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We have examined the qqqq system in a nonrelativistic potential model with color-

dependent confinement forces and hyperfine interactions by solving the four-particle

Schrodinger equation variationally. We find that normally the ground state of this system

consists of two free mesons, but that exceptions to this rule probably occur for EE systems,

where we find weakly bound 0++ states with a meson-meson structure reminiscent of the

nucleon-nucleon structure of the deuteron. We show that these states may be identified

with the S* and 5 just below j'EC threshold. We further argue that the qqqq system is not

only nearly barren of bound states, but that it may not support any resonances. Finally, in-

dependent of their identification with observed states, we note that the qqqq bound states
are a model for the weak binding and color-singlet clustering observed in nuclei.

I. INTRODUCTION

We have examined the qqqq system' since it is the
simplest possible candidate for a multiquark had-
ron: its existence is neither forbidden by color con-
finement (like q, qq, and qqq), nor required by it
(like qq and qqq). This system has previously been
studied quite extensively in the frameworks of the
bag model, ' of nonrelativistic potential models,
and from many other points of view. ' In general,
it has been concluded that a very dense discrete
spectrum of such states exists, interlacing the nor-

mal qq spectrum. Our conclusion is that qqqq
bound states —with the probable exception of two
S-wave deuteronlike states —do not exist, nor, prob-

ably, do any qqqq resonances. We are at variance
with previous potential-model studies because they
have failed to properly take into account an impor-
tant long-range color-mixing effect. That our con-
clusions differ from those of bag-model studies in-
dicates that at the theoretical level the existence of
multiquark hadrons is model dependent. However,

if the analogs of the dynamics we are seeing in our
model exist in the bag model, they are part of the as

yet unknown properties of the surface of the bag;
for that reason we believe that potential models are
more realistic tools for studying these systems. Not
coincidentally, our conclusions are more consonant
with recent attempts within the bag-model ap-
proach to take into account bag fission via the P
matrix.

II. A SIMPLIFIED MODEL
FOR THE qqqq SYSTEM

The solution of the four-body qqqq problem, in
view of the nontrivial color degree of freedom this
system possesses, is difficult in the simplest of
models: even in the case of a pure harmonic color
dependent potential the problem is nonseparable. In
view of this complexity, we have chosen to solve the
simplest model that we can devise which remains a
realistic description of this system, namely,
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in which rn;, r;, p;, S;, and A, ; (A,;~—A, ,
*. for anti-

quarks) are the mass, position, momentum, spin,
and color matrix of the ith particle, and where

H„„~ is the harmonic confinement potential and

Hh„v the (contact part of) the color hyperfine in-

teraction (in which we have used a smeared 5 func-
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tion 5, as discussed in Appendix A). We note that
such a Hamiltonian forbids the formation of isolat-
ed color nonsinglets, while confining both qq and

qqq, and that it gives a reasonably adequate descrip-
tion of low-lying mesons and baryons. Of course
the Hamiltonian (1) is not complete: it should also
include anharmonicities (which will arise when the
harmonic potential is replaced by more realistic po-
tentials including linear and Coulombic pieces), the
effects of possible qq annihilations via gluons, ' and
some relatively small spin-orbit and tensor effects. '

It would also be useful to consider possible multi-

body forces' in (1), although the success of two-

body forces in baryons at least partially indicates
that it may be reasonable to neglect them. In any
event, since the main issue we are addressing here is
a qualitative one, we believe it is reasonable to hope
that our simplified Hamiltonian, which encom-

passes the dominant effects of confinement and
strong spin-spin interactions, will not be completely
misleading.

In this regard, a comment on long-range color
van der Waals —type forces is in order. " It has
been pointed out that confining potentials of the

type considered here lead to long-range power-law
residual forces between color singlets; in our case,
the potential (2) indeed leads to an r potential be-

tween two mesons. This is not a fundamental diffi-

culty with the picture: pair creation from the con-

fining field energy would, if implemented, produce
an exponential cutoff of this residual attraction.
One might be concerned, however, that this spuri-
ous potential could produce misleading effects in

our calculations. We believe that this is not the
case: our variational wave functions, which are
Gaussian-type, will not be strongly perturbed by an
r effect of the predicted strength (see Appendix
D).

Of course the existence of the process of pair
creation raises the issue of the importance of meson
exchange. Studies of the nucleon-nucleon poten-
tial" along lines similar to the one being followed

here, while very promising, in our opinion remain
inconclusive on both the question of whether the
short-range part of the nucleon-nucleon potential
can be derived from the quark model and the ques-
tion of the importance of pion exchange. Neverthe-
less, there are indications in these studies that, apart
from a possible long-range pion-exchange contribu-
tion, these programs may succeed. In this problem,
we can at least expect that the analogous
pseudoscalar-meson-pseudoscalar-meson potential
will be less influenced by meson exchange since the

p meson is the lightest allowed exchange particle.

