studied. Observation of the asymmetry with the expected sign should provide clear evi-

dence for the existence of the three-gluon coupling.

I. INTRODUCTION

The short-distance behavior of strong interactions
has been successfully described by the quantum-
chromodynamics (QCD) perturbation theory. ' Evi-
dence for the existence of gluons (gluon jets) and
their small effective coupling to quarks has been
qualitatively established. On the other hand, clear
evidence for the gluon self-coupling, whose existence
is supposed to be essential for both asymptotic free-
dom and color confinement, is still lacking.

Among various proposed tests to measure the
gluon self-coupling, we find that the tests based on
observation of time-reversal-odd (T-odd) quantities
in hard processes are particularly promising.
The common features of these tests are that the
quantities to be measured are highly sensitive to the
gluon self-coupling, and even the qualitative obser-
vation of such effects is sufficient to establish its ex-
istence. Furthermore, and more importantly, they
are fairly insensitive to the poorly known gluon dis-
tribution in a nucleon and its fragmentation func-
tions.

Simple T-odd quantities that we can observe
without spin measurement are not only T-odd, but
also parity-odd (P-odd). Hence observations of T-
odd effects require either spin measurements or
parity-violating interactions. In e+e annihilation
experiments, it is found that we need longitudinally
polarized beams at presently available energies. ' In
leptoproduction experiments, definite helicity of
neutrinos and antineutrinos and their weak-
charged-current interaction provides an ideal testing
ground for perturbative QCD.

In a recent publication, we reported the results of

our one-loop calculation on the T-odd asymmetry in
semi-inclusive neutrino and antineutrino charged-
current reactions. Two importarit observations were
made: we can define a T-odd observable as an
asymmetry in the hadron momentum distribution
with respect to the precisely measurable lepton
scattering plane, and perturbative QCD gives
infrared-finite predictions for the asymmetry. In
the one-loop order, which is the leading order for
T-odd quantities in perturbative QCD, we found
that the asymmetry is quite sensitive to the gluon
self-coupling, such that the establishment of its sign
will be sufficient to distinguish between QCD and
the Abelian gluon model.

In this paper we present the details of our calcula-
tion and provide a formalism which can be used in
further studies on this subject. We also show pre-
dictions for longitudinally-polarized-electron —nu-
cleon scattering.

The paper is organized as follows. In Sec. II we
show the kinematics of semi-inclusive leptoproduc-
tion and fix our notation. We also explain what
kinds of reactions are useful to measure T-odd ef-
fects. In Sec. III, we show the parton-model expres-
sion for the process and present all the parton
scattering cross sections in the leading order, includ-
ing both T-even and T-odd parts. In Sec. IV, we
make rough numerical estimates for the asymmetry
in neutrino, antineutrino, and longitudinally-
polarized-electron scattering. We find that the re-
sults are virtually independent of the gluon distribu-
tion in a nucleon and fairly insensitive to the gluon
decay functions. Section V is devoted to con-
clusions.

We include three appendices for completeness. In
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Appendix A, some basic facts about T-odd effects
are reviewed. In Appendix B, we define the hadron-
ic tensor and the nine independent scalar functions
which survive in the massless lepton limit. In Ap-
pendix C, we briefly sketch our one-loop calculation
of the absorptive part of the parton scattering am-

plitudes and explain the differences between our lep-
toproduction calculation and the similar one in
e+e annihilation into a quark pair and a gluon. '

II. KINEMATICS

Consider the semi-inclusive process

t ( k) +N (P)~1'(k') +h (P') + anything,

where l and l' are leptons, N a target nucleon, and h

an observed hadron. k, O', P, and P' are their four-
momenta. In the lowest order of the weak and elec-
tromagnetic interactions, the nucleon-spin-averaged
invariant cross section for the process can be written
as

ci) E do 1 ~2LPV~
d'k'd'P' 4F PV

where co' and E' are the energies of the final lep-
ton and the hadron, respectively,
F=[(k P) mI m~ )—'~ is the invariant flux, and

2qp
"'

P-P' —Z 7q.P

q P'
P P'

K= —x 1—
Z2

where K represents the transverse momentum of the
hadron perpendicular to the current-target axis di-
vided by ( q)'~, i.e—., a. =Pr I( —q )'~ . The
kinematical limit of this variable reads

their helicity states and the summation over X runs

every possible final state. J& denotes the weak or
electromagnetic current and d@(X) is the invariant
phase space for the X state (see Appendix B for de-

tails).
The hadronic tensor has in general 16 independent

scalar functions, 9 of which contribute to the cross
sections in the vanishing lepton mass limit. We de-
fine these nine functions in Appendix B, which in

general depend on —q and three scaling variables

F; =F;(—q,x,z,a') (i =L, T, 3, . . .,9)

in the deep-inelastic region where we can neglect the
target and hadron masses. The scaling variables are
defined as follows:

GpK=~ 0&@ & z(1 —z)
1 —x

X

1/2

for the weak charged-current reaction, and
By contracting with the leptonic tensor we find

L""Hz„z(A+Bco——sP+C cos2$
2

JMV

with q =k —k' for the electromagnetic interaction.
Here GF denotes the Fermi constant and o. the fine-
structure constant.

