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It is shown how the loop expansion in massless three-dimensional QED can be made fin-
ite, up to three loops, by absorbing the infrared divergences in a gauge-fixing term. The
same method removes leading and first subleading singularities to all orders of perturbation
theory, and all singularities of the fermion self-energy to four loops.

I. INTRODUCTION

Three-dimensional field theories are of physical
interest for finite-temperature four-dimensional field
theories which are, in the limit of infinite tempera-
ture, governed by corresponding (Euclidean) three-
dimensional theories.”> Also, they are relevant by
themselves as toy models (in 2 + 1 dimensions) for
studying confinement.?

Theories that are renormalizable in four dimen-
sions become superrenormalizable in three dimen-
sions, where the coupling constant e? acquires the
dimension of a mass. In the case of massless fields,
as in gauge theories or scalar theories at their criti-
cal point, this fact is responsible for infrared (IR)
divergences in the naive loop expansion of various
amplitudes. That is, for dimensional reasons, the
higher-order diagrams must involve a high power of
momentum variable in the denominators of loop in-
tegrals which become divergent at certain orders.

The IR divergences can be avoided by a resumma-
tion of a perturbation series such as the 1/N expan-
sion in three-dimensional QED with N fermion fla-
vors. However, for N =1 it is inapplicable; in SU(N)
gauge theories the leading term in 1/N involves all
planar diagrams, and no summation techniques are
known.

Here we study the loop expansion of two- and
three-point functions with large external momenta
in massless QED;. The IR behavior of this theory is
similar to the IR behavior of three-dimensional
Yang-Mills theory because both theories contain
charged massless particles. The latter are of im-
mediate physical interest for high-temperature per-
turbative studies of the thermodynamics of Yang-
Mills fields."*>

We regularize the loop expansion using dimen-
sional regularization.” The dimensionality of the
coupling constant in D dimensions is fixed to be
u?~P72 where u has units of mass. The IR diver-
gences of Feynman diagrams appear as poles in the
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complex D plane at D=3. Since there are no ultra-
violet divergences, all the poles are of IR origin. We
find that the loop expansion can be made finite, up
to the three-loop level, by absorbing the IR singular-
ities in a gauge-fixing term. We also show that in
this way the leading and the first subleading singu-
larities can be eliminated to all orders in the loop ex-
pansion. This procedure of elimination of singulari-
ties corresponds to a renormalization of a gauge
parameter and as all renormalization procedures it
gives a prescription-dependent finite part.

It is shown that up to four loops the fermion
propagator can be made finite.

Previous studies of the IR problem in three-
dimensional gauge theories have found that loga-
rithms of the coupling constant appear in the two-
point functions.*~® We find that in QED; loga-
rithms of the coupling constant can appear in
gauge-variant Green’s functions. In the present ap-
proach, once the gauge fixing is specified complete-
ly, then to three loops everything is calculable and
well defined in contrast to previous treatments,*®
where only leading and first subleading logarithms
were calculable. Also by appropriate gauge fixing,
the coupling constant, which may appear as a scale
for a logarithm of the momentum variable in some
gauges, can be replaced by another scale in other
gauges, making the resulting loop expansion analytic
in the coupling constant to three loops.

For higher loop orders leading and first sublead-
ing logarithms also contain a gauge-dependent scale.

Beyond three loops, unless unexpected cancella-
tions occur, singularities that are not removable by a
gauge transformation will appear and they will have
to be canceled by introducing counterterms that will
produce uncalculable analytic contributions and log-
arithms of momentum.

Section II of this paper explains the method of ex-
tracting the singularity from the two-loop fermion
self-energy. Cancellation of singularities by a gauge
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transformation is the subject of Sec. III. Section IV
shows the renormalization procedure for three-loop
diagrams and discusses singularities at higher or-
ders. Appendix A contains proof of the gauge-
fixing procedure of Sec. III, and Appendix B shows
the renormalization of the fermion self-energy at
four loops.