A. A simplifying case: Equal-mass quarks
and no hyperfine interactions

We turn now to the solution of our Hamiltonian
problem by beginning, in order to expose its com-
plexities and introduce our method, with the Hamil-
tonian Ho of four equal-mass quarks with no hyper-
fine interactions. Using the labels of Fig. 1, dis-
carding the center-of-mass variables, and writing

I & & =&33131&334&+46sI 612634& (4)

20 +2' + —,A,
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Note that if we neglect the off-diagonal effect, Ho
appears to be confining in all three relative coordi-
nates in both the 33 and 66 sectors [in the 33 case

2
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FIG. 1. The relative coordinates of the qqqq system;
darkened circles represent quarks and open circles
represent antiquarks.

(see Appendix B for explicit color wave functions;
here C,J means that particles i and j are in a color
state C of an overall color singlet) the Hamiltonian

Ho in the (
~ 3i233~ &,~6,f634&) basis becomes

Ho=2 V' +S'-+Z )+ ~0
1 2 2 2 8
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each pairwise interaction is confining, but in the 66
case the (12) and (34) interactions are repulsive and
the net confinement arises from the remaining four
pairwise attractionsj. It is on the basis of analyses
of the 33 (called T-baryonium) and 66 (called M-
baryonium) sectors either in isolation or with mix-

ing treated perturbatively that previous studies of
this system have proposed the existence of a rich
discrete spectrum of qqqq states. In the context of a
bag model constrained to allow no bag fission, at
this same level of approximation the Hamiltonian
consists only of quark kinetic energies and bag
terms so that such a treatment is justifiable.
Nevertheless, the interpretation of the resulting
states in the bag model is problematical: the very
issues we are trying to address here are obscured by
the constraints imposed on the bag surface. In a
model like ours, where confinement arises via a po-
tential, this treatment not only should be, but also
can be questioned: the mixing terms may produce a
strong 33-66 mixture that corresponds to two free
mesons when viewed in a qq-qq basis. This last con-
tention can easily be verified qualitatively by taking
the low-lying states of the isolated 33 and 66 sys-
tems and then calculating, for example, the mixing
term between the ground state of the 33 system and
the 66 state with l=1 in both the u and cr coordi-
nates.

The essential fiaw in the view that the 33 and 66
sectors can be treated in isolation —or that their
mixing can be treated perturbatively —is perhaps
now obvious. We know that in qq-qq coordinates
with x (or y) large this same Hamiltonian must
describe two free mesons; in these circumstances, at
least, the 33-66 mixing term is important enough to
completely destroy the apparent confinement of the
isolated 33 and 66 sectors and lead to a meson-
meson continuum, a nonperturbative effect. This
observation means that we should subject the as-
sumption that this system has, in any reasonable ap-
proximation, a tower of discrete bound states to
close scrutiny. It moreover seems clear that if a
discrete spectrum remains, it must correspond (in

qq-qq language) either to states below threshold for
decay into two free mesons or to meson-meson reso-
nances.

The complete solution of this system is obviously
a complex problem. We will proceed here by first
searching variationally for its ground state, which
has itself been the subject of intense interest. We
will later generalize to other sectors. Our main ob-
servation will be that every sector of this system
supports a continuum of free, and probably weakly
interacting, ground state and excited mesons; we

will argue that in such circumstances it can support
at most a single weakly bound state and a few broad
resonances (which would, in any event, have no spe-
cial relation to the BSchannel).

In seeking a variational solution for the ground
state of the qqqq system we note the following:

(1) Since Ho is invariant under independent rota-
tions in x, y, and A, , its solutions must be eigen-
functions of L„,L», and Lx,' for the ground state we
naturally assume that I„=/» =li =0. (These
separate conservation laws are of course peculiar to
the harmonic limit and should be used warily. )

(2) Since Ho is invariant under 1~2 and 3: =~ in-
terchanges, its solutions must be either symmetric
or antisymmetric under these operations. Proceed-
ing in parallel to related problems in molecular
bonding, it is natural (since as x~ oo or y~ Oo the
system must go over into the two degenerate color
configurations ~1»124& or

~
li4lzz&) to satisfy the

above requirements by taking for the trial ground
states

I 0+ &
= [4(x y ~)

I il3124&+4(y» ~)1114123&l
2

(9)

where N+ is a normalization factor. (See Appendix
B once again for explicit color wave functions. )