The leptonic tensor reads with

+D sing +E sin2$ )

2

L„=2 k„k„'+k,k„'+ g„,+i@„p k%'
PV

(3)

where we take the upper (lower) sign for the left-
(right-) handed initial leptons and neglect all lepton
masses. The spin-averaged hadronic tensor is de-
fined as

H„,=,g g g J (N
~

J„'(0)
~

hX)
x

X (hX
i J„(0)i

N)d@(X) .

(4)

2 = 2(1 y)FI. +[1+(1 y) ]—FT—
+V (2 V)Fi, —

& =(1—y)'"[(2—y)F4+yF5]

C = (1 y)F6, —

D = (1—y) ' [+yF7 + (2 y)F& ], —

E=(1 y)F9, —

where we take the upper (lower) sign for the left-
(right-) handed lepton beam. We have introduced
the scaling variable

qP

Here the average over N and sum over h are for as usual and ((} denotes the azimuthal angle between
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the transverse momentum of the hadron and the
scattered lepton with respect to the current-target
axis (see Fig. 1). Four of these nine functions
(F3 F5,Fs,F9 ) are P-odd in the hadronic part and

three (F7,FS,F9) are T-odd (see Appendix B for de-

tails). P-odd functions vanish for the purely elec-
tromagnetic current and from Eq. (8) we find that
the functions F3, F5, and F7 vanish for the unpolar-
ized beam.

The three T odd -functions (F7,Fs,F9) are the
coefficients of sing and sin2$ in Eq. (7). This can
be easily understood since in the target rest frame,

kXk'P y
(sing ) =

/kxk' /P',
f

where k, k ', and P r are the three vectors of l, l',
and the hadron transverse momentum about current
direction, respectively. The right-hand side is not
only T-odd, but also P-odd. What we can measure
in longitudinally-polarized-electron electromagnetic
scattering is expressed as

s Xk'P~
(sing ) =+

/

s Xk'/ /P'r
/

with s denoting the spin vector of the electron
where we take the upper (lower) sign for left- (right-)
handed electrons.

It is phenomenologically important that the asym-
metry ( sing ) is related to the left (0 & P & ~ ) -right
(vr &P & 2m. ) asymmetry in the hadron momentum
distribution with respect to the lepton scattering
plane,

A( —q;x,y, z,a )

d o (left) d o (right)

dx dy dz da dx dy dz da.

do(left) do(right)
2+

dx dp ck dK dx dp dz dK

which is simply 4/ir times (sing). The lepton
scattering plane can be precisely measured even in
neutrino and antineutrino charged-current reactions.
A measurement of (sin2$ ) in these reactions may
be more involved.

T-odd effects are related to the absorptive part of
the scattering amplitude when the interactions
preserve time-reversal invariance (see Appendix A
for a review on T odd effe-cts). At short distances,
these absorptive parts may be described by QCD
perturbation theory. Since the tree amplitudes do
not have the absorptive part, the leading contribu-
tion to the T-odd functions F7, Fs, and F9 will come
from the one-loop amplitudes, whose calculation is
the subject of the next section.

III. PARTON CROSS SECTIONS

In the parton model, the hadronic tensor can be
expressed as a convolution of the parton distribu-
tion, D,zz(g ) in a nucleon, the partonic tensor Hz„',
and the fragmentation function Dbzb(rl ):

H„.= g f f,Dbib(rl)Hi'D. i'(k) .
a, b

(10)

Here the partonic tensor is defined as

Hq„' 4g g——g f (a
~
J„(0)

~

bX)
(2n) & b

X (bX
~
Jq(0)

~
a)d@(X),

FIG. 1. Three-momenta for the process l(k)+N(P)
~l'(k')+h (P')+ anything in the target rest frame.

where the average over a and sum over b are for
their helicity as well as color states and the sum over
X runs every possible parton final state. In Eq. (10)
we neglect possible effects from the nonperturbative
transverse momentum spread in the distribution and
the fragmentation functions, which may not invali-
date our order-of-magnitude arguments in the fol-
lowing. Within the same approximation, we can
identify the azimuthal angle of the produced hadron
as that of the parton b, and the nine scalar functions
in Eq. (5) can be expressed as
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F ( —q,x z K)= X f f ", Dblb(ri)Fi Da/N(g) ('=L T» 9) . (12)

wb/
Here the partonic scalar functions F;

