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We reexpress superconformal gravity in Hamiltonian form, explicitly displaying all 24
generators of the group as Dirac constraints on the Hilbert space. From this, we can estab-
lish a firm foundation for the canonical quantization of superconformal gravity. The pur-
pose of writing down the Hamiltonian form of the theory is to reexamine the question of re-
normalization and unitarity. Usually, we start with unitary theories of gravity, such as the
Einstein-Hilbert action or supergravity, both of which are probably not renormalizable. In
this series of papers, we take the opposite approach and start with a theory which is renor-
malizable but has problems with unitarity. Conformal and superconformal gravity are both
plagued with dipole ghosts when we use perturbation theory to quantize the theories. It is
difficult to interpret the results of perturbation theory because the asymptotic states have
zero norm and the potential between particles grows linearly with the separation distance.
The purpose of writing the Hamiltonian form of these theories is to approach the question
of unitarity from a different point of view. For example, a strong-coupling approach to
these theories may yield a totally different perturbation expansion. We speculate that
canonically quantizing the theory by power expanding in the strong-coupling regime may
yield a different set of asymptotic states, somewhat similar to the situation in gauge
theories. In this series of papers, we wish to reopen the question of the unitarity of confor-
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mal theories. We conjecture that ghosts are “confined.”

I. INTRODUCTION

A unified theory of all four known interactions
cannot be complete unless a procedure is found to
formulate a quantum theory of gravitation. Howev-
er, the presence of Newton’s constant in the theory,
a dimensional coupling constant, precludes a con-
ventional renormalization scheme. Furthermore, the
presence of locally symmetric counterterms in the
higher-order loop expansion of gravity, supergravity,
and extended supergravity casts serious doubt on the
conjecture that these theories may be finite to all or-
ders in perturbation theory.

One alternative to the usual theory of gravity and
supergravity is to treat these two theories as effec-
tive theories, valid only in the long-distance limit.
In a previous paper, we (with P. Townsend)' pro-
posed that supergravity is only the long-distance,
broken version of the more symmetric superconfor-
mal gravity? theory. Only at distances close to the
Planck length will the supergravity theory [based on
the group Osp(4/1)] emerge as the superconformal
gravity theory [based on the group SU(2,2/1)]. Zee,®
Smolin,* and others® have proposed Higgs mechan-
isms for this kind of scale breaking. Adler® even
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proposes using fermion fields to replace the scalar
fields found in the theory, giving a dynamical break-
ing to scale invariance.

Our knowledge of the dynamical properties of
conformal gravity comes from perturbation theory,
and there are serious problems before a physical in-
terpretation can be made of this theory. First, in
perturbation theory around flat space, the asymptot-
ic states of the theory have positive energy but zero
norm. Second, even though the norm of a state is
not an observable, and these dipole states may
decouple from the S matrix, we encounter problems
when we include interactions. Because of the
higher-derivative nature of the theory, we find that
the potential between particles is linear. Once again,
we have difficulty in defining asymptotic states. We
do not have confinement in the usual sense because
we do not have singlet states under the group, but
this indicates some form of bound state. In sum-
mary, conformal theories are not unitary in the usu-
al sense when we use perturbation theory.

One way out of this problem is to start with an
R +R? theory and use loop diagrams to push the di-
pole ghosts off the real axis into the unphysical
sheet by the Lee-Wick mechanism.” This would ap-
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parently preserve unitarity and renormalization, al-
though some questions remain concerning causality
and whether or not a consistent prescription can be
found to all loop orders in the expansion.

In this paper, we want to explore yet another
mechanism to restore unitarity. In QCD, the naive
asymptotic states found in weak-coupling perturba-
tion theory are not the actual ones. This is because
infrared divergences require a reinterpreting of the
naive Hilbert space. In particular, in the strong-
coupling Kogut-Susskind approach, we find that a
solution to the constraint equation is to postulate
color-singlet stringlike states, which cannot be
reproduced to any finite order in weak-coupling per-
turbation theory. These stringlike states naturally
emerge when we quantize in the Hamiltonian ap-
proach. In the same spirit, we wish to construct the
Hamiltonian of superconformal gravity and look for
solutions to the Dirac constraints (which are not, in
general, solved by spin-2 gravitons with two helici-
ties). By canonically quantizing conformal and su-
perconformal gravity and going over to the strong-
coupling limit, we hope to find an entirely new Hil-
bert space without the troublesome dipole ghost
states found in the weak-coupling limit. We propose
that these ghosts are “confined.”