Since the harmonic-oscillator Gaussian parameter
(km)'~ is the only scale in Ho, if a bound state ex-
ists its wave function should be a smooth, slowly
varying function on this scale. To search for bound
states of this pure confinement problem we there-
fore took

Jmax 3 max

y~(x,y, X)= g P g c~;,;exp( ——,'P~„', 'g, '),
j=li =1 k=l

(10)

where (gi, gz, gq)—:(x, y, A, ) and a is an index we
will encounter below. Such a parametrization not
only allows a quite general form for the dependence
of tP on each of the three variables separately, but
also allows for correlations. In particular, if the
system does not bind, this wave function will lead
to the collapse of (9) into a state representing a
"scattering state" of two free mesons infinitely
separated with zero relative momentum. Using up
to 31 parameters in g, we find no bound states; that
is, the energy of (9) was always minimized with
(

~

x
~

& very large. We conclude that a distortion
of the color and space wave functions of the mesons
to take advantage of color recouplings (analogous to
the distortion of the electron cloud in a molecule) is
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not sufficient to overcome the kinetic energy in-

duced by bringing the mesons into proximity.
Before leaving this pure harmonic system, we

comment on what we believe to be a spurious
feature of our model when it is extended to higher
angular momenta in the A, variable. We have
remarked earlier that the separate conservation of
L„,Lz, and L2 is a peculiarity of the harmonic lim-

it; we know furthermore that strong anharmonici-
ties are required to explain the spectrum of excited
baryons and mesons even though the harmonic po-
tential is adequate for the lowest-lying states. If,
however, we were to take the harmonic limit seri-
ously, the decoupling of x, y, and A, orbital excita-
tions would, for example, decouple the pure A, exci-
tations with orbital angular momentum 12 from
states of free mesons with nonzero relative orbital
angular momentum (since meson orbital angular
momenta are carried by the x and y variables).
This decoupling could then lead to bound A, excita-
tions since even though they would be heavier than

free mesons with relative orbital angular momen-
tum, they could be lighter than the corresponding
free mesons with 12 in their internal coordinates.
Since the large anharmonicity known to be present
in this system (as well as the hyperfine interactions:
see below) will certainly strongly couple x, y, and
A, , we believe that it will continue to drive strong
33-66 mixing (like that which occurs in the ground
state}, thereby destroying these unstable artifacts of
the harmonic limit. We accordingly discount this
possibility, and expect that in every sector of this
system strong nonperturbative mixing effects must
be in operation to produce free mesons from the
discrete 33 and 66 spectra.

B. Turning on hyperfine interactions

We now proceed to a more realistic model by
adding the hyperfine interaction (3), taking as trial
ground states

&ss+
~
(SS)+&

= [Pss+(& y ~)
~

li3124& ass+(y x ~)1114123&]
I
S'12~34&

2
(1 la)

I
(~)+ &

= [A~+«y ~)
I 1»124&+A~+(y»~) I 1 i4123&] I

Ai2'A34& (1 lb)

&ss-
[Pss —(»y~~) I 1 i3124&+ass —(y»~~)

I 1i4123 &] I
S'i2S'34 &

2

N1(~)-& = [4~~ -(x y ~)
I

1»124 &
—&~~ -(y x ~)

I
1 i4123 &] I

&» &34&2

(12a)

(12b)

where (XX)~ means spin states X [where X=S for
spin zero, leaving qq or qq in a scalar state, or
X=A for spin one, leaving qq or qq in an axial-
vector state, and in each case the overall spins are
coupled to zero (see Appendix C for details)], and
overall quark or antiquark color-space-spin symme-
try o. (where o = + or o = —for symmetric or an-
tisymmetric). The states (11) must consequently
have the diquark and the antidiquark in the an-
tisymmetric 3 and 3 of SU(3) flavor and so form or-
dinary flavor nonets (for this reason these states
have been dubbed "cryptoexotic" ), while the states
(12) have their diquarks and antidiquarks in a 6 and
6 of SU(3) flavor and so can form exotic SU(3) fla-
vor multiplets. The states (1 la), (lib), and the
states (12a), (12b) are separately mixed by the hy-
perfine interaction; it is this mixing that can create

an additional attractive force beyond that produced
by confinement. It should be noted that with hy-
perfine interactions turned on, it is no longer true
that L„,L~, and L~ are separately conserved so that
the form of the variational wave functions (10) can-
not be fully justified. The same effect occurs in the
ground-state baryons' where the hyperfine interac-
tion can (and does) cause mixing between the
lz ——1@=0 (56,0+} and the lz

——12 ——1 (70,0+ ) super-
multiplets. We assume for now that in qqqq, as in

qqq, such effects do not strongly mix 1=0 and I & 0
wave functions [for example, the nucleon is approx-
imately 6% (70,0+); such mixing would, in any
event, only slightly increase the attraction in these
states, thereby strengthening the conclusions we
draw below].