' are defined in the same manner as we define the hadronic functions
(see Appendix 8). They can be calculated in QCD perturbation theory and have general forms

nb2
~b/a b/a ~~~~ O' Pa ~ . ~i 2)F; =F; x,z,~,ln 2, 2, 2; 'p

q —q —q 7T

with

(i =L,T,3, . . .,9) (13)

—q2 ~ pa pb qpb
=X9 —Z9

2q pa q pa pa pb

A2

= —x 1— (14)

and iM being the renormalization point for the QCD coupling constant a, /n. . In our approximation the parton
variables [Eq. (14)] are related to the hadronic ones [Eq. (6)) by

X= Z=, K= (15)

The partonic scalar functions Eq. (13) in general have mass singularities, powers of ln(p, / —q2) and
ln(pb2/ —q ), in the massless parton limit. It has been shown in each order of perturbation theory that these
singularities can be universally factorized into the redefinition of the distribution and fragmentation func-
tions. " The final formula reads

M M'
F;( —q,x,z,K)= g f f 2Db~b(g, M' )F;

' x,z,K, ln 2, ln 2, ln 2,
' (p ) Da~iv(g, M ),

(16)

where Da~~ and Db~b are the scale-dependent distribution and fragmentation functions with M and M' their

factorization inass scales, respectively. In the leading order, we have the simple expressions

F ( —q,x,z,K)= g dg dg —
2 by-

Dbgb(ri, —q )F x,z, K; ( —q ) D,pic(g, —q )
a, b

fori =L,T, 3, . . .,9.
In the zeroth order in a, /m, only two of the parton cross sections are nonvanishing, namely FT and F3.

They have the form for the charged-current reaction

FT '=
I Uba I

5(1—x)5(1—z)—5(K ), Fi '=+
I Uba I

5(1 x)5(1—z)—5(K ), (18)

where Ub, denotes the Kobayashi-Maskawa matrix element'z and we take the upper sign for quarks and the
lower sign for antiquarks. For the purely electromagnetic-current reaction, we have

FT =25b, eb 5(1—x)5(1—z)—5(K ) (19)

with eb denoting the electromagnetic charge of the parton b in the unit of the proton charge and all other func-
tions vanish.

In the first order in a, /m. , there are contributions to FI to Fb,9 while the T-odd terms F7 to F9 remain zero.
They have the general form, for the charged-current reaction,

(20)

where we omit the nonleading terms proportional to the lowest-order cross sections, Eq. (18), in FT and F3.
The leading contributions to the T-odd functions F7, Fs, and F9 come from the absorptive part of the one-

loop diagrams shown in Fig. 2. Figure 2(a) shows the amplitudes for current + quark ~ quark + gluon
and Fig. 2(b) shows those for current + gluon ~ quark + antiquark. We briefly sketch our calculation of
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FIG. 2. Diagrams contributing to the absorptive part of the parton scattering amplitude, (a) current+quark

~quark+ gluon and (b) current+ gluon ~quark+ antiquark, in the one-loop order. Wavy lines denote currents and

curly lines are gluons.

the absorptive part of these diagrams in Appendix C. The final results read

(21)

For the electromagnetic currents, P-odd functions (i =3,5, 8,9) vanish and the coupling factor
~

Ua,
~

must be
replaced by 2ez in the remaining functions.

The functions f; ' for i =L,T,3, . . ., 6 in Eq. (20) are found in Ref. 9 and those for i =7,8,9 in Eq. (21)
have been reported in our previous publication. We reproduce all these functions here for completeness. The
functions ff s, f; s, ff s, and f; s are obtained from the functions f;(x,z) below according to the substitution
rule shown in Table I. ff and ff are obtained from f;(x,z) in a similar way. These 18 functions are

fL =2xzCF,

fT — —— + (1—x)(1—z) Cp,
1 1+x z

(1—x)(1—z)

1 I+x z —(1—x )(1—z) Cp,
(1—x)(1—z)

' 1/2

4 —2 [—xz —(1—x )(1—z)]Cz,
(1—x }(1—z)

1/2

fs=2 xz

(1—x}(1—z)
[—xz+(1—x)(1—z)]CF, (22)

f6=2xzCF,

1

(1—x)(1—z)

' 1/2

I
—[xz —( I —x )(1—z ) —z(1 —z )L (1—z )]Cz CF

—[(1—x }(1—z)+2z(l —z)L (1—z)]CF I,

1

2 (1 x)(1—z)

' 1/2

j —[xz+ (1—x )(1—z )+ (1—2x )z(1 z)L (1 z)]Cq CF— —

+ [(1—x }(1—z)+2(1 —2x)z(1 z)L (1—z)]CF J,—

f9———,xz[[2—(1 2z}L (1—z)]CqCF ——[1—2(1 2z)L (1—z)]C~ I—
and
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TABLE I. The parton functions f; ' for various subprocesses
functions f; and f; shown in Eqs. (22) and (23).

