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The origin and physical interpretation of Witten’s integral expression for gravitational en-
ergy is examined. It is shown that this expression (including nonzero T',,) arises naturally

from a Hamiltonian treatment of ‘“classical supergravity,

’

without consideration of the

quantum theory. In addition, this expression is evaluated explicitly in several examples. It
is found that the individual terms do not have a simple physical interpretation. New in-
tegral expressions are then introduced in which the gravitational energy divides naturally
into a conformally invariant and nonconformally invariant contribution. It is argued that in
certain circumstances these contributions can be interpreted as the gravitational radiation
energy and total binding energy for strongly gravitating systems.

I. INTRODUCTION

Perhaps one of the most important advances in
general relativity in recent years is Witten’s
discovery of an integral expression for gravitational
energy.! Since there does not exist a local gravita-
tional energy density, the total energy of an isolated
system is defined only in terms of the asymptotic
behavior of the fields. It was generally believed that
this energy could not be expressed as a simple in-
tegral over a spacelike three-surface of a positive-
definite quantity. However, Witten’s expression is
precisely of this form.

An immediate consequence of this expression is
that the total energy at spatial infinity— the
Arnowitt-Deser-Misner (ADM) energy? E—must be
positive. (This result was first proved by Schoen
and Yau.’) The simplicity of Witten’s expression
has encouraged its application to a number of relat-
ed problems. A minor modification leads to a proof
of the positivity of the total energy at null
infinity*—the Bondi energy—which represents the
energy remaining after radiation has been emitted
from the system. Further modifications have been
used to prove the positivity of E2—Q? where Q is
the total electric charge of the spacetime,’ and the
positivity of a quantity that can be interpreted as the
total mass in asymptotically anti—de Sitter space-
times.%” All of these results have been extended to
the case where the spacetimes contain black holes.’

27

Witten’s approach has also been used to prove the
positivity of energy in several classical supersym-
metric theories.? Finally, one can obtain an exact
analog of the quadrupole formula for general rela-
tivity.’

- Witten’s original expression can be obtained as
follows. Let M,g,, be an asymptotically flat space-
time Eatisfying the dominant energy condition:
T,,t*t">0 for all future-directed ¢#, t¥. Let 3 be
an asymptotically flat three-surface with induced
metric q,, and let D, be the projection of the four-
dimensional covariant derivative into 2. It has been
shown'®!! that there exists a unique spinor a which
satisfies the “spatial Dirac equation”

Pa=0 (1.1)

and approaches a constant spinor a® at infinity. Let
& =ay*a be the Dirac current of @, and choose a°
such that £% equals the unit normal to 3, r#.!?
Then by taking a second derivative of (1.1), com-
muting derivatives, multiplying by aT, and integrat-
ing over 2, one finds" 13

E= [ [T, +2Dpa) (D" . (12)

This is Witten’s expression relating the total energy
to a positive integral over a spacelike three-surface.
The purpose of this paper is to investigate the
physical interpretation of (1.2) in general relativity
and its origin in the theory of supergravity. Why is
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there such a simple expression for gravitational en-
ergy in general relativity? Why does it involve spi-
nors? The use of spinors was originally motivated
by consideration of the quantum theory of super-
gravity. We will show, however, that the supersym-
metric origin of Witten’s expression can be under-
stood in terms of classical supergravity. This theory
is an extension of general relativity which admits an
enlarged group of symmetry transformations. As
we show in Sec. II, these symmetries enable one to
see relations in pure general relativity that might
have otherwise remained obscure. In particular, dif-
feomorphisms can be expressed as the square of su-
persymmetry transformations. In the Hamiltonian
formulation, one obtains a classical equation relating
the generator of diffeomorphisms to the square of
the generator of supersymmetry transformations.
For the case that this diffeomorphism is a global
time translation, one obtains Witten’s expression for
the total energy.

Witten’s expression is, of course, valid for space-
times in which the stress energy is nonzero. Such
spacetimes are not described by classical supergravi-
ty, since the addition of the source term to the ac-
tion necessary to produce the classical equation
Guy=T,, violates supersymmetry. In Sec. II we
show, however, that by coupling supermatter one
can derive Witten’s expression for a spacelike sur-
face with nonzero T%.

What is the physical interpretation of Witten’s ex-
pression from the standpoint of classical general re-
lativity? Equation (1.2) expresses the total energy as
the integral of two terms—one which involves the
stress energy tensor directly and one which does not.
At first sight, it therefore seems natural to interpret
these two terms as the matter and gravitational con-
tributions to the energy.