We wish to reexamine the question of the unitari-
ty of conformal theories. First, we wish to establish
the canonical quantization of conformal and super-
conformal gravity. There are many different but
equivalent quantization schemes, and all of them
have subtle problems with ordering, anomalies, etc.
We feel that the canonical quantization method is
the best understood of these various quantization
procedures. Second, we wish to eventually perform
a strong-coupling expansion on the theory which
will power expand the theory around a new Hilbert
space. In this manner, we hope that we can reestab-
lish unitarity from a different point of view.

In a previous paper,® we established the canonical
formalism for conformal gravity written in metric
form. We wrote down the canonical Poisson brack-
ets of the theory and explicitly displayed the five
first-class constraints of the theory, four for general
coordinate transformations and one for local scale
transformations.

In this paper, we complete the discussion of con-
formal gravity by giving all 10 generators of the
conformal group (four general coordinate transfor-
mations, six local Lorentz transformations, one scale
transformation, and four proper conformal transfor-
mations). We go on to reformulate superconformal
gravity in canonical form, explicitly displaying all
24 constraints of the theory.

In our next paper, we extend these results by per-
forming a strong-coupling expansion of these

theories. One goal is to eventually show that the
usual gravitational interactions are actually van der
Waals-type effective forces of the conformal
theories.

Of course, it is very likely that the problematic
behavior of conformal gravity may persist even
when we treat the theory nonperturbatively. In this
case, we must reject conformal theories as a candi-
date for a renormalizable theory of gravity at dis-
tances smaller than the Planck length. However, if
we can somehow eliminate the nonunitary character
of conformal gravity found in perturbation theory
with methods which employ nonperturbative tech-
niques, then the theory would be a prime candidate
for a theory of gravity.

Even if we can establish a positive-definite Hilbert
space for these conformal theories, there still are
other problems, such as how to retrieve the desired
long-range behavior of the Einstein-Hilbert action.
One attractive method is to use dynamical symme-
try breaking to break down conformal gravity to the
usual theory. Since we still want to preserve general
covariance, it is likely that dynamical symmetry
breaking of scale invariance will reproduce the Ein-
stein action. There are several ways in which the
long-range behavior may be retrieved: (a) dynamical
symmetry breaking induced by instantons, (b) scale
breaking introduced by a cutoff procedure (e.g., such
as in the Kogut-Susskind approach), (c) long-range,
van der Waals forces between stringlike objects.

II. SUPERCONFORMAL GRAVITY

The conformal group SU(2,2) is a 15-parameter
Lie group which includes the 10-parameter Poincaré
group as well as scale invariance and proper confor-
mal transformations. If we enlarge this group to in-
clude anticommuting parameters, then the minimal
graded Lie group which contains the conformal
group is the superconformal group SU(2,2/1). This
group is a 24-parameter graded Lie group which in-
cludes the six generators of the Lorentz group (M),
the four generators of translations (P?), one genera-
tor for scale transformations (D), four generators for
proper conformal transformations (K°), 4 + 4 gen-
erators for two supersymmetric transformations
(Q%S%), and one generator for chiral transforma-
tions (4).

In direct analogy with usual gauge theories, we
can construct the action by first writing down the
curvatures associated with each generator of the
theory. The algebra of this graded Lie group is
represented by
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[M9, M 4] =5bpod 1 §odpgbe _ gocppbd_gbdpgac
[M®,Pc]=8%pa_g5pb |

[Mab,KC] —8bKe_§*Kb

[P%,D]=P°,

[K%D]=—-K"*,

[K%P?)=—2(8%D + M®),

[S,P)1=1"Q, [S,4]=7ivsS, [S,D]=—3S,
[Q.K%=—7S, [QA]l=—7ivsQ, [@.D]=7
[QM®]=0%Q, {Q%QP}=—3(yC)fP?,
[S,M%®]=0%S, ($°5F}=7(y"C)*¥K?,
(Q%,SP) = — 3CD + 5 (0*C)*PM ™ 4 (iysC)*PA .