fq/q fG/q fq/q fG/P

expressed in terms of 18

fq/G

i =L,T,6
i=3,9
i =4,7
i =S,8

fI(x,z )

f;(x,z)
f;(x,z)
f;{x,z)

f;(x, 1 —z)
f;(x, 1 —z)
f;(x,—1 —z)
f;(x—, 1 —z)

f;(x,z )

f;{x—,z)
f;{X,z)'

—f;{x,z)

f;{2,1 —z)
f;(x—, 1 —z)
f;{2—, 1 —z)
f;{2,1 —z)

f;(x,z )

f;(x,z)
j;.{Z,z)
f;(x,z)

f;(x, 1 —z)
f;{x,1 —z)
f;(x—, 1 —z)

—J;{x,1 —z)

fr —4x(1 x)TF,—

(1—2x )(1 2z )Tz,—

f6=4x(1 x)T+, —

f3 —[x +(——1 —x)'] TF,
2z(1 —z }

1/2
x(1—x)f4= 2—
z(1 —z}

x(1—x)
f5 ——2 (1 2x )TF, —

z(1—z)
(23)

1/2
x(1—x)f7=
z(1 —z)

C
t(1 —x)[zL(z)—(1 z)L(1—z)—]+x(1—2z) I CF — T~,

2

fs=
' 1/2

x(1—x)
z(1 —z)

I (1 x)[zL(z )+—(1 z)L (1—z)]——x ] Cz — TF,
2

fg ——x(1 x)[L (z) L—(1—z)] C—~ — TF,
2

4 1

where CF ———,, Cq ——3, and TF —, are the colo——r fac-
tors and

L (t) =—1+—ln(1 t)—1 1

These functions govern completely the leading-order
behavior of the three-jet events in leptoproduction.

Let us examine the qualitative properties of the
T-odd functions fz to f9 and fq to f9. The func-
tions f; come from the current-gluon-fusion
mechanism. We should add the contributions to the
asymmetry both from the quark and antiquark in
the final state unless we identify the jet species. Ac-
cording to the substitution rule in Table I and the
properties of the functions f; under exchange of z
and 1 —z, the functions fs and f9 cannot contribute

and only f7 remains effective. Hence there is no
contribution from the current-gluon-fusion process
to (sin2$). Even for the asymmetry (sing), the
contribution from the fusion mechanism is
suppressed by the color factor TF(C~ C„//2) in f„—
which is about —,0 times smaller in magnitude than
the color factor CzCz. Therefore, we can expect
that the T-odd asymmetries are insensitive to (or
sometimes independent of) the gluon distribution in
a nucleon. '

The asymmetries will thus be mainly governed by
current-quark scattering processes expressed by f7,
f&, and f9. Because of the fragmentation mechan-
ism, the asymmetries in the hadron momentum dis-
tribution are governed by the moderately large-z
behavior of these parton cross sections. Let us show
thee~1 behavior of these functions:
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1 x
2

' 1/2

1/2

X

&I—z
')/I —z CqCp+x)/ I z—CF + O((l —z) )

2

1

2
+I—z CgCF+x+I —zCF +0((1—z) ~ )

V'I —z
(24)

f9 —
I [———, ——,(1—z)]CqCp ——,(1—z)CF +O((1—z) ) I .

2

These functions describe contributions from the
quark jet to the asymmetries. From Table I we see
that the contribution from the gluon jet can be ob-
tained from them by exchanging z with 1 —z. We
find that the gluon-jet contributions are sup-

pressed by powers of +I—z for the large-z region.
The above investigations show that we can expect

the qualitative behavior of the T-odd asymmetries at
moderate values of hadron momentum fraction z
from the expression in Eqs. (24). f7 and fs deter-
mine (sin(t ) and f9 determines (sin2$). For all
these functions, we see that the coefficients of C~ C~
are larger than those of CF and have opposite signs.
This reflects the fact that the final-state interactions
between quark and gluon states shown in Fig. 2(a)
are the t-channel gluon exchange for the diagrams
with the three-gluon coupling and they are the s- or
u-channel quark exchange for the diagrams with

only the quark-quark-gluon coupling. Therefore, we
can expect the sign of the asymmetry (sing ) to be

l

negative and that of (sin2$ ) to be positive in both
neutrino and antineutrino scattering. The sign of
the asymmetry (sin(t ) will be negative (positive) for
the left- (right-) handed electron scattering. All
these signs of the asymmetries reflect strongly the
existence of the gluon self-coupling because they are
essentially determined by the C&CF terms. In the
next section we make a crude estimate for the mag-
nitude of these asymmetries.