To see whether this interpretation is justified, we
require more information about the behavior of the
spinor « satisfying (1.1). The matter term in (1.2) is
just T,,&#t". The qualitative behavior of the vector
& can be found from a simple argument due to
Reula'!: Consider the following functional of spi-
nors ¥ which satisfy ¥1#9—t* asymptotically:

El]= [ LT @r 91"+ 2Dy ) (D™)1dE .
(1.3)

The requirement that ¥ minimize this functional is
equivalent to having ¢ satisfy (1.1). So the
minimum of (1.3) is precisely Witten’s expression.
Since T, satisfies the dominant energy condition,
the minimum_of & is obtained by decreasing the
norm of §¥=yy*¢ in regions where 7,,50. Thus,
the qualitative behavior of £* agrees with one’s in-
tuition about a “gravitational red-shift factor,” and

hence supports the interpretation of T,,t*£" as the
matter contribution to the total energy.

Can one obtain more quantitative information
about both the direction and magnitude of £#? With
respect to the direction of &, one can determine
when £* will be orthogonal to =. We will show in
Sec. III that &* is everywhere orthogonal to X if and
only if & is a maximal surface, i.e., the trace of the
extrinsic curvature of =, w=m,"™, vanishes. This
result removes a slight difference between the
positive-energy theorem proved by Schoen and Yau®
and the one proved by Witten.! Although both
theorems require the dominant energy condition on
T,, to prove E >0 for an arbitrary slice 2, Schoen
and Yau show that if 7=0 then it suffices to impose
the weak energy condition: T,,t#t¥>0. The fact
that £ is orthogonal to a maximal slice = shows
that in Witten’s proof as well one can weaken the
energy condition required on a maximal slice.

With respect to the magnitude of &, it is interest-
ing to evaluate & on a static slice 2 in a static
spacetime. There are at least two reasons, one phys-
ical and one mathematical, for suspecting that &
might agree with the timelike Killing field n*
evaluated on 2. The physical reason is that both
vectors can be interpreted as a measure of the gravi-
tational red-shift. The mathematical reason is that
we know from the above results that £&* and n* are
parallel, both have norm one at infinity and decreas-
ing norm in the interior, and both are obtained in a
natural way from the geometry. Nevertheless, by ex-
amining specific examples, we find in Sec. III that
these vectors are not equal. For a static slice in a
(nonflat) static spacetime, £" does not agree with the
timelike Killing field. Since the norm of the Killing
field n* is the red-shift factor only for test fields,
there is perhaps little reason to require this function
to also be the red-shift factor for finite matter. In
order to see whether the norm of &* yields a reason-
able red-shift factor for finite matter, we must turn
to the gravitational term in Witten’s expression.

Intuitively, one expects two different types of con-
tributions to gravitational energy. There is presum-
ably a positive contribution from gravitational radi-
ation and a negative contribution from gravitational
binding energy. Yet in Witten’s expression, there is
only one positive term other than the matter. Where
is the negative binding energy? To answer this ques-
tion, it is instructive to consider Newtonian gravity.

The total energy of a Newtonian system is

Ey=[(p—3,43"¢)d’x , (1.4)

where we have included the rest-mass energy p. The
gravitational energy is clearly negative. However,
there are different ways of distributing the energy
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between the matter and gravitational terms. Since
1
8245 = ) ‘u, N ( l .5)

one can integrate by parts and reexpress (1.4) in the
form

E,= [[u(143n$)+(n —1)3,,63"1d*x ,
(1.6

where n is any real number. For n > 1, the gravita-
tional contribution to the energy is positive. Rough-
ly speaking, as n increases, one increases the “red-
shift” of the matter (recall ¢ <0) and therefore must
compensate by adding a positive contribution from
the gravitational field. We will show in Sec. III that
the Newtonian limit of Witten’s expression is pre-
cisely (1.6) with n =4. This helps to explain why
there is no negative-binding-energy term in Witten’s
expression. It also gives some understanding of why
&* does not agree with the timelike Killing field n*
in static spacetimes. In the Newtonian limit, the
red-shift associated with the Killing field corre-
sponds to n =2.