We now associate a connection field for each of
the 24 generators of the theory. We denote the con-
nection field for the Lorentz, translation, scale,
proper conformal, supersymmetry, and chiral
transformations, respectively, by the following:

2.1

wp 7e ©w ;uf y,,w ;u¢ ‘uA

It is now a simple matter to write down all the
curvatures associated with each generator of the
theory,

RZ(M)=R}> —4(e®, f*,—e®f,)— 200", ,
R,y(D)=—203,b,+4e%, f*,+ b, ,
R, (A)=—28,4,—2iY,y5$, ,
RE,(Q)=(2D,¥),+28,7,+b,U,
—Lid, By, 2.2)
R%,(S)=(2D,$,—28,Y°f*,—b.,4,
_lAv¢uY5)
—23,e% + 20, + 79,70,
+2e%b, ,
Ry, (K)=—20, f, +20%
—2f%b,

where (all curvatures are to be antisymmetrized in p
and v)

RS, (P)=

bv— %5#1/’451/

Oab ac_cb ac_cb
R,y =—0,0y +8Vw,, + o, 0] -0y, ,

p¢v= ,ulpv 2 (0“ ab¢v ’
Sab:( +, +,+,+) s
El=1, Ys=yinYsVe V=7

-3 23
7’,;2=7/52=1, O.abzf(,ya,yb__ybya)’

e=det(e,,) ,

C=-CT=—C"1, CcyPC'=—9T,
guv=e"e’, .

As in Yang-Mills theory, we can now write down
the Lagrangian by taking various products of curva-
tures,

L=e"*"[aR (MR ;5 (M)e™
+BR 1 (Q)Y5R 5 (S)
+7R (AR 5 (D)]
+8eR ,,(A)RM(4) (2.4)

where f=086=2iy= —8a.

It is a tedious, but straightforward task to show
that this Lagrangian, indeed, is fully locally gauge
invariant under the entire 24-parameter Lie group
once we choose the proper constraints on the theory,

R, (P)=0, R,,(Q}y"=0. (2.5)

In the usual theory of gravity and supergravity,
the constraint on the P curvature is optional because
it is redundant with the equations of motion for the
connection field for the local Lorentz transforma-
tions. Here, however, we impose this constraint on
the theory because it does not yield the naive equa-
tions of motion for the connection field. The com-
plete set of constraints is absolutely necessary in
proving that the action is locally gauge invariant
under the entire group SU(2,2/1).

These constraints, in turn, can be used to elim-
inate two connection fields in terms of the other
fields,

wzb (D;‘O)ab—}—(eb bi—e? bb)
+ 5@ P~y
coi,mab:%[e“ (eb,,yﬂ—ebu,v)

+e“}‘eb”e‘k7pe‘u] —(a<b) ,

¢u=7”(S,w+%Vs§,w)/3 : (2.6)
Spv =Dyt + 70,0, — Tid, yst) —(pev)
S~uv —leuvpaS

Furthermore, we still have the freedom left in the
theory to completely eliminate the connection field f
through its equations of motion,
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where R w denotes R M)e®? with f put equal to
zero.

Now that the preliminaries are over, we can begin
a discussion of superconformal gravity in Hamil-
tonian form.

Because superconformal gravity is a higher-
derivative theory, auxiliary fields must be added be-
fore we can express the Lagrangian in canonical

form,

L =Piq'i —H(p,q)—l—?»aca N

vpap!

(2.8)

where C¢ represents the Dirac constraints of the
theory, and A° represents Lagrange multipliers.

As in the usual Arnowitt-Deser-Misner (ADM)
formulation of gravity, we find that the key to
rewriting the action lies in a judicious choice of vari-
ables. In expressing the theory in terms of the 3 + 1
formalism, we must be very careful in selecting vari-
ables which separate independent fields from depen-
dent ones and Lagrange multipliers.

We will thus begin our discussion of the 3 + 1
formalism by explaining as clearly as possible our
choice of variables.

We will first separate out the 16 independent
components of the field e?, into two sets, the 12 in-
dependent fields represented by e? (i=1,2,3), and
the 4 remaining fields e, which will eventually be-
come Lagrange multipliers for the general coordi-
nate group. (We will use indices a,b,c,... to
represent four-dimensional flat space, while
i,j,k,. .. represent curved-space indices.)

When we are manipulating independent fields, we
will sometimes use the prefix “3”, while the prefix
“4” will denote the original fully covariant tensor
(which, in general, can be decomposed into
Lagrange multipliers, dependent fields, and indepen-
dent fields).

From now on, we will use the convention that, if no
prefix is given, then all tensors labeled by i,j,k,... are
independent fields.