II. ONE- AND TWO-LOOP DIAGRAMS

To regularize IR singular diagrams, we use di-
mensional regularization with the usual conven-
tions,” except for the trace where we choose
Tr1=2P72=1/2 in order to have the correct limit at
D=3, because y matrices in three dimensions are
2% 2 Pauli matrices. Final results are, of course, in-
dependent of continuation conventions [see discus-
sion after Eq. (2.8)].

L= —F, F* i3y —eAy

(2.1)
F,,=0,4,—0,4,
with the coupling constant
e:“Z—D/2:“(1+17)/2’ ’T]=3—D . (22)

In covariant gauges, with gauge parameter a, the
photon and fermion propagators are

—iP,, iap,py
D,.(p)= £ - , 2.3
w(P) pi+ie—T(p?) (p>+ie)? @3
S(p)=—Lb— | 24
(p) PEST) (2.4)
where

Pp.v=gyv_p;4pv/l’27 Hp,v:Pyvn(Pz) .

One-loop self-energies, Fig. 1, are finite in the limit

The theory is defined by D3,
41 DL 49 /2)T(2 +7/2)
M N(p2)=—p2 22 2 2 2.52)
G V! (87) =12 (2—7) (2.52
2
__p B
16 (—p%—ie)'/? +ot), (2.50)
149 D(5 47 /2)0(5 —7 /2)T(5 =7 /2)
2(1)( )= —a U 2 2 2 (2.6a)
D p ——p2 (447.)3/2—17/21-\(1__7’) a
=B 0. (2.6b)

16 (__pZ_ie.)l/Z

It follows that the dimensionless expansion parame-
ter is

Mp)=—E= 2.7)
—P

and the convergent loop expansion exists for
Alp) <1, i.e., at large (Euclidean) momenta. By in-
serting (2.5) and (2.6) into higher-order diagrams
and carrying out the loop integrations, the singulari-
ties will be encountered, in general, as a consequence
of soft momenta flowing through subdiagrams
which are themselves reliable only for large momen-

ta.
The first divergence appears in the fermion self-
energy at two loops. All diagrams that contribute to
3@ are shown in Fig. 2, but only Fig. 2(a) is diver-

~O- L,

(a) (b)
FIG. 1. One-loop contribution to (a) I,,,(p), (b) =(p).

[
gent, and straightforward calculation gives

a : d?® 1,
B2p) = =it [ o

P
x 211 (g?) (2.8a)

7*
where IT'"(g?) is given by (2.5a),
” 2(1+47)
32@)(p)= I'(—%)+const
PI=75c 3 — [T(—=7 ]
(2.8b)
2
I N -1—+2ln R
967T2 V —p2 n V _pz
+C|+0().
(2.8¢)

This result consists of three characteristic terms: the
pole, the corresponding InA(p), and the last term C
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O (N

(a) (b) (c)
FIG. 2. Two-loop contributions to = (p).

is a finite constant. First we notice that the InA(p)
term has the same coefficient as has been previously
found by resummation of the perturbation series.*
It is clear from (2.8b) that the coefficients of InA(p)
and the pole 1/7 is fixed, while C depends on con-
tinuation conventions. In Sec. III, we show how the
pole term can be subtracted by a gauge transforma-
tion that gives a finite part which redefines C, i.e.,
absorbs its continuation convention dependence.
Thus the total two-loop contribution to = can be
written in the form |

ZUptal= [ DA,29 20 REE,

3P=pAXp)[4P(InAp)+C?)+FP], (2.9

where 42 = —1/4872, F? is a finite constant ob-
tained by evaluation of finite diagrams Figs. 2(b)
and 2(c), and C'? is a gauge-dependent constant.

III. METHOD OF ELIMINATION
OF DIVERGENCES

A. Definition of a gauge-fixing term

We are going to define a gauge transformation,
starting from an a gauge as used in Sec. II, so that
the infrared divergences can be eliminated from the
loop expansion.