One can view Witten’s expression as the analog of
(1.6) with n =4 for an arbitrary spacetime. It is
thus somewhat misleading to interpret the individu-
al terms in Witten’s expression as the “matter con-
tribution” and ‘“gravitational contribution” to the
total energy. What one would like is the analog of
(1.6) with n =0 for an arbitrary spacetime since this
expression is closer to one’s physical intuition. Does
such an expression exist? We will show in Sec. IV
that modulo a technical conjecture about the spinors
a the answer is yes. In fact, for any n, there exists
an integral expression for the total energy which
reduces to (1.6) in the Newtonian limit. If 7=0,
then the gravitational contribution to the energy
divides naturally into a conformally invariant p; and
nonconformally invariant pyy part. We show that in
the limit of a weak gravitational wave, py; vanishes
and p; reduces to the standard expression for the en-
ergy density of a spin-two field. This supports the
interpretation in strongly curved spacetimes of

f ©id2 as the energy in gravitational radiation and
unid2 as the total binding energy of the system.

The outline of this paper is as follows. In Sec. II
we discuss the Hamiltonian formulation of classical
supergravity and show how Witten’s expression a-
rises naturally in this framework. The case when
T,,=0 is discussed first and the argument is then
generalized to allow nonzero T,,. Section III begins
with a proof that £* is orthogonal to = if and only if
m=0. We then show, by means of examples, that on
a static slice in a static spacetime £* does not agree
with the timelike Killing field. Finally, we discuss

the generalization of (1.6) to an arbitrary conformal-
ly flat initial-data set. The generalization to an arbi-
trary initial-data set is described in Sec. IV. The ef-
fect of conformal transformations on the individual
terms in this expression is examined and their physi-
cal interpretation is discussed.

To make contact with supergravity literature, we
use four-dimensional Dirac spinors in Sec. II. How-
ever, in Secs. III and IV, it is convenient to work en-
tirely with three-dimensional SU(2) spinors because
the three-dimensional analog of (1.1) is conformally
invariant.

II. SUPERGRAVITY
AND WITTEN’S EXPRESSION

It was observed by Teitelboim'* that the quantum
supergravity Hamiltonian 57 may be written

ﬁf—_——%trQZ , @.1)

where Q is the supercharge. Deser and Teitelboim'®
then argued that this implies that quantum super-
gravity has positive energy. Grisaru'® commented
that the positive-energy theorem in classical relativi-
ty follows by taking the #—O0 limit. Inspired by
these arguments, Witten! gave a rigorous and
elegant proof.

Supergravity has already proven to be a very
powerful tool for investigating the structure of clas-
sical relativity. Consideration of the quantum
theory, and the subsequent #—0 limit, however, is
an unnecessarily cumbersome procedure. Instead,
one may work entirely within the context of “classi-
cal supergravity.” This is a classical field theory in
which the fields take values in a Grassmann alge-
bra.!” In a Hamiltonian formulation, equations of
motion are generated by Dirac brackets.!® The clas-
sical analog of (2.1) may be directly derived.'”” At
the end of the calculation, physically relevant rela-
tions are obtained by setting all anticommuting
fields to zero. These fields therefore have no physi-
cal interpretation—they are solely a calculational de-
vice.

This approach avoids many of the difficulties of
quantum supergravity. Classical supergravity is a
far simpler theory. Much of the voluminous litera-
ture on supergravity is concerned with the nonclo-
sure of the supersymmetry algebra. The nonclosure
terms vanish, however, when the field equations are
satisfied—so this is less troublesome in the classical
theory.

We view the supersymmetric extension of general
relativity to classical supergravity as much like the
extension of real functions to the complex plane.
Many properties of real functions (e.g., certain in-
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tegrals) are most easily discovered by considering
their analytic extensions. Similarly, the supersym-
metric extension of general relativity allows a great-
ly expanded group of symmetry transformations.
These provide a powerful tool to derive properties
and understand relations which might otherwise
remain obscure.

Witten’s integral expression for gravitational ener-
gy, although mysterious from other viewpoints,
arises naturally in the context of classical supergrav-
ity. In this section, we will derive this expression
using the Dirac Hamiltonian formulation of classi-
cal supergravity. Many of the details of Hamiltoni-
an supergravity are (fortunately) irrelevant for the
purpose of deriving (1.2), and will be omitted. For
more comprehensive discussions of Hamiltonian su-
pergravity, the reader is referred to the litera-
ture.'*2° We begin with an outline of our argument
and then proceed with a more detailed discussion.