In general, covariant indices will represent in-
dependent fields, while contravariant fields are
formed by raising indices by the three-dimensional
metric 3g,-j,

gy—Sgij— glj ’
3, jk_s k
88" =8
(2.9)
eal=38a’_4ea’ ,
eai=3eai=3eak3gki$4eai .
The relationship between the three- and four-
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dimensional metrics is given by the usual ADM re-
lations

. ’—N2+Nka N;
Euv= N, 3.1
J 8ij (2.10)
—N_2 NiN—Z
4
uv= | NiN -2 3gij__NiNjN—-2 )
where

N=(—g"1% N,=gq,
Ni=3 iij, metric=(—,+,+,+) .

[Notice that, in curved space, we use the metric
(—,+,+,+), while we use the metric (+,+,+,)
for flat-space indices a,b,c,.... We apologize for
using this mixed-metric formalism, but we wish to
conform with the metric conventions of ADM and
Ref. 2.]

We will find it convenient to introduce a vector
field n®, which is a function of only the independent
fields e?;, defined by the four relations

a

nn=—1,

(2.11)

n%® =n%*=0.

We can also write down a closed form for n?¢,
na=4er/( __gOO)l/Z .

This second form conceals the fact that n? is only a
function of the independent fields e?;.

One purpose of introducing this new vector is to
be able to construct a projection operator for the
theory, because inversions in this strange 4 X 3 space
are very tricky. For example, if we start with the 12
independent functions represented by a tensor 4%,
then we can form a nine-component antisymmetric
tensor as follows:

A%=4%e% _4be% 2.12)

But if we try to reverse this process, and recreate
the original 12-component tensor out of the nine-
component antisymmetric tensor, we obviously have
problems,

A%£A%b; (2.13)

In other words, the freedom of rapidly contract-
ing back and forth between the flat-space indices
a,b,c,... and the curved-space indices i,j,k,... is
lost when manipulating tensors in this 4X3-
dimensional space.

The problem is solved, however, by introducing a
projection operator defined as
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nabzeaiebi=8ab+nanb ,
n®pbe=pac (2.14)
n%=3,

The correct relationship between the 12-
component 4% and the 9-component antisymmetric
tensor A% is therefore given by

Aainab___nbaAaceci (2.15)

For completeness, we write down the equation
which allows us to go back and forth between four-
and three-dimensional fields,

e¥=le%="%% L n°N/N . (2.16)

Finally, we will find one more notational conven-
tion quite useful. Oftentimes, in general relativity, it
is more convenient to drop the time direction in
favor of a direction denoted by the vector n. If we
define

A,=—A"=—NA", 2.17)
then
A AP =A4,4"+A4;°g"4;
=—N?4°B°+(*4'+N'4°)%g;;(*B/ + N'B°) .
(2.18)

The purpose of this decomposition, as we shall
see, is to reduce contractions over four-dimensional
space into contractions over three-space, which will
prove quite useful later on.

III. CONFORMAL GRAVITY
IN CANONICAL FORM

Before quantizing the complete superconformal
theory, we will find it useful to first start by quan-
tizing the smaller conformal group, which is locally
invariant only under the 15 local conformal
transformations. Many features found in this
simpler discussion will carry over into the much
more involved superconformal theory.

We will simply set all fermionic fields and the
vector fields to zero in order to obtain the conformal
action:

L=ae"?e™R % (MR (M)
=64(—Rf,,+sRf +2f*—=2f f Mea
(3.1)

where R#b=R2"vbe"", R =R,%%, and f=e®f9,
(we have dropped surface terms).
This theory cannot be put into canonical form be-

cause it does not yet contain the desired number of
fields. In a previous paper, we were able to quantize
conformal gravity (in metric form, only) because we
introduced auxiliary variables, like the second fun-
damental form

kij=(N;j—Nj;—8;)/2N . (3.2)

In order to introduce the second fundamental
form into the action, we simply added a new term
into the Lagrangian whose solution gave rise to the
previous equation:

2Nk —N; (;—Nj i +8;5) - (3.3)

(The vertical slash, as usual, represents the covariant
derivative with the Christoffel symbols using only
the three-dimensional metric 3g,~j.)

In conformal theory defined over tetrad fields,
rather than simply metric fields, we must define a
generalized second fundamental form.

A natural choice for the generalized second fun-
damental form emerges as we reformulate the theory
in 3 + 1 dimensions. Let us define

ofle)=s[eeb;—eb ;)
+ %e”kebj(eck’j —efjrle’;
+n“ebjnc(eci,j —ecj,,-)—2n“nb,,-]
—(a<b) ,
V:A*=3;4+w0f"(e)A®, (3.4)
k% =[—e% +0;e%+w(eeb+Ne®nbh]/N .