QED in an a gauge is defined by the following
generating functional:

S0, 00,6, E0)= [ de[- TF W F* + i3y — e — —2%;(8,,A")2+J”A”+§_¢+J§} :

The gauge is still not completely specified by this
generating functional because the functional integral
needs some boundary conditions. We can fix those
boundary conditions by canonically quantizing the
Lagrangian

— __1__ ©ny2
ZLe=L —5 (0,447,
with the conditions
(0]9|0)=(0|9|0)=(0|4,]0)=0.
(3.1)

For a more careful treatment of these conditions see
Appendix A. Now we are interested in performing
the following c-number gauge transformation start-
ing from this gauge,

P(x) >l =e

A, (x)—>A](x)

—igyBHx

kh(x) ,
(3.2)

g
=A,,<x)+7°3,, ,

where B, is a dimensionless vector and g is a con-
stant with dimensions of mass. QED in this new
gauge can be formulated in different but equivalent
ways: One can keep the same form for £ and
quantize it canonically, but instead of the condition
<OIAI§ (x)]0)=0 one will have
(0]4,(x)]0) ~—(g0/e )B,, while the condition
(0|¢B|0) (0| 4* |O) 0 holds.

Equlvalently we can write LA, B v29%) in
terms of 4, 1ﬁ , and ¥ 2, dynamical varlables which
have zero vacuum expectation value, and are there-

[
fore more convenient to work with,

Ll Af 598 = —%Fuvwwl’ua—a yp®

—go¥ ’ByYP— — aA“) , (3.3)

that is, we treat the (go/e)B, part of Aﬁ as an
“external” field.

The generating functional with these dynamical
variables is

Z[J,,6.€,2,80B,]
_ f DA, DY glzeiS(A”,tﬁ,J,J#,g,E,a,goB#)
(A, B0 0,8, 80B,)
— [ dP | P flid—ed )y

—8oUBY — i(aﬂA”)erJuA#

+ E¢+IF§] : (3.4)

The index B in ¥% and in ¥ has been suppressed
since in the functional integral they appear as dum-
my variables. This generating functional has to be
complemented with the information that all dynam-
ical variables used here have zero vacuum expecta-
tion value, and that defines completely our formal-
ism.

When one calculates gauge-invariant amplitudes
using Z[J,,§ 3 ,,80B,], they will not depend on
B,,, and they will not be affected if, instead of using
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Z[J,,6,E,0,80B,], we use

Z[J#,é',é’,a,go]= fdDBe’BZ/ZZ[JM?§7E’a’gOB;L]
(3.5)

[this follows closely the procedure used in defining
the a gauges where an average over all possible
9,4"=f(x) gauges is taken].

We will show next how gauge-dependent quanti-
ties can be made finite by means of this gauge-fixing
procedure.

From (3.5) we can read off the Feynman rules for
the B photons. They are shown in Fig. 3(a). Notice
that the B photons do not carry momentum and no
additional loop integration has to be introduced
when one diagram contains an internal B photon. In
addition, we have photons described by the 4, field
that are quantized in the usual way (as used in Sec.
II). One can see explicitly that the contribution of
these zero-momentum photons to gauge-invariant
amplitudes is zero, which is consistent with the fact
that they represent the effect of a gauge transforma-
tion.

B. Cancellation of Singularities

In order to cancel the divergences of the two-loop
fermion propagator it is enough that the diagrams in
Fig. 3(b) cancel their divergences.

This can be achieved if [see Eq. (2.8¢)]

R T S (3.6)

where g? is some finite, gauge-dependent constant.
Now the renormalization prescription arnounts to
fixing the additional gauge freedom, i.e., choosing
g2, or choosing C'? in Eq. (2.9) where C'? contains
both finite parts of the diagram and the counter-
term.

The constant C? can be chosen to modify the ar-
gument of InA (p) by writing it as C?=In(A /p).
Therefore the scale that appears in the logarithm ofI

olp
SO T (b)

FIG. 3. (a) Feynman rules for B photons. (b) Diver-
gent two-loop diagram and its corresponding counterterm.

p? is completely arbitrary and independent of u, be-
cause A is a gauge-dependent quantity. Therefore,
with appropriate gauge fixing, there are no nonana-
lytic terms of the coupling constant. The same con-
sideration holds for all contributions up to three
loops and for all the leading and the first subleading
singularities (see Sec. IV).