Consider the action for N =1 supergravity?!:

S=—7 [d*x(eR+ie""Pysy,V ,) ,  (2.2)

where e is the determinant of the vierbein Caps Vp is
a covariant derivative with torsion,?! and Y, and ¢,
are anticommuting spinor vector fields. S is an even
element of a Grassmann algebra. The field equa-

tions are

€77ysy, Vo, =0, (2.3a)

Drysr* €V i, - (2.3b)

L
2

For ¢,=0, these reduce to the vacuum Einstein
equation.

The action (2.2) is invariant under local supersym-
metry transformations [parametrized by a spinor
€(x)] up to a total derivative:

8.S=[d*xv,e, (2.4)

eG"=

where “§.” generates an infinitesimal local super-
symmetry transformation. The conserved super-
current associated with this symmetry can be ob-
tained by the standard Noether construction:

88
[ =
=,

85D —64 . (2.5)

The conserved Noether charge is
Q= [d3,J¢ . (2.6)

® represents all the fields (indices suppressed) and
d3, is the volume element on the hypersurface = on
which Qe is defined.

In analogy to general relativity?”> one can view
transformations 8, in which €é—0 asymptotically as
“pure gauge” transformations, and those in which

e—constant as “physical supersymmetry” transfor-
mations.?* To cast the theory in Hamiltonian form,
we constrain this gauge freedom. After this is done,
€ is uniquely determined by its value at infinity. We
then adopt the Hamiltonian formalism for con-
strained systems developed by Dirac!® and extended
to anticommuting fields by Senjanovic, Casalbuoni,
and others.'#?*2* In this formalism, Q generates
physical supersymmetry transformations via its
Dirac bracket. As usual, time translations are gen-
erated by the Hamiltonian:

D(x)={#,®(x)}p , 2.7)

where {,}p denotes the Dirac bracket. However,
one finds that time translations are also generated by
the square of a supersymmetry transformation:

q)(x) tr{Q:{Q’q)(x)}D}D

¢ v
—zr—{{Q,Q}D,op(x)}D : (2.8)
The second equality follows from an extra minus
sign in the definition of the Dirac bracket for two
anticommuting fields.”* Equations (2.7) and (2.8)
imply

Str{Q,Q}p =7 (2.9)

Explicit evaluation of this expression yields Witten’s
expression for vacuum spacetimes.

To obtain Witten’s expression for spacetimes with
matter, one repeats the above analysis with the addi-
tion of supersymmetric matter to the action (2.2).

A nice feature of the above construction is that, if
(2.9) is evaluated for 1, =0 configurations, the result
is independent of the canonical decomposition of the
metric. Thus, although in principle the metric must
be put into canonical form in order to define the
Dirac brackets, in practice it is unnecessary to do so
explicitly. This is because the terms in (2.9) propor-
tional to Dirac brackets of the metric are also pro-
portional to .

We now proceed with details of the derivation.
The local supersymmetry transformations are

8™, (x)=1€x)y™P,(x) ,
den(x)=2V,e(x) ,

Il

(2.10)

where e(x) is an arbitrary anticommuting spinor.
The action density .#’(x) changes by a total deriva-
tive under this transformation:

8 () =V,04(x) ,
0 (x) =i PP (x)ys5Y,V ,€(x) .

It follows directly from (2.10) that §, is the
“square root” of a coordinate transformation.

(2.11)
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Equations (2.10), along with the spin——;- field equa-
tion (2.3a) imply?!

[868¢1=86(K*)+8L (K 0umn)+8_gu, »  (2.12)
"
where
KH(x)=2i€"(x)y"e(x) .

This relation holds, after use of (3.3a) for [§,6¢]
acting on any function of the fields. §5(K*) is the
generator of transformations x*—x*+K*, §; ro-

tates the tetrad frames, and 6_,, " is again a super-

symmetry transformation. Notice that when [§,,5.]
acts on a ¥, =0 configuration, the resulting configu-
ration again has ¢,=0. This is the main reason
why supersymmetry is relevant to classical relativi-
ty: Diffeomorphisms of the spacetime may be
represented as repeated supersymmetry transforma-
tions.

