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Buchmuiller-Grunberg-Tye-type potential consistent with smaller values of A
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The Buchmuiller-Grunberg-Tye potential for heavy quarkonia is modified so that it is con-
sistent with the smaller values of the scale parameter A s> 50—100 MeV, as suggested recently.
(MS denotes the modified minimal-subtraction scheme.) The potential has a practically asymp-
totic region above 2—3 GeV in momentum space, or at distances shorter than 0.05—0.1 fm.
This is consistent with the experimentally measured spectra of ¢ and Y families and their lep-
tonic decay widths. It is shown that the spectra of # states would provide a nice way to deter-

mine Ay in the range quoted above.

A number of models for the interquark potential
have emerged so far' > and they are equally success-
ful in reproducing observed mass spectra and leptonic
widths for heavy quarkonia. Among them, the po-
tential presented by Buchmtiller, Grunberg, and
Tye*® (BGT) is the most interesting since it is con-
sistent with QCD, the only candidate for the strong
interaction. The BGT potential is constructed in the
following way. The Fourier transform of the poten-
tial defines an effective coupling constant p(Q?) (for
momentum transfer Q, 02=0). The Q? depen-
dence of p can be determined by Q29p/9Q%=28(p),
the renormalization-group equation (RGE), while its
behavior at small and large Q2 are, respectively,
characterized by the string constant K and the QCD
scale parameter A. If 8(p) is known, the potential
can be determined completely (up to an integration
constant) by integrating the RGE. Buchmiuiller and
others* assumed intuitively a special form with a sin-
gle parameter, say /, for the B8 function. Since A and
K are two alternates of the integration constant, the
BGT potential has only two independent parameters /
and A, or, equivalently, A and K =(27a’)”!, where
o' is the Regge slope measured in light-hadron spec-
troscopy. With o’ =1.0 GeV~2 (/K =400 MeV)
BGT found that A g should be around 500 MeV to
reproduce experimental data on quarkonia. (MS
denotes the modified minimial-subtraction scheme.)
They also claimed that the calculated spectra are very
sensitive to the B function and the correct 8 function
will be numerically very close to theirs.

The suggested values of Ay in other analyses are,
however, much smaller than 500 MeV. The Monte
Carlo simulation by Creutz® gives a relation between

27

Kand A;, where A, is the scale parameter defined
on a lattice. When a’=1.0 GeV~2, A, becomes 2.0
MeV for SU(3), which corresponds to Az of 60 +20
MeV in the pure gauge theory.” The analyses® of the
ratio of gluonic to leptonic widths in  and Y decays
lead to the values of 100 +£30 MeV for Ayg. In the
analyses of deep-inelastic scattering and of three-jets
cross sections most of the authors found small values
of Ags, 160 £100 MeV. %10

Therefore, it is important to investigate whether
the BGT-type potential can be constructed which is
compatible with the smaller values of Az but still
consistent with the data on quarkonia. In this Brief
Report we will show that a simple modification of the
BGT B function is sufficient to solve the problem.

According to BGT, the Fourier transform 7 (Q2)
of the static potential between a heavy-quark—anti-
quark pair in the color-singlet state is given in terms
of the effective coupling constant p(Q?2) by

_ 64m’p(0?)
3Q?

where p(Q?) satisfies the RGE mentioned earlier.
The B function and hence p are given in the follow-
ing way in this paper. First we assume that we are in
an asymptotic-free region at least for Q larger than
00 =10 GeV, the production threshold of a bb pair.
This implies that the 8 is well approximated by

V(Q?) = , )

B(p)=—p2(Bg+Blp) for Q?Qo ) (2)

where By = 23—5 and B, = % are the renormalization-
scheme-independent coefficients of 8 for QCD with

675 ©1983 The American Physical Society



676 BRIEF REPORTS 27

four flavors. p is then given by

.Q_2_=_l_+311

Byp
1+(Bo/Bl)p] 2

where A =1.424 Az is the scale parameter appropri-
ate to the potential.