To make contact with known physics within the
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context of our simplified Hamiltonian in the equal-
mass limit, we fixed its parameters by performing
fits in the qq sector to ir(140), p(770), K(495),
E~(890), and P(1020), both by taking the limit
x —+ ao and by using (1) directly in the qq sector. To
do this we chose m„=md and m, and then fit the m.

and p, E and E~, and P with the masses md,
—,(md+m, ), and m„respectively. Since our fits al-

ways gave m„=m~-0.33 GeV, but with a shallow

minimum, we imposed this "standard"' value so
that F00=(klm~)', ee, m„and a, were our only
free parameters. Since our Hamiltonian contains no
anharmonicity, it is unclear whether it is more ap-

propriate to choose coo so that the harmonic term
has its "true" strength or so that it interpolates the
full spin-independent potential; we therefore con-
sidered a reasonable range of values in this parame-
ter. For a given choice of c00 our other parameters
are tightly constrained. The resulting meson fits
are shown in the first half of Table I (pz and pi are
the masses of the pseudoscalar and vector mesons,
respectively).

Using pairs of the wave functions of the form

(10) and an angle 8+ (defined more fully in Appen-
dix C} to describe the mixing within the pairs of
states (1 la), (1 lb) and (12a), (12b), we then searched
for minima of (1) with up to 62-parameter varia-

tional wave functions explored sequentially. With
our smeared hyperfine interaction, we found that
the correlations introduced by the j summation in

(10) were of minor importance. We also found that
going beyond two-term Gaussian wave functions in

x, y, and A, offered only marginal improvements in
our energies. Thus we were able to do the bulk of
our calculations in a (relatively small) 18-parameter
space. The result of these searches is that we find

only free meson pairs in the exotic sector (12a),
(12b}, and we normally find free mesons in the

cryptoexotic sector (1 la), (1 lb). However, for a
range of masses around the masses of the SU(3)
quarks we find that one nonet of states in the cryp-
toexotic sector can be weakly bound by the com-
bination of color, space, and spin recouplings al-

lowed by (11}. Table I shows some properties of
these states in various circumstances.

On examining this table, we see that the binding
is always weak and that the output wave functions

support a nuclear-physics-type interpretation: the

qqqq system has clustered into (approximately)
ground-state color singlets which are considerably
smaller than the intercluster separation (x ~pri i ).(qq),

So far as we know this is the first demonstration
from "first principles" of such a phenomenon and
we interpret this result as justifying attempts to
understand the nucleus in terms of color-singlet qqq
clusters.

III. SOME FLAWS IN THE MODEL
PLUS SOME OTHER

PHENOMENOLOGICAL CONSEQUENCES

Up to this point we believe that our treatment of
this model for the qqqq system has been reliable,
and that the qualitative conclusions we have drawn
as to the existence of a discrete qqqq spectrum, and

on the structure of those weakly bound states that
can occur, are sound. If we wish to proceed further
with this picture, however, we must face a rather
severe flaw of the model which arises from its non-

relativistic character. It is gradually becoming un-

derstood how many relativistic effects in the nonre-

lativistic quark model can be subsumed by the
choice of the model's parameters': the constituent

quark mass m, for example, is undoubtedly a repo-
sitory of such effects. The problem here is related:

TABLE I. The cryptoexotic qqqq system in various circumstances.

COO eo m meson PI'

{MeV) a, (MeV) (MeV) (MeV) {MeV)

Py

{Mev)

Eeoc 2»
(MeV)

(%2 ) 1/2

z),zz (degrees)
qj

200 2.7 —352

250 2.4 —455

300 2.2 —555

330
430
530
330
440
550
330
450
570

327
286
258
408
353
316
490
420
373

137
511

141
508

138
503

770
883

1024
771
874

1019
770
864

1011

—81
—17
—2

—52
—7

0
—35
—2

0

2.8
3.8
5.3
3.2
4.7

3.6
5.9

2.5
1.1
0.2
1.9
0.4
0.0
1.3

-0.1

0.0
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we can on the basis of the model conclude that it is
reasonable to view the qqqq bound states as weakly
bound meson-meson systems analogous to the deu-
teron. However, our Hamiltonian (because it is
nonrelativistic) treats these mesons as though they
had mass p=2m [see the kinetic energy term for
the coordinate x in (8)]. For heavier quarks this is
of course an increasingly reasonable approximation,
but for the light quarks it is a very poor one, mainly

I

because of the strong spin-spin attraction in the
pseudoscalars. The pion is, of course, the extreme
example where 2m =660 MeV while p = 140 MeV.