We can add the generalized second fundamental
form into the action by simply introducing, as be-
fore, the term

7T"i(Nk“,-—V,~e“0+éa,-——Ne°,-n”bc) . (3.5)

Written in this form, we can now decompose the
connection fields into the proper 3 + 1 form,

%= —w?b(e)+[e“jkﬁnb—i—eb,-e"kbk —(a<bd)],
wgb: %N(4eajkbj +eajeb0eckcj)
+ebe%b, —(a<>b)
= —Nk® 4 [e®nbky; N —ee% b,
—(a<+b)], (3.6)
k[j E%(e“ik"j +eajkai) .
Because of the large number of fields present even
at the level of conformal gravity, it will be useful to
clearly define the 3 + 1 decomposition of all fields.

The generalized second fundamental form k¢,
which has 12 independent components, will be
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decomposed into a six-component symmetric field
ki; and a six-component antisymmetric field k4 as
follows:

k= (k% +nke¥n®)—(a<b), k=k/,

(3.7
kai =kab€bi —}—e”jkj,-

We will eventually find that the field k% becomes
the Lagrange multiplier for local Lorentz transfor-
mations, while the symmetric field k;; splits into
two parts: the traceless part becomes an indepen-
dent field, while the trace of k;; becomes a separate
independent field, a scalar under the three-
dimensional group.

In addition, we can decompose the dilatation field
b, into its components

b%=n%—b)+e*b; ,
(3.8)
b=n"?.

We will find that the b; become independent
fields, while the field b becomes the Lagrange multi-
plier for local scale transformations.

Finally, we decompose the 16 fields contained
within f“, into a three-vector f,,,, another three-
vector f,,,, two scalars f,, and fk and a symme-
tric traceless tensor f;;, while the antisymmetric ten-

sor a;; vanishes from the action:
J

L=64aN (’g)"[ — fR"+ f(3R 4R /6)— IRy + 5 f/—

—4 —
fuv= eapfav: fij=eaifaj ’
m—'—Nfl __Neaifay4g“0

ni = —Nfoi =—Ne®’f%;,
1 o (3.9)
fi=7U+fi)— 58 /"
aijE%(fij_fji) ,

fnn EN2f00=N26a0fau4g“0

Now that we have decomposed all fields into the
proper 3 + 1 formalism, we can categorize all fields,
whether they become Lagrange multipliers, or
dependent fields, or independent fields.

The Lagrange multipliers for the 15-parameter
conformal group are e, for general covariance, k%
for local Lorentz transformations, f;,,f,, for proper
conformal transformations, b=n%?¢ for scale
transformations.

The independent fields can now be paired off into
canonical-conjugate momenta and independent coor-
dinates,

(e%,7%) ,
(ki F9)
by f™)
(k,fi)

We are now in a position to decompose the action
into its relevant pieces. Let us rewrite the Lagrang-
ian as .

2fff,,+2a,, U—a;’RY

—fin(R™+-4f™) 4 fH SR — T RI+4£1)], (3.10)

where the bar over a field means that we must extract out its trace, and where

R Rxab4 av, b _naRia b /N+R (e

bpab4d_av__ ab_ b ak
R,-,,=——n R e __Rik e

Ryi=—NRj3%™, gﬂoeb,:RgZeake,,,/N N*R{je%e®; ,
—Re®n®/N +N*Rifen®/N .

Rnn =N2RZ[:,4€ gyOebO

—n°N*/N)e®; ,

(3.11)

It is now a straightforward, though very tedious, task to rewrite the above curvatures in terms of the 3 + 1
decomposition given earlier. Substituting the expressions for the ’s in terms of e, k, and b, we now find

Riy=—53:;k +k; j+3b;k +2b7k;; ,
Rij=kyj/N+N ;| ;/N+2kp k™, —(N™

Kmi +N™ ki) /N
— kb —kk;; +g;;[2bxb*+(1/N)b*N , +2b% ],

(3.12)

R,j':lé/N—N‘a,-k/N—l?i,-Eij+N|i‘,-/N—k2/3+bk+3N,kb"/N+2bkb"+b k>

Ry=—~k+k%; j+5bk 2b ;+2b; /N +2b%k;; —2(N7|;b; /N +N ;b /N)—2Nb; | ; /N .
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We are now in a position to complete the last step of the calculation, which is to rearrange all terms so that
we have the desired canonical form. A simple rearrangement of all terms yields