The conserved Noether current derived from su-
persymmetry is

T =—2ie"PY ysy,Voe+ - -, (2.13)

where the dots indicate torsion terms that vanish in
the final expression for E when the field equations
are imposed and ¢# is set to zero. Of course, one
cannot in general impose field equations before
Dirac brackets are computed. In this case, however,
we save some effort by noting that these terms can-
not contribute to the final expression. The

“+4 --+” will hereafter be implicit in all expres-
sions. The conserved charge is
Q-e= fzdzpﬂg . (2.14)

In order to show that Q-e generates supersym-
metry transformations via its Dirac bracket, we
must perform a Hamiltonian decomposition. Ulti-
mately, however, we are only interested in those
terms which do not vanish when ¢, =0. Since Q-e
and J¥ are linear in ¢, expressions such as (2.9) in-
volve only Dirac brackets of ¢, and not of e;,. We

are thus spared explicit consideration of the Hamil-
|

tonian decomposition of the vierbein.

The Hamiltonian treatment of the spin-% field
cannot be avoided. For a full discussion the reader
is referred to the literature.!*?° Because of the
gauge invariance of S, not all of the fields represent
physical degrees of freedom. One begins by comput-
ing the constraints necessary to eliminate the un-
physical degrees of freedom. There are 8 first-class
constraints and 12 second-class constraints. For
each first-class constraint a gauge condition must be
chosen. We choose?

=0,
7/¢i:0 ’

where 2 is an asymptotically flat spacelike slice on
which % will be defined. i=1,2,3 is a spatial index
in the hypersurface X and ¢y is the component nor-
mal to 2. The Dirac bracket of ¢, and its conjugate
momentum

= — éeo"“ﬂzzanyﬁ (2.16)
may now be computed. The key idea of the Dirac
formalism is to have nonzero brackets only between
the “true degrees of freedom.” This implies that the
constraint equations or gauge conditions can be im-
posed at any stage of the calculation, i.e.,

{X;,®}p=0, (2.17)

on X (2.15)

where X; is any constraint or gauge condition and ®
is any function of the fields and their momenta.
The Dirac bracket {, }p is defined by

{CDA>¢B}D
={®4,Pp}p—{ P, X: )L {Xi X} P17 X, PR} p
(2.18)

where {®,4,Pp}p is the ordinary Poisson bracket de-
fined with an extra minus sign for anticommuting
fields. For our gauge choice (2.15), the relevant
Dirac bracket is®®

1 ,
{¥:00),m;0)} p =7 [88°(x,)— 7(D,D; 4+ D; D,)S (x,) — T €k Yo¥s(D*D +PD*)S(x,1)] , 2.19)
I
where now be generated via Dirac brackets with the Noeth-
X 3 er charge Q-e. The gauge condition y*;, =0 re-
DDy S(x,y)=56(x,y) , quires that € be an asymptotically constant solution
P=y"Dy , of

and D; is the projection of V, into =. There could
also be curvature terms in (2.19). Their coefficients
have not been computed, however, as one can show
that they cannot contribute to the final expression.
Physical supersymmetry transformations may

v*Dre=0 . (2.20)

There are four linearly independent such solutions
en(x) (N=1,2,3,4,) with nonzero asymptotic values
lim,_, ,ey(x)=€x. These four solutions determine
the four supercharges Oy =0, (Ref. 27):
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Oy = [ d*[27*Dyey +i(Drey )y ]
= [d’S*Qmey +iehtn) 2.21)

where the constraints and gauge conditions must be
used to obtain this expression from (2.13) and (2.14).

After a short calculation, the Dirac brackets of
the supercharges are found to be

(On.Om)p=4i [d’S(D*ey)Dyey . (2.22)

Comparing with (2.9) and (2.12), however, we realize
this quantity also generates a global translation
whose asymptotic value is K“=2i€ﬁly*‘e?v. There-
fore

{On,Qum}p=2iEx *e¥P, , (2.23)

where P, is the ADM four-momentum.

To extract an explicit formula for the ADM ener-
gy, we must factor out the anticommuting variables
from (2.22) and (2.23). Define

ex(x)=0yay(x), (2.24)

where the Oy are a basis for the Grassmann algebra,
and ay are commuting spinors obeying

Day(x)=0,
(2.25)
lim ay(x)=aY .
X—> 0
Integrating®® (2.22) and (2.23) over Oy and 6,,, we
find

—2 [ d*3[(D*ay) Dpay |=(@y v a,)P, .
(2.26)

Since (2.26) holds for all a, satisfying (2.25), it fol-
lows that

E=2[d’s(D*a)'Dsa, (2.27)

where a is any spinor satisfying (2.25) and has
a@’y*a® equal to the timelike normal to 2 at infinity.
When ¢, is set to zero, D; becomes the projection
into £ of the standard (torsion-free) derivative
operator. Equation (2.27) is then precisely Witten’s
expression for vacuum spacetimes.