For large values of p corresponding to Q much
smaller than Q,, the B is assumed to be very close to
that of BGT, i.e.,

bo_~ b =——1—1——exp————
B(p)  Bsor p’

b
+—exp(—=1Ip) , 4)
bop

where by=9 and b; =64 are the coefficients of the 8
for three flavors. The parameter / has been fixed as
24 in Refs. 4 and 5 for the best fit; however, it will
be readjusted to reproduce the experimental data on
the quarkonia in a new B given below. In the transi-
tional region, Qy/10 < Q =< Q,, B must deviate ap-
preciably from Bpgr to make p with VK =400 MeV
continuous to that given in (3) when Az is much
smaller than 500 MeV. Therefore, we put

1 1
Bp) BBGT(P)
where f(p) is a Gaussian-type function which is nor-
malized as J f (x)dx =1 and has appreciable mag-

nitude only in the transition region. As an illustra-
tion, we consider

f(x)=%G4x7exp(—Gx2) , ©)

+Af(p) forQ=<Qy, (5

which has a peak at x =+/7/2G with half width

K
0’

In|—

2+ S|

with

h(p) =

exp(—z)L ,

2 3
1+z+5 +%
2 6 -Gp?

where E; is the exponential integral. Since both of
p’s calculated by (3) and (7) coincide with each other
at Q = Q,, we have

1 3K _1
h(Po) 87 Qo boPo

-”—gE,.(zpo)] , ®
by

where po is the value of p estimated at Q = Qy by (3).

bo

——|dx =—ln{%[exp[—

Qo
Y
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FIG. 1. p vs Qin the transitional region. The solid
curves represent the effective coupling constants with
G =10* and the dotted curves denote those with
G =7x%10% The dot-dashed curves express p in BGT with
(a) I=24 and (b) /=48, respectively. The dashed curves
show the extrapolated values of p given by (3) with (¢)
A5 =100 MeV and (d) 50 MeV, respectively. VK is fixed
at 400 MeV throughout.

=1.1/V/G. With G in the range 7000—20 000, p
at the peak corresponds to Q falling in the range
1-10 GeV when Az =50—100 MeV (see Fig. 1).
The parameter A in (5) is not free but, in fact, is
fixed when K, Ay, ,, and G are settled, as will be
discussed later.

Integrating the RGE with 8 given in (5), we obtain

L

]+—§—12—E,-(1p)+7\h(p) for0<Qy,, (1
0

[
It is easy to obtain numerically the effective cou-
pling constant p(Q?) through (3) or (7). The results

are shown in Fig. 1 when Ajs=50 and 100 MeV.
Other parameters are chosen as / =24 or 48,

G =7000 or 10000, and VK =400 MeV. The
dashed curves in the figure are the values of p which
are extrapolated from the asymptotic form given by
(3). A region of Q may be regarded as practically
asymptotic where p can be approximated by its
asymptotic extrapolation within a few precent. The
lower boundary Q. of the region is estimated in Fig.
1 as 2.5-3.5 GeV for Agyzg=100 MeV and 1.8-2.5
GeV for Ayg=>50 MeV, when G is in the range

(7 x10%)—10* and /is 24—48. The point of interest
is whether we can find Q. less than Qg without con-
tradiction to the data of quarkonia, or how small it
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could be if it is found anyway.
The potential ¥ (r) in coordinate space is given by

(2;)3 JeoeT 70y

32 (>, .sinQr 3K
=Kr——37f0 dQT[p(Qz)—W] .

V(r)=

)

The results by numerical computation for Agg=50
or 100 MeV are shown in Fig. 2 with G =10* and

1 =48, the best choice of the parameters, besides the
one given by BGT, for comparison. We have also
confirmed that the potential with G =10* is very
close to Vpgr, the potential given by BGT, for

r =0.1 fm when [/ =50, and that the potential with
G =7000 deviates from Vgt appreciably for r =<0.2
fm even wtih the careful choice of /in the reasonable
range.

The mass spectra of § and Y families calculated
through the potentials given in Fig. 2 are tabulated in
Tables I and 1I. It is found that the predicted spectra
are as satisfactory as those of BGT, or even better.
With G =7000, however, the computed masses of
the Y family coincide with the experimentally mea-
sured ones only within about 40 MeV even for the
best choice of / ==50. This implies that the lowest
possible value of Q. is about 2.0 or 3.0 GeV, respec-
tively, for Agg=50 or 100 MeV.

In the framework of the potential model the lep-

rrT” T T T T T T T TTTIT] T T T
3 —

V(r) (GeV)

’ a: Apg=50 MeV,1=48, G=10*
-3 b: Agg=100 MeV, =48, G=10% |
c: BGT, =24
-4

-5
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FIG. 2. Potentials corresponding to Eq. (9) and the po-
tential of BGT. The values of the parameters are shown in
the figure.

TABLE L. The 4 spectrum obtained from Eq. (9) with
G =10% and /=48. The masses are given in GeV. The
results quoted as BGT which are recalculated coincide with
those that appeared in Refs. 4 and 5. In parentheses, the
values of the wave functions at the origin are given in
GeV3/2, The experimental results of Ref. 11 are also sum-
marized.