Notice that the contributions to the fermion self-
energy illustrated in Fig. 4 are identically zero in the
dimensional regularization method. Because B pho-
tons carry no momentum, we have

dD
---O———“f?ﬂﬂ’-

The cancellation of singularities in higher loop or-
ders and for other n-point functions is the subject of
Sec. IV.

IV. HIGHER LOOP ORDERS
AND OTHER N-POINT FUNCTIONS

A. Three-Loop Fermion Self-energy

To cancel the infrared singularities of the fermion
self-energy at three loops, one has to add diagrams
contalmng B photons. The diagrams that contribute
to 3‘® are shown in Fig. 5 together with their coun-
terterms. As an example, we evaluate the diagrams
in Figs. 5(b) and 5(b’),

, 1 guy—(1—a)k, k, /k?
3.5(b) 5 5(6) 1+7 7 28y 4 k) vk £ , 4.1)
+ —ip f(q 7 p+k Pl P
where
330p+h)= 32p +k) + EE 22 +k) 42)
and 3%®(p) is given by (2.8b). Evaluation of loop and parametric integrals yields
IS wsb)_ BB s34 2 _ 1 4.3
Tox 962 X TP) | AT (4.32)
- [ <2)}
165 4872 A(p) [InA(p)+C® | +0(9) . (4.3b)
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FIG. 4. Vanishing diagrams in the dimensional regu-
larization method.

Hence =°® 4+35%) s finite and C'? is the same as
in (2.9). The remaining three diagrams, Figs. 5(c),
5(d), and 5(e), have similar terms; thus, up to three
loops the fermion self-energy is finite.

Total contribution to = has the form

30 —apA¥(p) [A‘” [1nup>+c<2’ ] +F<3>] :
(4.4)

where 4®) and F® are finite constants, F'*) stands
for finite diagrams.

B. Vacuum Polarization

Vacuum polarization at two loops is finite and at
three loops there are two IR divergent diagrams
(Fig. 6), but the divergences cancel in the sum?; so
the vacuum polarization is finite up to this order.
This cancellation is a consequence of gauge invari-
ance and can be understood as follows. The IR
divergences in both diagrams of Fig. 6 are produced
by zero-momentum flow through the photon line
with the bubble insertion, and these divergences can
be canceled by B photons individually. In the sum
the B photons must cancel by gauge invariance;
hence the divergences must cancel.

Since logarithms of momentum associated with
these singularities (that cancel) must contain a
gauge-dependent scale, it follows that these loga-
rithms do not appear in gauge-invariant amplitudes
like the vacuum polarization.

&&3
@ﬁ:

(c)
- /”_\\\
n,’ \\\ l/ t/“\'\ \\
(b’) (c”)

FIG. 5. Three-loop diagrams: (a) finite diagrams, (b), (b') (c) (¢), . ..

terterms.

This is in agreement with the second paper of
Ref. 8, where it is shown that contributions of the
leading-logarithm diagrams to II,, vanish when
summed to all orders.

C. Other N-Point Functions

Arguments based on gauge invariance strongly
suggest that if one has been able to make finite the
fermion propagator up to three loops, then up to the
same loop order all other n-point functions should
be finite in this gauge.

For example, the Ward identity shows that the
vertex function with zero external photon momen-
tum can also be made finite with the same gauge
transformation.

The cancellation of infrared divergences by a
gauge transformation can be seen in all other n-
point functions and everything works as in the case
of the fermion propagator.

In the case of the vertex function, up to two loops
the only divergent diagram is shown in Fig. 7(a).

From this diagram we can extract its infrared-
singular part easily by realizing that the infrared
behavior is not changed by making the replacement
1/(p'+K)—1/p' [or, if one chooses, the replace-
ment 1/(p+Kk)—1/p]. This just follows closely the
treatment for the case of the fermion propagator,
and in this case one can see that the diagram that
cancels the infrared divergence of the graph in Fig.
7(a) is the one shown in Fig. 7(a’).