In order to proceed, we therefore isolate as well

as we can the contribution of the meson" kinetic
energies to our weakly bound states. To do this we
define an effective meson-meson potential V,ff(x)
by first defining

0 ff(x)= f f d'3 d'&vPP(3 ~)[ PAA+(x 3 ~)+ PSS+«,3,~)],

where gpp(y, A, } is the internal wave function of the

free pseudoscalar-pseudoscalar system which we ob-

tain from the same Hamiltonian by holding x large.
It should be noted that this definition

neglects interferences between the configurations

~
li31$4)

~

P»P34) and ~1&4123)
~
P,4P33 ). This

would be automatic if the mesons were pointlike ob-

jects; here, this step shows that the idea of g,ff(x)
can only be qualitatively sound. In any event, with

Jeff(x) so defined, we can take

~.'4.rr(x)
V,rr(x)—:E + (14)

2m'(, rr(x )

We can then use V,rr(x) in a Schrodinger equation
with more realistic meson masses inserted. Some
wave functions P,rr(x) and potentials Veff(x) de-

duced in this way are shown in Fig. 2(a). Figure
2(b} shows the insensitivity of V,rf(x) to variations
in coo and o (defined in Appendix A).

On examining the binding of mesons by the po-
tentials V,rr, we draw the following conclusions.

(1) Although V,fr for the "n~" system is stronger
than that for heavier systems, it is far too weak to
overcome the large kinetic energy of the pions and

no bound state occurs. Thus very light quarks do
not bind because the intrameson hyperfine interac-

tion is too strong; in contrast, very heavy quarks did

not bind because their hyperfine interactions were

too weak.
(2) A similar analysis shows that for the KK sys-

tern binding persists down to realistic values of the
meson mass pz so that the original conclusions of
the model are plausible: isoscalar and isovector EE
bound states probably exist just below KE thresh-

old. It is natural to associate these states with the
peculiar states S*(980)and 5(980) as was done origi-

nally by Jaffe; in the following we shall adduce
further evidence in favor of this assignment.

(3) Although none of our results address very pre-
cisely the binding of the asymmetric Err system,

I

since the Em reduced mass is much closer to that of
the mm. system than that of the EE system, and
since KE is itself just barely bound, it seems very
unlikely that Km binds. This guess could be sup-
ported by letting the m, +md mass asymmetry per-
turb the weakly bound EE system via (1).

(4) Finally, as mentioned previously, we can use
these potentials in a Schrodinger equation with

l„&0 to conclude that, in this ground-
state —ground-state channel at least, the forces are
too weak to produce meson-meson resonances in the
centrifugal barrier. We further presume (pending
further investigation) that sectors describing the
possible states of excited mesons will once again
display a relatively weak effective potential. These
sectors would, of course, be without true bound
states since they could by rearrangement always fall
apart into two ground-state mesons; with the antici-
pated weak effective potential they would also not
support any centrifugal barrier resonances. While
these features are only presumptive, we note that
even if there were some rearrangement or centrifu-
gal barrier resonances in these sectors, (1) they
would be expected to be very broad since in addition
to their decays by rearrangement and (or) via their
natural resonance widths, they would also decay
through the channels open to their constituent ex-
cited mesons and (2) they would have no special re-

lationship to the 88 channel. Such states would not
then be interpretable as baryonia.

We now turn to another quarter entirely for fur-
ther support for the interpretation of the S* and 5
as KE bound states. Jaffe has already stressed that
the peculiar masses and decay patterns of this ap-
proximately degenerate pair of states and their pro-
spective nonet-mates make nearly untenable the
usual qq analogy to the (p, co) system. We will now
show that, in strong contrast to both the qq and
bag-model interpretations, the decay widths of the
S* and 5 can be calculated quantitatively in terms
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m = 330 MeV (E =-52 MeV)B
m = 440 MeV (EB =- 7 MeV)

0.2 0,4 0.6 I.O l.2
~ ~ ~ ~ ~ ~ ~

I.4
~ ~

~ ~ ~ ~ ~
pl 8

X (fm)
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-400-

tD+ -600-

~ ~

~ ~
~ ~

s+ ~

0.2 0.4 0.6 0.8 I.O l.2 I.4
I

X (fm)

I.8

-200-

-400 =
X

Ol& -600-

MeV, = 250 MeV, o = 2 fm '

MeV, ~ =250MeV, o.= 2.5fml
MeV, ~o=250MeV, ~= l.5 fm '

m= 440MeV, ~ =300MeV, O.= 2 fm '

m = 440 MeV, ~ =200MeV, 0 = 2 fm '