Present model BGT Expt.
m, (GeV) 1.42 1.48
Ags MeV) 50 100 509
3.10 3.10 3.10
1§ (0.233)  (0.239) (0.246) 3097 £0.001
1P 3.52 3.52 352 3.521 £0.003
3.70 3.70 3.70
2§ (0.187) (0.193) (0.200) >-685%0.003
1D 382 3.82 381 3.768 £0.003
2P 3.97 3.97 3.97
413 413 412
38 (0.173)  (0.178) (0.186) 4030 +0.005
2D 4.0 420 419 4159 £0.020
3P 4.34 4.34 433
447 447 4.48
48 (0168) (0.172) (0.178) 4415 20.006

TABLE II. The Y spectrum obtained from Eq. (9) with
G =10% and /=48. The masses are given in GeV. The
results quoted as BGT which are recalculated coincide with
those that appeared in Refs. 4 and 5. In parentheses, the
values of the wave functions at the origin are given in
GeV3/2, The experimental results of Ref. 11 are also sum-
marized.

Present model BGT Expt.
my (GeV) 490 491 488
Ags MeV) 50 100 509
944 944 946
1§ (0.578) (0.615) (0.684) 9-4332+0.0002
1P 984 985  9.89
999 999 1002
28 (0.420) (0.441) (0.486) °-99320.0003
1D 1009 1011  10.14
2P 1020 1022 1025
1032 1033 1035
3§ (0.383) (0.394) (0.427) 10-3235+0.0004
2D 1038 1040 1043
3P 1048  10.50  10.53
1058 1059  10.62
45 (0.356) (0.369) (0.398) 10-54620.001
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tonic widths of the S states are given by
1671'9,,2012

211 - 64 2
= 3 aD) l4a(0)12[1 = F-p((2m)H)] ,  (10)
with obvious notations.'? For Y in the ground state,
the width T, is not so suppressed in spite of the de-
crease of ¥(0) in comparison with y(0) of BGT (cf.
Table II), since the radiative correction is also re-
duced due to the decrease of p at Q =9.5 GeV (cf.
Fig. 1). Thus we estimate the values of T, as

0.91 keV for Agg=50 MeV

Fee(Y) =
0.98 keV for Agyg=100 MeV ,

which are both consisteat with current experiments.®
For ¢ we predict T, () =5.2 or 5.0 keV for Agg =50
or 100 MeV, respectively. However, these estimates
depend on the choice of G because p(Q?) is sensitive
to the value of G near Q =3.1 GeV (cf. Fig. 1).

It is expected that the analyses of the spectra of
quarkonia heavier than Y allow us to select the best
among the potentials with different asymptotes. As
an illustration, we have tabulated in Table III the
computed mass spectra of the # states, assuming
m, =25 GeV. We see that any of the excitation ener-
gies increases by an amount of 70—100 MeV when
A5 changes from 50 to 100 MeV, which provides a
good way to determine the scale parameter.

In conclusion, we have constructed a BGT-type po-
tential, which is in harmony with the small value of
A in the range 50—100 MeV but still consistent
with the data on  and Y, and with the Regge slope
of 1.0 GeV~2 The potential has the asymptotic re-
gion in Q space above Q,=2.5—3.5 GeV or at dis-

TABLE III. The mass differences of # states obtained
from Eq. (9). The mass of the top quark is assumed to be
25 GeV. The results quoted as BGT which are recalculated
coincide with those that appeared in Refs. 4 and 5. In
parentheses, the values of the wave functions at the origin
are given in GeV3/2,

Present model m,=25 GeV BGT

Ags (MeV) 50 100 509
0.81 0.91 1.06

2m —18 (238) Q70 (3.66)
1P—1S 0.39 0.46 0.62
0.51 0.58 0.62

25-158 (1.72) (136) (2.07)
1D—18 0.62 0.72 0.90
P18 0.73 0.82 0.97
0.81 0.90 1.04

3§ -1§ (1.42) (1.48) (1.63)
2D-18 0.89 0.98 1.14
3P-1S 0.96 1.05 1.20
1.02 111 1.26

45-15 (1.22) (129) (1.42)

tances shorter than r.= Q. =0.06—0.08 fm, while

it deviates abruptly from its asymptote below Q..
The reason for such an abrupt ‘‘perturbative-to-
nonperturbative transition is an open question. Any-
how, the investigation of # spectra would provide an
accurate determination of Ay in the range men-
tioned above.
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