L =16, — (2f ", + Fky; — 2 fk)(3g)' /2 + €% P2+ Nb (D) + f*"NK+ kMatN | (3.13)

where f*0=f%, %", a= = (for convenience), H(p,q)=0 (actually, the Hamiltonian is a total derivative,
which is important depending on the boundary conditions), and

Ke=()2edi4fm 4 Tk ,— Vi — Zb;k)
+0g)! (= 3Ry K4 k4 3bb* —2Vib*—4f*— TR) G.14
P*=(9)2n [ — 2y F I+~ Vik+ Tk y— kb))
7Y — 2 ey + %klé'ij —3R;j—2V;b; +2b;b;)
+ /K=K /34R /6+ Tbyb*+ 3V b — kY
VPR 2V (B — 5 by — by P4 ik U/ C) AV, £

+ ()2 [2b, VM —2f"(b; s — by )+ V(KT 4 TPV ik — 5 fi¥k 1= Vi (3.15)
D=(3g)1/2(2vifni+i€ij‘fij+%kfkk)_»n-aie“’. , (3.16)
M“bzﬂﬂb+%(7r“cncnb—ﬂbcncna) , (3.17)

where we define
ViA;=V,A;+g;bd*—b;4; . (3.18)

Notice that the b field, which usually drops totally out of the action when we eliminate all components of
the f field, plays a crucial role in the canonical formalism of the theory. This is because we do not eliminate
all components of the f field, which also remains in the theory as a dynamical field.

Now that we have explicitly displayed the action in terms of canonical coordinates, we turn our attention to
the more complicated superconformal theory with its 24 generators.

IV. QUANTIZING SUPERCONFORMAL GRAVITY

Using the conformal theory as a guide, we can now perform the decomposition of superconformal gravity
into canonical form. Many of the features of conformal gravity in canonical form carry over directly to the
superconformal case.

As before, we want to keep the f field as an independent field in the theory. A straightforward reduction of
the original Lagrangian yields

L=64ae(=2f /" +2f2+3Rf — [, V™)
+ 86" 3i1),0,4 pba— 48, 7,7sDpbo— 3B, A pda
+ 51 ubuR op(A) — D,0% D oy50°h ] — 8cteR ., (A)? (4.1)
where
Viw=R (M, f =¢=0)— iR ,,(4) — 3 R,( Q)Y 0" —,0% b0 — $,0% Vs - 4.2)

[The R (M) curvature in the above equation must have the f and ¢ fields set equal to zero.]
Written in this form, it is not at all obvious that the Lagrangian can be put into canonical form. However,
our work is made possible by the rather remarkable identity, which reduces out most unnecessary fields:

Vie—Vou=—0uby+2b, y— 7iR y (A) —(psv) . 4.3)
This identity will prove critical in eliminating out certain fields.

As in the case of conformal gravity, we begin the 3 4+ 1 decomposition of the Lagrangian by first decompos-
ing the connection fields for local Lorentz invariance and by defining a generalized second fundamental form,
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which now are functions of fermionic fields,
0f* = —of’(e)+[e¥nky +ebie by + (e iy — TPk e ie ™, ) —(ab)]
w8b= %N(‘teajkbj _+_eakeb0ec0kck)+ %Nk;ﬁkybeai% _eaoebkbk _ %Nann%pb__ _;_17,‘17,0% —(a<b) 4.4)
k% =(1/N)[ —é% +Vie o+ Ne®n b+ 3 oy + i’ N* 4] .

Before we begin the final reduction of the Lagrangian, we must add a few new terms to (4.1). First, we must
convert (4.6) by adding a Lagrange multiplier 7%, much the same way that (3.5) was added into the conformal
action. Second, we must add a fermionic auxiliary field X into the action in order to accommodate the fer-
mionic constraint (2.5). We accomplish this by adding the term

eR ., (Q)yX* 4.5)

into the action. And third, we introduce the field 7* into the action, which has the net effect of reducing the
term R, (A4 )? into a term linear in the curvature, in much the same way that Maxwell’s equations are put into
canonical form by adding in the conjugate field. This conjugate field will, of course, become the conjugate
field to the A field. Notice that the net effect of all three additions to the action is to reduce a higher-
derivative theory to a theory with lower numbers of time derivatives.