FIG. 2. (a) The effective wave functions and potentials deduced from Eqs. (13) and (14) with coo=250 MeV, a, =2.4,
eo ———455 MeV, and 0.=2 fm '. (b) The sensitivity of V,ff to coo and cr.

of our qqqq wave functions and a few simple as-

sumptions.
Consider first the isoscalar S~(980). In our pic-

ture it can be viewed as a weakly bound EE system
(as such, it is of course quite distinct from the un-
clustered state of the bag model). If the m.n. channel
were not open, our S* would be strong-interaction
stable, so it is clear that we may view its decay as
occurring principally via inelastic EE~m.m scatter-
ing "inside" the S*, and we should be able to calcu-
late its width in terms of the observed S-wave phase
shifts and inelasticities in the regions just below and
just above the S*. Using the approximately nonre-
lativistic character of this EE bound state we have
for an S~ at rest

(~~
i
T is* )

+2Ms~
p s+p ~~ T EpEC —p

(15)

If we now parametrize the "background" under the
S* in terms of a very broad e with couplings g,
and g,zz to the mm. and EE channels, normalized so
that

p ( )Eg )

gal%'O'

/EKE PS' /E

16aM, E~gg

(16)
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where 1is.(x) is the XEspa'tial wave function. Us-
ing the theoretical result that

2
geKK 1

go~~
(18)

for e=(1/v 2) (uu+dd} and the empirically re-

quired mass and width M,=1100 MeV, I,=1000
MeV (values which agree with those which emerge
from model calcuations' },we find, using our varia-
tional value for /san(0) that

then we find in the approximation I',
» iM, —Ms.

i
that

r(s
2 2gag g~„~ mM~

ys. (0) 2

4aM, 4aM, 2@~ I,

f'(S~~mn)=. 15 MeV (19)

2 -2 2=
gg ~N .g~ I(,

.g , ~~ =1:1:3.
2 2

We can then calculate that

(20)

with an uncertainty of about a factor of two due to
the uncertainties in our calculated values for gs. (0).
This completely calculated quantity is in good
agreement with measured values. Note that in this
picture the KK threshold enhancement seen in this
channel is to be principally attributed to an effect of
the low-energy KK potential, since this enhance-
ment would exist even if I s.——0.

SimHar results to these are easily obtained for the
5(980) which can, in this picture, decay only to rim.
In this case we assume that the inelastic reaction
KK~qm proceeds through the degenerate qq iso-
vector partner of the e (which we call 5i, denoting a
5-like two-quark state) and use the theoretical rela-
tions

2
gs,

1 (5~ri~) =
4aM'

gg, gg m.Mg,
2

, I
i}'s(0}

I

'
4~Mt;,

'
2@~ I q,

(21)

=40 MeV

once again in good agreement with measurements.
Although S*~mn might be expected to behave
similarly here and in the bag model (since in each
case an ss annihilation is required), the 5 has a
"fall-apart" mode to rim. in the bag and would there-
fore, a priori, be expected to have a much larger
width than the S~. The ability of our picture to ex-
plain the narrow widths of these two states —an ef-
fect essentially of the weak binding which makes
f(0) small —must be counted as a success of this
picture. These narrow widths can also be contrast-
ed with a qq picture of these states where, for exam-
ple, one would expect I S.-1000 MeV.

IV. CONCLUSIONS

Despite the several weaknesses of our model of
the qqqq system, we think it may provide a qualita-
tively valid picture of this simplest multiquark sys-
tem. To summarize, we recall the following.

(1) The model gives no evidence for a rich
discrete spectrum of qqqq states and in particular
does not seem to support the existence of baryoni-

(22}

I

umlike states. This conclusion, in contrast with
previous studies of this model, arises from properly
taking into account 33-66 mixing by the confine-
ment potential and thereby discovering that at least
in the sector we have explored, the tower of discrete
states previously thought to exist does not persist.
While studies of the forces between excited mesons
will be required for confirmation, we suspect on this
basis that only qq and qqq hadrons exist.

(2) The model points to the existence of weakly
bound 0++ qqqq states for some light quarks.
When supplemented by a method for extracting
from it an effective meson-meson potential, the
model indicates that of a possible nonet of such
bound states, probably only the KK-like isoscalar
and isovector states survive SU(3) breaking. We
identify these states as the S~(980) and 5(980) and
note that, in contrast to the bag model, their posi-
tions just below KK threshold are not accidental.
We further strengthen these identifications by suc-
cessfully calculating the widths of these states for
decay into mm and gm, respectively.