IV. NUMERICAL ESTIMATES

In order to see the observable effects of the T-odd
functions F7, Fs, and F9, we show in this section
crude parton-model estimates for the z dependence
of the asymmetries (sing ) and (sin2$ ) in semi-
inclusive leptoproduction.

By integrating over the azimuthal angle of the
scattered lepton (l') and the transverse momentum
of the hadron (h) in Eqs. (2) and (7), we find

=E —f (A+B cos(() +C cos2$+D sinP+E sin2$ )da
dx dydzdP 2 z

(25)

The coefficients A, B, . . .,E are expressed in terms of the nine hadron functions FL,FT,F3, . . .,F9 [Eq. (8)],
which are the convolution integrals of the effective parton distribution functions D«N, the hard-scattering part
F; ', and the fragmentation functions Dt, ~s [Eq. (17)]. The coefficient A in Eq. (25) is order 1, B and C are or-
der a, /m. , and D and E are order n(a, /m ).

We need the effective quark and gluon distribution functions, their effective fragmentation functions, and
the value of the running coupling constant in the leading-order analysis. In the following, we make a bold ap-
proximation in which we neglect all scaling violation effects. In view of this and the other approximation im-
plicit in the relations between the parton variables and the hadronic ones [Eq. (15)] where we neglect possible
smearing effects due to the nonperturbative transverse-momentum fluctuation (see Ref. 8), as well as the target
and hadron masses, our predictions should be regarded as order-of-magnitude estimates.

We define the z-dependent average values of the asymmetries by

(sin(mP))= f f f dxdydg sin(m(()) f f f dxdydP
dx dy dz d dx dy dz d

(26)

for m =1 and m =2, where we restrict the integra-
tion domain of the lepton variables x and y to the
deep-inelastic region; —q &5 GeV and (q+P) &5
GeV . We use the quark distribution function
parametrized by Barger and Phillips' and the quark
fragmentation functions by Sehgal. ' We take only
charged pions as detected hadrons and set

Dhlq(vl )=D +~ (rl )+D
~ (1 )

=[1.05(1—rl )'+0.05]/il, (27)

where u denotes an up quark. For the gluon distri-
bution in a nucleon we take the form
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n+1
DGIN(k ) = (I f—)"42

(28)

with 3&n &7. For the gluon fragmentation func-
tion we examine the two cases

h~iG(r) )= hiq(ri ) (29)

or
I

Dh/G(g) 2 f ", &hlq(g )
7l'

(30)

We take a, /qr =0.1 for definiteness.
In Fig. 3 we show our predictions for (sing ) in

neutrino (v) and antineutrino (v) charged-current
scattering off an isoscalar target at Eb„——100
GeV. ' We neglect Cabibbo (Kobayashi-Maskawa)
mixing for simplicity. Tee solid lines are for the
hard-gluon fragmentation functions and the dashed
lines are for the soft ones. The contribution from
the gluon-fusion mechanism is negligible and the
differences from varying the gluon distribution
function are virtually indistinguishable. As expected
in the previous section, the sign of the asymmetry is
negative for both reactions and their magnitude is at
the few-percent level. Although we cannot deter-
mine the precise value of the hadron momentum
fraction z in these reactions, the mild z dependences
of the asymmetry may help us smearing or integrat-
ing over a certain region of z values. The lepton
scattering plane is defined by the directions of the
beam and the scattered leptons which are both well
determined. The left-right asymmetry with respect

to this plane [Eq. (9)] is simply 4/n. times (sin(() )
and may be precisely measured.

Shown in Fig. 4 are the predictions for (sin2$ ) in
the same reactions at the same energy. The solid
and dashed lines denote the predictions for the hard-
and soft-gluon fragmentation, respectively. These
predictions are independent of the gluon distri-
butions in a nucleon. The asymmetries are positive
while their magnitudes tend to be smaller than a
half-percent level. Measurements of (sin2$) re-
quire careful final-state analyses in these reactions.

We show in Fig. 5 our predictions for (sing ) in
the purely electromagnetic scattering of the left-
handed electron off an isoscalar target at Eb„——20
GeV. The symbols are the same as before and the
predictions are very insensitive to the gluon distribu-
tion. The asymmetry for the right-handed electron
scattering is obtained by just reversing the sign in
the figure. Hence the asymmetry (sing) in the
longitudinally-polarized-electron scattering is about
a half-percent in magnitude and negative (positive)
for the left- (right-) handed polarization. The differ-
ence in magnitude between the opposite helicity ex-
periments and the asymmetry (sin2$) is propor-
tional to the parity-violating effects in these reac-
tions.