One would like to extend this analysis to obtain
the full Witten expression (1.2) for metrics obeying
G.,=T,,. The addition of an arbitrary source term
to the action, however, spoils supersymmetry and
the connection between the energy and the squared
supercharge. One is therefore led to consider super-
matter as a source for the gravitational field. The
literature contains many constructions of supersym-
metric actions that incorporate supergravity and su-
permatter multiplets.

This procedure, however, will only lead to

Witten’s expression for configurations that are solu-
tions of all (including the supermatter) field equa-
tions. It is unlikely that an arbitrary T, corre-
sponds to such a solution.

This is not, however, a serious difficulty because
Witten’s expression involves only the space-time and
time-time components T of the stress energy at
one moment of time, and not the space-space com-
ponents TY. Therefore, as far as positive-energy
theorems are concerned, it is completely general to
consider supermatter for which the initial-value for-
mulation on a spacelike hypersurface allows arbi-
trary specification of T%,

As a simple example we consider the derivation of
Witten’s expression for supersymmetric Einstein-
Maxwell fields. The supermatter multiplet consists
of a photon field 4, and a neutrino field A.
7", =0 remains an appropriate gauge condition
and still implies Pe=0. The volume integral ex-
pression for the supercharge acquires an extra con-
tribution linear in the neutrino fields:

Oy = [ d’S(27*Dyey

+iDkel Y — TEy 0, FHY)
(2.28)

where F*¥ is the Maxwell tensor. The constraint
Dy *=0 becomes

D= iale’"')/O?» (2.29)

so the surface integral form for Qy remains un-
changed:

Oy = [d*S*mpey +iekt) . (2.30)

When computing the Dirac bracket of the super-
charge one finds (when using the volume integral
form for Qy) an extra contribution from the term
linear in the neutrino field. This term is proportion-
al to €y#€T,, and one may thus obtain the full Wit-
ten expression (1.2).

To demonstrate that one may arbitrarily specify
Ty, in this theory, one must prove existenlce_pzf scg}y-
tions to the equations Typ=+5(E +B),
T0k=%(ﬁ><§)k. Although this is four equations
for four unknowns, the massless nature of E and B
makes an existence proof difficult. This can be cir-
cumvented by considering more complicated super-
matter containing, e.g., massive vector bosons.

III. EXAMPLES

In order to gain a better physical understanding of
the individual terms in Witten’s expression, we now
evaluate this expression for several spacetimes. It is
convenient to work just with the initial data for the
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spacetime, which consists of a noncompact three-
manifold 3, an asymptotically flat positive-definite
metric g,, on =, and a symmetric tensor field
representing the extrinsic curvature.

Witten’s expression can be written in terms of in-
trinsic three-dimensional SU(2) spinors on the
initial-data set.”’ Let (2, g4, 74) be an initial-data
set satisfying the dominant energy condition

w>(J, gV, 3.1)

where p and J? are the energy and momentum den-
sities of the matter which are related to g, and m,,
by the constraint equations.’® Let D,y denote the
(torsion-free) covariant derivative compatible with

qqp and define a new derivative operator by
: J

D sphc=Dyphc+ _‘/I—Z—WABCD)‘-D ) (3.2)

where 7 4pcp =7 4)cp) i the spinor representation
of 7. Let B be a solution to

D 45BP=D 5B+ %BA =0, (3.3)

which is the three-dimensional version of (1.1).
Then one can show

D, (B CD™Bc) =5 (neyy —iV2Tyy BB
+( DB D 5Be) . (3.4)

Integrating over X thus yields

2 [ (B Berds = [ [(peyn —iV 2y )BYB™N + 2 Z*PBND 1pBc))dZ (3.5)

where S is an asymptotic two sphere on =. If B4
asymptotically approaches a constant spinor B,
then the surface integral is related to the total ADM
energy E and momentum P? of the initial-data set
by

2 [((B'°D 1B)dS = (Eeyy — iV 2Py BB .
(3.6)