(3}Even if the identification of these bound states
with the S*and 5 is incorrect, the model provides a
picture of possible meson-meson bound states which
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is remarkably like the nucleon-nucleon picture of
the deuteron. The clustering of the qqqq state into
color singlets of dimensions considerably smaller
than the intercluster separation emerged from first
principles. A weak binding comparable to that in
the deuteron was a further automatic feature of the
model. These results lend support to the hope that
nuclear properties can be deduced from the quark
model.

While these various features of the model are
very encouraging, we would like to close by men-

tioning some outstanding problems. We have al-

ready stressed that the model is badly flawed by its
inability to take into account relativistic binding ef-
fects unless supplemented by something like our
effective-potential approach. We see little hope of
correcting this deficiency, but several avenues are
open for correcting less fundamental problems with
the model: the effects of anharmonic, tensor, spin-

orbit, multibody, and qq annihilation forces could
be investigated, and the unequal mass problem
(especially as it applies to the possibility of stable
charm-strange exotics' ) could be considered. On
the phenomenological side, this study leaves many
questions unanswered: Do any weak resonances of
excited mesons exist? Do the mesonic analogs of
nuclei beyond deuterium exist? Why do meson-
baryon bound states not (seem to) exist? Can we in
fact apply this model to the qqqqqq system to begin
to derive some of the properties of nuclei from the
quark model? It is especially appealing to hope to
make some progress on this last question. After all,
particle physics was born in an attempt to under-
stand the nucleus, and it would be very satisfying if
this goal could finally be realized.
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for s=0 states it is more attractive than r and so
overpowers the kinetic energy p /2m. This prob-
lem can be overcome in principle by calculating
corrections to Hh„z of higher order in (U/c) and u„
but this is impractical. We evade this difficulty by
identifying the physical origin of the resulting
smoothing of 5 ( r &2) with the relativistic smear-
ing' of the position operator of an effective two-

component theory over distances of order m '. We
therefore take

5 (r&2)~5'(r|2) = e
m' ' (Al)

and have in the text normally chosen o- '=0.5
fm-1/m. We have checked that for reasonable
variations in 0 our results are not dramatically af-
fected [see Fig. 2(b)j: a change in o affects our fit-
ted value of a, with the result that the net change
in the physics of the system is small.

APPENDIX B: COLOR %'AVE FUNCTIONS

1 e»q q~J (B1)

l6, , )

1 d»q qt'
v2

1
~apyq pqy

v2

1dpqpy

(B2)

(B3)

where e p~ is the standard alternating symbol with
e' =1, and where the nonzero d's are

The calculations of the text rely in several in-

stances on the use of explicit color wave functions
and on transformations between various color bases.
We reproduce some of the more useful results here,
both for completeness and to simplify comparisons
with other related calculations.

The qqqq system can be coupled to a color singlet
in several ways: we use in this paper (see Fig. 1 for
notation) the has~ (13»334)

l
6&2634))

8)3824) ), and (l 1 &4123 ), l 814823 ) ), where in each
case we have an overall color singlet made up of
subunits CJ of particles i and j in the color states
C=1, 3, 3, 6, 6, or 8. Explicitly, we use

APPENDIX A: THE SMEARED 5 FUNCTION: 5

The hyperfine interaction Hh„~ ~S&.S25 (r&2) is
an illegal operator in the Schrodinger equation since

d 212 d 221 d 413 d 431 d 523 d 532

(B6)
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from which it follows that

1312334&= e ~'e ~
I
e]e]'2A4 &

12

1612634) d '~ ~Iq]ekSe4&.
24

(B7)
S»S34) —S]2S34,

A]2 A34) — (A]2A34 A]2A34+A]2A34}.+ — 0 0

3

(C3)

Then the combined spin states with total spin zero
are

It is clear that the constraints imposed by the sym-
metries of H under 1~2 and 3= =~ interchanges will

be most easily implemented in this basis: the 3 and
3 are antisymmetric, while the 6 and 6 are sym-
metric, under these interchanges.

To transform to the other useful basis systems we
use the results

1
113124) ( 3 } 1312334&+( 3 }'"1612634)

(B9)

1813824&= —( 3 ) 13]2334&+( 3 ) 1612634&

(B10)

and

2v2
1114123&=

3 1113124&+ 1813824&
3

2 2 1

1814823) 1113124) 71813824) ~

3

(Bl 1)

(B12)

From this last, one can see that 1113124) and

1114123) span the space of internal color states; it is
this observation that leads to the wave function (9)
of the text.

APPENDIX C: SPIN WAVE FUNCTIONS

= 1
S]J—— ~ (T]lj —l]TJ),v'2

A]J (Agj+, A ,
——

]J, A)J

1=(T]lj, (T]tj+l]TJ),l]4;),
2

(Cl)

(C2)

where S stands for scalar and A for axial vector.