The cancellation of the singularities up to three
loops can be shown using similar techniques. For
example, in Fig. 8(a) we can replace the part en-
closed in a square, which is equal to

LN

/GXN/WO\

(d') (e)

divergent diagrams with their corresponding coun-

with 3 bare

diagrams )
photons
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- -

FIG. 6. Three-loop contributions to IT,, with mutually
canceling infrared divergences.

by an expression that keeps the same infrared
behavior for Fig. 8(a)—for example,

1 rw
P +kK T

After extracting the smgular part of Fig. 8(a), it is
easy to see that it is canceled by Fig. 8(a’). Other di-
agrams are treated in a similar way; for example,
one can check that Fig. 8(b) cancels the singularity
of Fig. 8(b).

(p’ ,p)

D. Singularities at higher loop orders

1. The leading and
the first subleading diagrams of X

We now show how the cancellation of the leading
and the first subleading singularities works to all or-
ders for the fermion self-energy 2. Similar analysis
can be carried out for other n-point functions.

The diagrams with the highest power of the loga-
rithm at a given loop order we call the leading dia-
grams; similarly, the first subleading (1SL) diagrams
have one loop more than the leading counterparts
for the same power of the logarithm. The leading
diagrams contain leading singularities, before renor-
malization, and each singularity contributes a loga-
rithm. Previously considered diagrams [Fig. 2(a)
and Figs. 5(b), 5(c), 5(d), and 5(e)] are the lowest-
order examples of the leading and the 1SL diagrams,
respectively.

Now we extend the analysis to arbitrary loop or-
ders where one can easily prove, by induction, the
following classification of singularities. The leading
diagrams of = at 2n loop order can be of two types.

(i) N-photon lines, with the bubble insertion, at-
tached to the bare fermion line; e.g., for n =2 such
diagrams are shown in Figs. 9(a) and 9(b). Each
photon line contributes a singularity, hence loga-
rithm, from the soft-photon region.

(ii) Bare photon attached to a fermion line where

/p

(c)

FIG. 7. (a) Dlvergent two-loop contribution to the ver-
tex function. (a’) The corresponding counterterm.

.

(a) (a’) (b) (b’)

FIG. 8. (a), (b) Divergent three-loop contributions to
the vertex function. (a’), (b') Their corresponding coun-
terterms.

the only dressing occurs in the internal fermion line
with a (2n—1)-loop 1SL diagram; e.g., for n=2,
Fig. 9(c). One singularity is produced by the soft
momentum flow through the fermion line and the
remaining (n — 1) singularities come from the subdi-
agram. Diagrams of this type are proportional to
gauge parameter a.

The 1SL diagrams of 2 appear at odd loop orders
and they are related to the leading diagrams at
preceding, even, orders. All the 1SL diagrams at
(2n +1) order are obtained by attaching a bare pho-
ton to the fermion line of the leading 2n-loop dia-
gram; they are proportional to gauge parameter a.

Now we choose the a =0 gauge in which both
ISL and the type (i) leading diagrams vanish.
Therefore, all the leading diagrams of 3 are of the
type (i) and they can be renormalized by B photons
order by order [see the four-loop example in Figs.
9(a), 9(a’), 9(a”), and 9(a’’)] and the finite part of the
2n loop order becomes

El(dZn):Al(‘Zn)p}bzn(p)[]n}»(p)+C(2)]n , 4.5)

where Aiz") is a constant. Explicit evaluation of
AP [for n=1, see (2.9)] is in agreement with Ref.
8. However, in contrast to Refs. 4 and 8, we find
that the logarithms do not have to contain the cou-
pling constant because the scale of the logarithms is
gauge dependent (as explained for n=1 in Sec.
III B).

2. Higher subleading
and gauge-invariant singularities

Singularities of = discussed so far are gauge ef-
fects, but this need not be the case for higher sub-
leading singularities. The second subleading (2SL)
diagrams at 2n-loop order have one power of the
logarithm less than the leading diagrams at the same
order, thus give the term proportional to

A¥(p)[InA(p)+const]* ! ;

for an example of 2SL, see Appendix B. The second
and the higher subleading diagrams of 2 may in-
volve a new type of singularities not removable by a
gauge transformation, e.g., if gauge-invariant vacu-
um polarization develops a singularity it will affect
3.