Notice that (3.6) involves the total three-
momentum P? whereas (1.2) does not. To obtain the
analog of (1.2) in terms of three-dimensional spinors
one must use two solutions of (3.3). Let 84 be any
constant spinor normalized so that g5 = % Let
B be the solution to (3.3) which asymptotically ap-
proaches /30" and *! be the solution which ap-
proaches BT, We define

F=p"p 3.7)
—_ipitagiB) (3.8)

where here and throughout a sum over the repeated
index j=1 2 is assumed. The function f and real
vector v? are, in fact, 1ndependent of the choice of
43! Using the fact that 7= — % we evaluate
(3.5) for each B and add the resulting expressions
to obtain

E= [ D,fds*
= [[fu+vT)+2AD*BBIOVNGD 1 B:)1dS .
(3.9)

This is the expression we wish to evaluate in specific
examples. However, before we begin, we prove a
general result, mentioned in the Introduction, about
the behavior of v°.

[
We now show that v? vanishes if and only if = is

a maximal slice. Suppose m=0. Then
D 4B =(D 45B'")'=0.. (3.10)

Thus B'™ is a solution to (3.3) which asymptotically
approaches B°™. Since this equatlon has unique
solutions, B> must be precisely '™, Hence v9=0.
To show the converse, we use the fact that

0:;@‘43?} ——D v + ‘/5 ’ﬂ'f (3.11)

Therefore, if v®=0, then 7=0. This completes the
proof. In terms of the four-dimensional spinor a
and four vector £*=ay’a, the requirement that
v?=0 is equivalent to requiring that £* be orthogo-
nal to 2. Thus we have proved the result stated in
the Introduction.’?

We now begin our discussion of examples by
evaluating Witten’s expression on a static slice in the
Schwarzschild spacetime. This example is of in-
terest because one can compare the function f
[which looks like a gravitational red-shift factor in
(3.9)] with the norm of the timelike Killing field
(which is the red-shift factor for test fields). For-
tunately, this example is easy to evaluate since one
can obtain the solutions to (3.3) for this initial data
by a conformal transformation.

Equatlon (3. 3) is conformally invariant: If gab
=@ qab: 7Tab—¢ Tap, and BA_¢’_3BA then gABB
_¢;‘3@ABB Therefore, -if B is a solution for
(Gap>Tap)s B will be a solution for (GabsTap )-

As is well known, a static slice in the
Schwarzschild geometry is conformally flat, with
the conformal factor given by

¢=1+—21%. (3.12)
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The coordinate p is a radial coordinate in the flat
three-space which is related to the standard
Schwarzschild coordinate 7 by

2

. v

1+ M (3.13)

The constant M is related to the total ADM energy
E on a static slice by E =87M.

Since the only asymptotically constant solution to
(3.3) when gy, is flat and m,, vanishes are the con-
stant spinors %, BA-—q)“3B°A, and B A—¢—3b’° 4
are the solutions to (3.3) in Schwarzschild which
asymptotically approach ! and B°™, respectively.
Thus the function f is simply given by

f=2?ABZ\3A[3TB=<P_4 . (3.14)

By inverting (3.13), we can express ¢ in terms of 7 to
obtain

17272

M

M| 2
r

1— ==

f=3 (3.15)

This is certainly not equal to the norm of the time-
like Killing field:

172
2M

r

(=)= [1— (3.16)

In terms of four-dimensional quantities, this state-
ment says that the vector £&* does not agree with the
timelike Killing field 77* on a static slice. These two
vectors are parallel to each other, but have different
magnitudes. From (3.15) and (3.16) one sees that the
norm of & is less than n* for large r, but greater
than n* for r near 2M.

This difference between £&* and #* in
Schwarzschild can be understood as follows. Recall
a static slice in the maximally extended
Schwarzschild solutions two asymptotic regions. It
is clear from (3.13) that the coordinates p>0, 6,¢
cover both asymptotic regions. Thus B4=¢3p* is
a solution on the entire maximally extended slice.
In one asymptotlc region (p——> ) B4 approaches the
constant spinor 4, while in the other (po—0) B
vanishes. Since the Killing field %" vanishes at the
r=2M throat and changes direction on the other
side, while the vector & is future directed every-
where, it is clear that they cannot be equal.