The calculations of the text rely on the use of ex-

plicit spin wave functions and on transformations
between them which we catalog here. Since the
space-color wave functions 1f+ ) of Eq. (9) are sym-
metric (+) or antisymmetric (—) under 1~2 or
3= =", we want to construct spin wave functions
with these same symmetries. We therefore begin in
the qq and qq spaces and write

3
I V]3 V24& =

I S]2S34 &
——,

I
A]2'A34& ~

and
(C6)

1 3 + +

I &]4~23 &
=——,

I S]2S34&+ I
A»'A24&

(C7)

v3
I
V]4'V23& = —

2 I s]2S34& —
2 I A]2'A34&

(C8)
When coupled with the 1g+) to make the wave
functions (11) and (12) these space-color-spin states
admit, as discussed in the text, only certain fiavor
symmetries.

The hyperfine interactions mix the (cryptoexotic}
states (1 la) and (1 lb) among themselves and the (ex-
otic) states (12a) and (12b) among themselves with

mixing angles we call 30'+8+ and 30'+ 8
respectively. In the two-free-meson limit, it is not
difficult to show that the eigenstates of (1) in the
sector (1 1) are

&=+ 1(AA) &+ —,'1(ss) ), (c9)

1$yy) =+ 1(SS)+)——, 1(AA)+) . (C10)

The coefficient of 11»124) in (C9) is

1 3
—,

I s]2S34) +
I A]2 A34) = 1~13~24)

2

while the coefficient of 1114123) is

1 3 + +——, 1s„s,4&+ 1A„A,4&=1&]4~23&,

i.e., 8+ ——0 corresponds to two free pseudoscalar
(and two free vector) mesons.

(C4)

To accomplish transformations to the meson bases
we use the analogous states P;J and V;J (standing for
pseudoscalar and vector} to get

1 3 +

1
&13~24&=, ls]2S34)+ I A]2 A34&

2

(C5)
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APPENDIX D: LONG-RANGE COLOR POTENTIAI.

We would like to estimate the effect of the long-

range color van der Waals —type potential on our

conclusions. To derive this potential we imagine
two mesons held a distance r apart in their relative
coordinate x by a stiff spring of spring constant K.
In the (~ 1i3124),~8»824)) basis the Hamiltonian is

2
Px

2m

—,E(x —r)
r

S

c+—,(E'+3k)(x —r ') 2m ' 0 —,y 2m

r

0
] 3

8+'k 0 2A2 + eo+H „, (Dl)

where

and

23/2
(~2 2)

3
1

Hp ~—.k
3

(A2 —y )

r —+r, as I( ~oo,X+3k

E
X+3k

—kr ~—kr as E~ao .

(D2)

(D3}

(D4)

The solution of (Dl) with H~„=O is straightfor-
ward: it gives disjoint spectra of singlet and octet
mesons localized at the position r with ground-state
energies 2Ml +Eo and 2M&+ED+ —,kr in the lim-
it E~ ao, where Mllsl is the "internal" mass (from
the quark masses and the eignevalues of they and A,

Hamiltonians) of a singlet (octet) meson and Eo the
ground-state energy of the oscillator centered at r.

If there were a weak potential V(r) between two
ground-state mesons, it would manifest itself in
these circumstances by producing a shift in the
ground-state energy of EE=V(r) Thus w. e can
find the effective residual potential between two
color-singlet mesons by turning on H~„and inter-
preting the shift in the ground-state energy as
V„sw(r). If we were to just consider mixing be-
tween the ground states of the

~

1 i 3124) and
Sl3824) systems, we would find for m =0.33 GeV

V'„d'g'(r) =-
3m'

(
8 )3/2( l )3/423/4
3 3

2 2

(
8 )l/2+21/2 ( )I/2+( )l/2
3 3 3

( )
/ +( )

/
( )1/2+21/2

2 . . 2

(D5)

1.6 MeV

[r (fm)]2
(D6)

Since, however, the excited states of the ~8l3824)
system will, as r~ce, all have virtually the same
energy denominator (—,Er ), a variational calcula-
tion is more appropriate. We can actually find the
exact energy shift as r~ao if we notice that an

8 l 3824 ) wave function of the form (A, —y }
X exp[ —,pl (A, +y )], with pl ——( —,km)'/, will

maximize the mixing matrix element with the
ground-state wave function. This exact result gives
the considerably stronger potential

1 20 MeV
V.dw«) =— 4

6mr [r (fm)]
(D7)

The effects of such a potential in the region r~2
fm, where, since it would be cut off by pair
creation, it represents a spurious contribution to our
effective potential, are not serious. In view of the
fact that our wave functions die out very rapidfy in
this region we expect the error from this source to
be less than 1 MeV.
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