V. CONCLUSION

In this paper we have presented details of our
one-loop calculations on T-odd asym metrics in
semi-inclusive leptoproduction processes. At short
distances, formation of the quark and gluon "final
states" is supposed to be responsible to the hadron-
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FIG. 3. Predictions for (sin(() ) in semi-inclusive neu-

trino and antineutrino scattering off isoscalar target at
Eb ——100 GeV. Solid lines show our predictions by us-

ing the hard form [Eq. (29)] for the gluon fragmentation
function and dashed lines are obtained by using the soft
form [Eq. (30)].

0
0 0.2 0.4 0.6 0.8 ).0

FIG. 4. Predictions for (sin2$ ) in semi-inclusive neu-

trino and antineutrino scattering off isoscalar target at
Eb ——100 GeV. Symbols are the same as those in Fig.
3
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their magnitudes to be of the order of a, . The
overall cross sections, however, become much small-

er. Further phenomenological studies may be im-

portant.
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FIG. 5. Predictions for (sing } in semi-inclusive polar-
ized (left-handed) electron scattering off isoscalar target at
Eb ——20 GeV. Symbols are the same as those in Fig. 3.
Predictions for the right-handed electroproduction can be
obtained by reversing the sign.
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APPENDIX A: T-ODD EFFECTS

jet structures. T-odd asymmetries in the hadron-jet
system may therefore be determined by the absorp-
tive part of the parton scattering amplitudes. These
quantities can be calculated in perturbation theory
as far as they are free from mass (soft and collinear)
singularities. Since the quark and gluon "final-
state" interactions are sensitive to the existence of
the gluon self-coupling, observation of T-odd asym-
metries can be an ideal place to test the non-Abelian
nature of the color gauge symmetry.

We find that in the leptoproduction processes we

can define an infrared-finite T-odd quantity as the
left-right asymmetry in the hadron momentum dis-

tribution with respect to the lepton scattering plane.
The magnitude of the asymmetries is predicted to be
of the order of a few percent in neutrino and an-

tineutrino charged-current reactions and about a
half-percent in longitudinally-polarized-electron
ele:tromagnetic scattering. The signs of these asym-
metries strongly reflect the existence of the three-
gluon coupling and their measurements provide a
clear evidence for its existence.

In our numerical estimates in Sec. IV, we have
calculated the asymmetries in the PT-integrated in-
clusive spectrum for simplicity. " If we probe the
high-PT region (lr —1) where the lowest-order con-
tribution to the cross section becomes negligible at
high energies, the T-odd asymmetry would be of the
order of a, instead of a, /rr Another possib. le ap-
proach may be to measure the asymmetries within
the clean three-jet events, where again we can expect

Tf; —Tlf i'Ay;

with

(Al)

(A2)

where the sum over n runs over every possible state.
We call Af; the absorptive part of the amplitude Tf;

It is straightforward to see that the unitarity rela-
tion can be rewritten as

I Tf I'=
I
Tf I

2™(Tf'Afi) IAfi I' ~

(A3)

Let the states i and f be the states made from i and

f, respectively, by reversing the directions of both
three-momenta and spins. Subtracting

~ T~; ~

from
both sides of Eq. (A3) we find

(A4)

Here T-odd effects are defined by the left-hand side
of this equation. The first term in the right-hand

In this appendix we briefly review the well-known

facts about T-odd effects for completeness.
The scattering amplitude from the state i to the

state f can be written as

Sf;—5fr+i(2') 5 (Pf Pr)Tfr-
in general. Unitarity of the S matrix reads



27 TIME-REVERSAL-ODD ASYMMETRY IN SEMI-INCLUSIVE. . . 93

side (RHS) vanishes if the interactions preserve
time-reversal in variance (detailed balance). The
remaining terms in the RHS include the absorptive
part. In perturbation theory, the absorptive part of

the amplitude appears in the one- or higher-loop or-
der. Hence the second term in the RHS of Eq. (A4)
gives the leading contribution to the T-odd effects in
the perturbation theory.

APPENDIX B:HADRONIC TENSOR

The spin-averaged hadronic tensor in semi-inclusive lepton scattering processes off a nucleon is defined in
Eq. (4) as

H„„= ', g gg f &X~Z„'(0) ~hX){IX~Jq(0) ~N)dC'(X)
(2n. ) x s»

with

(Bl)

d P
d@(X)=(2m ) 5 q+P P' g—P;—

i~» (2m. ) 2'
the invariant phase space for the X state.

The hadronic tensor Hp„has the most general form

( q) Hq— qgq ——H, —+qqq H2+PqP„Hi+PqP„'H4

+q IpP„IH5 +q ~
pP„'IH6+P IpPv IH7+iq ~pvv]H 8+iP~pvv]H9+ iP ~pub]H ~o

+&q~&P ]H~~+&'qfpP„)H&2, +&P(pP~]H j3+qIpv IH~4+PI pv, IH&5+PI pv„IH~6 . (B3)

with op"~ the completely antisymmetric tensor
(e ' = —eoi2q ———1). The 16 real scalar functions

H; (i =1 to 16) are dimensionless functions of the
five variables

q P q P P'P ™
' -q'-q'-q'-q'

mI,
2

while we are interested in the deep-inelastic limit of
these functions where only the first three of these
variables remain finite [i.e., x, z, sc in Eq. (6)].