27 LOOP EXPANSION IN MASSLESS THREE-DIMENSIONAL QED 363

//—'\\
/ \
/ /O'\\ \ / /77N \
{ \ | I \ \

('Q”) ( OIII)

[N - (Figs(b)+ (bl +-(eh)

(a) (a')
ORON TR

1SL

(b) (c)

FIG. 9. Leading-logarithm diagrams at four loops. 3L: three-loop contributions, 1SL: first subieading contributions.

(a), (@), (') are counterterms of (a).

Singularities in the vacuum polarization may ap-
pear at four or higher loop orders and gauge-
invariant counterterms would be necessary. In this
case one would be able to calculate only the leading
logarithms (leading in the vacuum polarization), at
each loop order, leaving remaining terms uncalcul-
able.

V. CONCLUSIONS

We have been able to eliminate all the leading and
the first subleading singularities to all orders and all
singularities up to three loops in the loop expansion;
to four loops for the fermion self-energy (Appendix
B).

In the present approach, after these singularities
have been removed by a gauge transformation, we
are left with logarithms of the kinematical variables
divided by a gauge-dependent scale. This gauge-
dependent scale appears, rather than nonanalytic
terms in the coupling constant, up to three loops and
for all the leading and the first subleading loga-
rithms if the scale is not chosen to be e2. Therefore,
both nonanalytic and uncalculable terms found in
Refs. 4 and 8 are a consequence of working in an «
gauge with standard boundary conditions, and do
not have gauge-invariant meaning.
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APPENDIX A: BOUNDARY CONDITIONS

The following procedure, due to Professor A.
Guth, shows more carefully the origin of the addi-
tional conditions defined by Eqgs. (3.1) and (3.5).
The argument will be shown for three dimensions;
however, it is immediately generalizable to any in-
teger number of dimensions and by analytic con-

tinuation to any number of dimensions.

Let us assume that our field variables satisfy
periodic boundary conditions, so that they only need
to be specified in a box defined by

L L
Y <x, < Ea (A1)
The generating functional in an & gauge is given by
- i 3. ¢
z= [ 94,9 e T e (A2a)
= [ 24,29 DPexp |i [ d’x |—5F,2+ifdy

e A — 5 (3,407

|

(A2b)

In this generating functional many gauge copies

of the same configuration are considered, because

after introducing the gauge-fixing term we still have

a residual gauge freedom (A3) that respects the
periodic boundary conditions

N —i2mk-x/L
ye v (A3)

A=Ay +——7=,
where k, are integers.

We can use the gauge freedom (A3) to ensure that
(A4) is satisfied,

|
|
A
A
E
g
8
s
=

(A4)

An arbitrary vector potential in the a gauge can be
written as
2 k ,
A,0=" 14,00
where A ;, is inside the box defined in (A4) which we
will call C;. Then we have that (A2) can be written
as follows:
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zZ= f DA, DY D exp

i [ &% L4, D)]

=§’le e, DADY DYP'exp ifd3xfeﬁ(A;,,¢’,J’)]
R

. ’ ' T . 3 ' v
_<k21)fz,#ECL DA, DY DFrexp {z [ &3 L i t',3 )] . (AS)
"

The factor Zkﬂl is a constant normalization and can be therefore dropped. The resulting form of the gen-

erating functional corresponds to the conditions satisfied by (3.1), since when L — oo, A —>0
The form (3.5) can be obtained as follows. Instead of choosing the gauge (A4), choose A to be
1 2k _ 8o
Au="p =y But

where 4, satisfies (A4). Now denote 4,, ', ¥ the dynamical variables in this gauge. Then up to an ir-
relevant normalization we have that

9AL@¢ "D exp

i [ @x Ly 9"

ifd3x—

fZl—(go/e)B”GCL

= [. DA, DFexp 1p v2+1—ﬁ—1(ia—e¢4)¢‘—go$13¢l—i(a”,4“)2

iec
Now one can drop the index 1 and perform an average with weight e'B*/2 gver all possible B. Up to normaliza-
tion
Z=T B P DY DPexp |i [ dx | —F +0(id—ed)y— goww——(a AH)?
M
»

when L — w0, 4,—0, and Ek# — f d*B, and we get Eq. (3.5).