In order to reduce out the term (4.2), we will find the following identity useful:

R, (M,f =$=0)=R,,,(M,f =¢=1p=b =0)+ 7D, (P*yath,) — 7D°%(A,%,) —2b b, +2V b, +8,,V b"
— 15 DTV AP — 5 TV AL+ 3 (=01 Vob o + TV P g8y — DVt
—9%vaiub,) (4.6)
where

Aaﬂy'—— 'Za?’ﬂ'/’y_ 17’a7’y¢ﬁ + JJEV a‘/’y ’ 4.7)

and where D° represents the usual covariant derivative with b =4 =0.

Using the above identities, we can now reduce out totally the curvatures given in (4.2) in terms of indepen-
dent and dependent fields. The calculation is quite tedious and not very illuminating. Instead, we will simply
give the final result for the entire reduced action:

L=+ 7kf;'Vg _’;_ijfij‘/g
—2f"Vg 3olbi+ TVt — 3 A (VE T+ it )+ T i + Tyl + ik
+NVP"Q +N@"S +NX"T +NbD +Nf°"K®+e% P°+ NK®M®+ NA"0 , 4.8)
where the Hamiltonian is again a total derivative, where a= ;l‘- for convenience, and
K=K 4e%/g [V} (@) — 00" i — i n e+ (51 /VE e Ry (4)— (V8 ) Rua(Q)ysyi¥
- %k?’jﬂ% - %Jﬂ"ﬁka’i?’i‘/fj]
+nVE [ — VI ) + 5 A V9 + o + (5 /v TR (Qysvii] (4.9)
P*=PO% 4 n Vg (/"] — SV, (Fpd) + sk DIyt — 5 0bvd — 5 Ru( QI — (51 /V 8 e R (A)]
+ P30 0y + 76 A By — 5 Vi)
+ 5 Vi AF) = TP ey + B0 b +610% 1 + 3 Rig( Qv
— VR AHS TN+ [ 5 Vi) + 5 0 Brd — s A 'y
+ € R QY syt + Pokiby + i t'b;]
+(3/VE )bivYsD;di € +(3i /8V'g )b yA ;¢ €7 — %Rij(A P — ememt— %(’»_[’ifﬁj —9;6,)
+ 5B V)b, —by ) — (i /0™ (b, — s ;)
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1

— 7 (bij =)+ €™ —Ry(Q)—D;¥%; yXi /g
+Q2/VE)BivyXi€* —biyDiX e /V'E +ivX e bV
—WIYW%[ - %6"""$.~Y;750"”¢k ~6'7’(17':'(7’1'»Uab)—/\’k 1}

+e™Vg (3™ (B 0) — 3 Vil S Py i)

— €M AV G161) — D15 Ay — A ) — TV E AR Vi — 3V WAy — A ;)
+ €74V ( %‘Zi‘yj'}/S‘ﬁm + 0V Xm +Pm¥iXi)— %éjjk‘_ﬁiyijDm‘;bk
_eijk'ZinDka +€ijk(Dm ‘7’1’ )Yij +(2kmjeajnb+ %‘Zm’ybna— %'Za?m'/}b ) ’

X[ —3€™617,v50% —"i(y;,0")_Xi 1}

(4.10)

Q/VE =3V V™ — VU Vi f "+ i vk — T 0% — s v by 0 — vk

+ %7‘/’@,’?"/&'——

1 ‘/Eysijk(Q)fijk—Uji¢j]

+ L5V + 5Vl Bt + V" Kim +1°0%8; + (3006 ™Y 5Yi Riom (Q)]

+ —;‘}’lﬁjvffij—bmxkfijk/‘/g +7:DiXx€™V'g + D, (v i) /Vg

1 — 7 — e Yy + $0" o — YKy + e Y i)

+ 7YV + 7000 7s0Pre™ /VE —(i/16VE )i R (AP + iV, 46,7 /V g

- 1_367’5¢kﬂk+(3i /4)7’5Ai7’jxk€ijk/‘/§ + %‘}’nb%[ - %éjjk‘zi?’j'}/Soabﬁbk —fijkai(Yj’Uab)J/Jk]/‘/E

+Y"Xi€ijk(%¢i7’a¢j +e%b;)/ Vg — %flﬁjfijki?’i?’axk Ve,
S=—Fn" 0, Vg +(3i /8, VA €% — 1 v,y5D; b €7

(4.11)