From the definition (B3) we see that the first ten
terms are T-even and the remaining six are T-odd.
The terms with Hq to H ~o and H ~4 to H ~6 are P-odd
and they are absent for currents with definite pari-

ty. ' In the case of the electromagnetic current, the
tensor satisfies the current conservation condition

qPHpv=q Hpv=0 (B4)

Even in the case of the weak currents, the above

Here the symbols a
Ipb„I represent apb +a bp and

atpb„] denote apb„—a b„and

v = 6' q~PpP ~
1

equations hold when we can neglect quark masses.
Nine of these sixteen functions are independent in
this limit and five are nonvanishing for the currents
with definite parity. Expressions in terms of the
nine independent functions are easily obtained from
Eq. (B3) by simply omitting terms with Hz, H„H&,
Hs, H», H i2, H, 4 and by making the following re-

placements in the remaining terms:

qpqv

q

q.P
Pp-+Pp — qp,

gpv~gpv

and

q.P'
Pp~Pp qp .

q

By contracting the hadronic tensor (B3) with the
leptonic one (3) we find the expressions shown in

Eqs. (7) and (8). The nine functions Fl. , Fr,
F3, . . . , F9 in Eq. (8) are related to the nine indepen-

dent scalar functions H; (i =1,3,4,7,9, 10, 13,15, 16)
in Eq. (B3) as follows:
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1
FL ——H1+ H3

4x

1+—z+
4

2 r

K 1
H4+ z+

Z 2x

K
FT———H1+ H4,

2

2

H7,

the massless limit. The amplitude for definite heli-
city quarks has the general form

T~~ =gT T~~

with g the strong coupling and T' the generator of
the color gauge group. In the covariant perturbation
theory with massless quarks, Tz~ can in general be
expanded as

K
F3 — H 1Q2x

13

(Cl)

1
F4 ———K z+ H4+ —H7

Z X

1—H9+ z+
2X X

F6 ——K H4,
K

F7 ———H13,
X

K
H]Q

1 K—H15+ z+ H16
2X X Z

K
F9—— H16 .

APPENDIX C: PARTON SCATTERING
AMPLITUDES

In this appendix we briefly sketch our one-loop
calculation of the absorptive parts of the parton
scattering amplitudes shown in Fig. 2. We also
show differences between our calculation and the
crossly related one in e+e annihilation into a
quark pair and a gluon.

Let us consider the process current
(q)+quark(p, )~quark(pz)+gluon(p3). Let the
current spin index be p, the gluon spin index be a,
and its color index a. Quark helicity is preserved in

I

with

These 13 amplitudes are of course not independent
and they are subject to the current conservation con-
ditions

Tp.a I 3 pa (C3)

and to a Y-matrix identity. We define the six in-
dependent amplitudes b; (i = 1,2, . . . , 6) by a calcu-
lational convenience as follows:

6

T~a ——g b;M~a (C4)

with

Mpa =YpYaq~( q )~ Mpa =gpaq&( q ) ~

(1) 2 (2) 2

(3) 2 (4) 2Mpa=piaYI ~( q» —Mpa=pzaYI ~( q»—
(5) 2 (6) 2

Mpa qual a ~( 'q 4 M pa ply Ya ~(

(7) 2 (8) » (C2)
pa P2pYa~( q )~ Mpa Plyp2aq~(
(9) 2 2 (10)Mpa P2pplaq( —q ), Mpa =q„P&aq( q)—

Mpa =P&yptaq~( —q ) Mpa =q~Pp q/( q)—(11)

MI =P~lp~ q~( q) . —(13) 22

(2) (9) (1) (4) (7)
Mqa ——M„a + (Mqa 2M„a ) —, Mq—a, —

4x

(3) (10) (1) (4) (&) (7)~pa Mpa p Mpa +Mpa ~ Mpa Mpa
2x

(4) (11) 1 (1) (4) (6) (7)
~pa ™pa+ ~l ~M~a ™pa(1 ~)Mpa+M~a1 ~

(C5)

(5) (12) l (1) (2) (4) 1 +X (5) (6)Mp~ Mp~ p Mp~ +My~ +My~ Mp~ Mp~
2X

(6) (13) 1 —x —z 1 (1) (2) (4) (5) (6) 1 —x (7)Mp~ ——Mp~ + —Mp~ —Mp~ —Mp~+Mp~+Mp~ — Mp~
2x 2 1 —X —Z
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where x =—q /2qp~, and z=p~p2lqp~.
We find in the tree order only one of these six amplitudes is nonvanishing, namely

b) ——,b; =0 for i~1 .2x

(1—x)(1—z)

The tree amplitude is thus determined by only one amplitude.