APPENDIX B: this loop order, let us consider first the leading dia-
FOUR-LOOPS FERMION SELF-ENERGY grams, shown in Fig. 9, where the counterterms
needed to make diagram 9(a) finite are shown [9(a’),
Here we consider four-loop contributions to the 9(a"), 9(a’")]. Diagrams 9(a) and 9(b) each have a
fermion propagator. Among the contributions to second-order pole at 7 =0: each photon line with a
(c) (d) (e)

+ oK+

{

(Fig.5(a)) LB - (Fig.2 (b) +(c))
L o e
m@w

+

b
@@

(f)

0o
04

FIG. 10. Four-loop second subleading contributions to fermion self-energy.
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\\ / da
\ Y an TN
& dg / /)\ \
/7 \ i { 1 \
Vs

\
(a) (b)

FIG. 11. (a) B* interaction vertex; (b) counterterm
needed to cancel second subleading singularities of the
fermion propagator at four loops.

bubble insertion contributes one order to the pole.
The graphs represented by Fig. 9(c) have a new type
of singularity, arising from soft momentum flow
through the fermion line.

Diagram 9(c) cannot be renormalized by B pho-
tons, but it can be eliminated using the a =0 gauge
(Landau gauge if go=0), since it is proportional to
a. Thus the leading diagrams of 2 in the a =0
gauge, renormalized by B-photon counterterms, give
the finite contribution

3 =4 pAp)[InAp) +C?'P, (B1)

where A(p) is the expansion parameter defined in
Eq. (2.7), A}¥ is a constant, and C'? is a gauge-
dependent constant, as before.

There are no first subleading diagrams because
they appear only at odd loop orders and in an «
gauge they are proportional to a.

The second subleading diagrams at four loops
contain a first-order pole at  =0; they contribute
only terms proportional to InA(p) and powers of
Alp) which redefine gauge-dependent terms of the
leading diagrams.

We still have to show that the poles of these dia-
grams can be canceled. All four-loop diagrams are
obtained by inserting three loops in both photon and
electron propagators and in the vertex, (Fig. 10)
(counterterms are suppressed). Diagrams 10(a) and

10(b) are singular because of soft momentum flow
through the photon line; in diagram 10(d) the singu-
larity comes from soft momentum through the fer-
mion line, while in 10(e) the singularity is contained
in subdiagram 10(f).

In the ¢ =0 gauge, diagrams 10(b) and 10(d) van-
ish, while diagrams 10(c) and 10(e) are renormalized
by B-photon counterterms (see Figs. 3 and 8), and
the only remaining pole is in diagram 10(a). This
pole can be canceled by a generalization of the B-
photon counterterms introducing a B* interaction,
as will be explained below. Here we point out that
all the singularities at this loop order are either pro-
portional to a or removable by B-photon counter-
terms, hence of gauge origin. The total contribution
of second subleading and finite diagrams (in a =0
gauge) has the form

S5 =45 A P [InAM(p)+C P+ CH 4 FWT
(B2)

where A5 is a constant, C**) is a constant due to
the B* interaction, and F'* is a.constant represent-
ing finite diagrams.

To cancel singularities of the diagram in Fig.
10(a), we introduce additional diagrams by modify-
ing the definition of the gauge fixing from (3.5) to

Z[J,,,é’,f,_,a,gmg‘t]
B2y i B4 _
_ f dDBeB /288 Z[J,.6,E,0,80B,] .

The introduction of this additional term produces
additional vertices of the form shown in Fig. 11(a).
We are going to choose g4 =Kn with K a finite con-
stant independent of 7(=3—D), so that g4—0 as
we approach three dimensions. Under these cir-
cumstances the only singular contribution where this
interaction enters at four loops in the fermion prop-
agator is shown in Fig. 11(b), where K is now chosen
so as to cancel the singularities coming from dia-
grams of type (a) in Fig. 10.
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