—(3i/4)y;A;pr €7 + %UablﬁilZ’ijUab'ﬁkfjjk‘i‘(i/s Wi Rjx (A)e* + %\/Ea"“n i fik

+(3i/16)yspp™Vg — 26"y, — 7 €*Di (v;758:)

M= p(ab %éjjkai']/j')’saab‘ﬁk _ 17’,'(0'“,7’]‘ )_Xké.ijk ,

0=(3i /8)V;(; 81 )€™ — (31 /8)8;v;dx €™ + 15 V'8 Vi  — (3i /&)y ysy; X e

D =D‘°’+2t_ﬁ,~yj)(keif" ,

=k__ T ik —=k_ = ik —k_.= ik
Ty=divjvse”, Ty=—X;v;€”, Tx=1;v;e”",

T = =267y, [1,8; + 5 bith — (3i /A Aiysy; — 3Dt 1+ VUi €™M 58" bi +e%bi ) — €7Dy (v,0)

and where we have used the following definitions:

nye=y, Vid;=Vid;+A*Dyu+g;b Mk —b4; ,

g=3, V"=N%"Y,, (1;,0”)_=70%—0%y,, €

The symbol (0) over the generators of the algebra
represent the original generators found in (3.18),
with the exception that the asterisk in (3.18) is to be
replaced by the generalized star symbol given above,
and that all k;;’s now are functions of the fermion
fields as well. We also use the notation that the D
derivative on a fermion field requires a connection
field given by (2.6), while the V derivative on a fer-
mion field requires the connection given by (3.8).

(4.12)
(4.13)
. (4.14)
(4.15)
(4.16)
(4.17)

ijk _ Oijk

T

This completes our discussion of the construction
of the generators of the algebra. Presumably, these
generators have Poisson brackets which close on
themselves, generating a representation of the super-
conformal group.

V. CONCLUSION

We have constructed the canonical formalism for
superconformal gravity, which is required before we
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can rigorously quantize the model. The correct Hil-
bert space of the theory must satisfy

Ca|¢)=0’

where the C? represent the constraints on the theory.
Our conjecture is that solutions of the above equa-
tion using nonperturbative methods may bear little,
if any, resemblance to the Hilbert space generated by
perturbation theory. If this new Hilbert space is
positive definite, then we have a new candidate for a
renormalizable theory of gravity which is unitary.

In the next paper, we will complete the straight-
forward but tedious steps necessary to calculate in
the strong-coupling limit.

First, we will construct the “reduced Hamiltoni-
an.” Notice that the Hamiltonian in (4.8) is formal-
ly zero. This is because we have neglected surface
terms. When we carefully calculate variations of
(4.8) under changes in the variables, we see surface
terms are necessary in order to complete Hamilton’s
equations. In particular, we will see that the Hamil-
tonian is actually a reduced version of n°P? just as
in the usual gravity theory.

Second, we will make a redefinition of fields to
bring out the strong-coupling limit. In particular,
we will find that the term f;;f ¥ in (3.15) naturally
emerges as the dominant term. As expected, we also
find that the usual spin-2 gravitons with two helici-
ties are not solutions to the constraint equations.

Third, we must go to the lattice approximation in
order to construct a Hilbert space which is quan-
tized (rather than continuous). We will construct
some solutions to the Dirac constraints, and we will
see that stringlike states (with zero energy to lowest
order) emerge as solutions.

We will also ask the difficult question: is the en-
ergy spectrum in this strong-coupling limit positive?
In the canonical approach, unitarity is probably re-
stored, but the price one may have to pay is the posi-
tivity of the energy. Unfortunately, this must
remain an open question because the positivity of
the energy probably cannot be established to any fin-
ite order in the strong-coupling expansion.

And finally, we will make the conjecture that the
solutions to the Dirac constraints represent the
“real” graviton, i.e., the real graviton actually has
structure in the same sense as glueballs having struc-
ture. Thus, at large distances we see the graviton as
a point particle, while at distances close to the
Planck length the graviton begins to exhibit struc-
ture (which is the reason why the theory is renor-
malizable while the usual theory of gravity is not).
Furthermore, if we single out these composite gravi-
ton states and neglect all others, we find that confor-
mal invariance is necessarily broken. In other
words, if we only keep these composite graviton
states and discard the rest, the net effect is to
dynamically break local scale invariance.

Of course, the next step, then, is to actually show
that graviton-graviton interactions actually repro-
duce the usual Einstein-Hilbert action in the long-
distance approximation.
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