The absorptive part of the amplitude (C4} can be written as

6

Aq ——2 g (Imb;)M„"

(C6}

(C7)

and the leading contributions come from the one-loop diagrams in Fig. 2(a). We calculate these diagrams by

dimensionally regularizing the IR singularities. We find

X
Imb1 ——

2(l —x)(1—z)
+1—2z+z L(z)—(1—z) L(1—z) C~f(F.) A Q A A ) A

Imb~ ——

Imb3 ——

Imb4 ——

+ [—1+(1—z)L(1 —z)]C~ a, ,
1 —x

A2

I [—2+(1—2z)L(1 —z)]C~ +[1—2(1—2z}L(1—z)]CF}a, ,
1 —z

A)

[[1+zL(1—z}]C&—[1+2zL(1—z)]CF}u, ,
1 —z

A3

[L(1 z)C& ——[1+2L(1—z)]C~ }a, ,
1 —z

(C8)

Imbs =Imb6 =0

in this order. Here D=4—2e is the continuous di-

mension and

f(e)=I (I+s)
( —q }(1—x)

with p, the unit of mass and

L (t) =—1+—ln(1 r)—1 1

From the general argument in Appendix A [see

Eq. (A4)] we find that the lowest-order contribution

to the T odd qu-antity comes from the interference

term between the one-loop absorptive part (C7) and

the tree amplitude. Since the tree amplitude has

only one nonvanishing component (C6}, we find by

explicit calculation that only four of the six ampli-

tudes in Eq. (C7), Imbs to Imbs, can contribute to
the T-odd effects in the lowest order. Imb& and

Imb2 shown in Eq. (C8) can contribute only as radi-

ative corrections to them. Hence only one ampli-

tude b~ in Eq. (C6) determines all the T-even func-

tions fL, to fs in Eq. (22) and two absorptive ampli-

tudes Imbs and Imb4 in Eq. (C8) are relevant to the

remaining three T-odd functions, f7 to f9.

(q Pl P2} (q P3 P2}

and accordingly,

XX~——
(z —x)

(1—x)Z~
(z —x)

We can define the independent amplitudes for this

process by

(C9)

where M&~ are made from M&~ in Eqs. (C5} by the

above substitution. In the tree order, we have

2x(z —x }
b1 ——

z(1 —z}
(C10)

and all other amplitudes vanish. The relevant ab-

sorptive amplitudes are again four from the six and

they read

The amplitudes for the process

current(q ) +gluon(p & )~quark(p2 ) +antiquark(p3,
'

are obtained from the previous amplitudes by the

substitution
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Imb3 ———
A2

[x —(1 x—)L(1—z)]
1 —z

CF — a, ,

Imb4 ———

Imb5 ———

2x [1+L(1—z)] CF—
1 —z

A2

[x—(1—x)L(z)]
Z

(Cl 1)

X Cp — a, ,

2x'
Imbs = „[1+L(z)] Cp-

Z

These functions completely determine the nine func-
tions fr. to f& in Eq (23)..

The process e+e ~y'(q)~q(p&)+q(p2)+G(ps)
is related to the process y*(q)+q(pi)
—+q(pz)+G(ps) by the substitution

(q,pi,p2) (q —pi p2)

and the analytic continuation in q from q &0 to

q &0. We can again define the independent ampli-
tudes in this process by

lim e ReT&a(one-loop) cc Tza(tree) .
e~o

(C14)

From Eqs. (C13) and (C14), we find that the absorp-
tive part of the one-loop amplitude is proportional
to the tree amplitude. Since the tree amplitude has
only one component bi, we find

Imb;(one-loop) =0 for i&1, (C15)

where M„" are made from M„" [Eq. (C5)] by the
above substitution. Once again, we find only four of
the six absorptive amplitudes, Imb3 to Imb6, can
contribute to the T o-dd effects in the lowest order.
These four amplitudes are found to be zero in the
one-loop order ' ' and the T-odd effects cannot be
measured in e+e annihilation in this order when
quark mass effects are neglected.

This can be understood as follows. The amplitude
for the process e+e ~qqG with massless quarks
(C12) has a particular property in the one-loop order
that its absorptive part is proportional to the singu-
lar terms (with soft and/or collinear singularities) of
its real part; more precisely,

Im T&a(one-loop) =n lim e ReT&a(one-loop)
(C13)

in the dimensional regularization scheme. On the
other hand, it is not too difficult to see in the one-
loop order that the singular part of the amplitude is
proportional to the tree amplitude

6
(i)

Tp ——g b;Mq
i=1

(C12) which has been the condition for the vanishing T-
odd effects. Details will appear elsewhere.
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