The maximally extended Schwarzschild solution
is perhaps not of direct physical interest because of
the presence of a white hole. It is also inappropriate
for discussing the red-shift of matter because all the
matter is concentrated in a spacetime singularity.
Therefore, as our second example, we consider a
static slice in the geometry of a static star. For sim-
plicity, we assume the matter density p is constant

inside the star so the star is spherically symmetric.33

Thus the exterior metric is again Schwarzschild, and
the interior metric is part of a time symmetric slice
in a closed Friedmann universe. The matching con-
dition requires the boundary of the star to have ra-
dius R given by

M=5mR%,. (3.17)

The interior metric is also conformally flat with
conformal factor

M 1721172
Pin(r)= |1+ [1— PE ] /K“Z, (3.18)
where the constant K is given by
172
M M 2M
K= |1—— 1—— —— .
2R + 2R ! R
(3.19)

Since the entire three-geometry of the static star is
conformally flat, the asymptotically constant solu-
tions to (3.3) are again B1=¢3%A. The norm of
the vector £ in the exterior region is thus identical
to the maximally extended Schwarzschild case, and
hence does not agree with the Killing field. In the
interior region, we have

2Mr?

1— R

f=K?*|1+ (3.20)

1/2]—2

which again does not agree with the norm of the
Killing field n*:

3 12 12
—A 12__ 2
(=A) 5

s
R

2Mr?
—

1
2

(3.21)
Notice that both norms increase with increasing ra-
dius as one would expect from the fact that as one
encloses more matter, one increases the red-shift.
However, they increase at different rates.

Finally, we consider a general conformally flat
initial-data set: q,,,,=<p4q3b, 7 =0 where g3 is a
flat metric on 2. Physically, this represents initial
data with no gravitational radiation. In addition to
the two previous examples, this class includes the
well-known initial data for a momentarily static
configuration of black holes.>* By conformal invari-
ance, the solutlons to D zBP=0 are B'=¢—3p%,
B*B=gp—3B™B, Therefore

f=¢_4 . (3.22)

Witten’s expression (3.9) is easily evaluated for this
initial data as follows. The surface integral in (3.9)
becomes

E= [ Dp*ds, . (3.23)
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Reexpressing the right-hand side in terms of an in-
tegral in the conformally related flat space yields

E=—4 fs¢—3a°¢ds,, , (3.24)

where the index of the flat derivative d, is raised
with ¢ and the index of D, is raised with qap- We
can now take the flat space divergence of the right-
hand side to obtain

E= [(¢%u+129*3,¢%)d’x , (3.25)
where we have used the fact that
Fp=—1o'u, (3.26)

which follows from the scalar constraint equation.
Finally, we express the right-hand side back in terms
of the physical metric g,;, and volume element d2:

E= [(¢p™%u+12¢D,pD%)d5x . (3.27)

The Newtonian limit of Witten’s expression is just
a special case of (3.27). Define the Newtonian po-
tential ¢ by

o=1— -2%¢ . (3.28)

Then putting the factors of ¢? back into (3.26) and
(3.27) and taking the limit as ¢ — oo, we obtain®®

3=5u, (3.29)

E= [[u(c®+24)+33,43°]d’x . (3.30)

Comparing (3.30) with the general formula for
Newtonian energy (1.6) discussed in the Introduc-
tion, we see that Witten’s expression corresponds to
precisely this expression with n =4.

Can one extend the Newtonian formula (1.6) for
arbitrary n to a general conformally flat initial-data
set? If there is only one asymptotic region, then the
answer is yes. (For more than one asymptotic region
the extra boundary integrals diverge unless n > 1.)
Since ¢—1 asymptotically we can insert a factor of
@*~" into the surface integral (3.23). Taking the
divergence as before, we now obtain

E= f[¢—nﬂr+4(n—1)¢_(n+2)Da¢Da¢7]d2 . (3.31)

This is our desired result. When n =4, this expres-
sion reduces to (3.27), and in the Newtonian limit,
this expression (for arbitrary n) reduces to (1.6). No-
tice that the integrand is positive definite for all
n>1. In the first proof of the positivity of energy
for this class of initial-data sets, Arnowitt, Deser,
and Misner?® use (3.31) with n =6.

IV. NEW EXPRESSIONS FOR
GRAVITATIONAL ENERGY

In this section, we derive a one-parameter family
of integral expressions for gravitational energy. For

the case of conformally flat initial data, these ex-
pressions reduce to Eq. (3.31) obtained in the previ-
ous section. The key idea is to use the norm of the
solutions to (3.3) as a conformal factor and follow
the construction used for conformally flat initial
data.

Let (2,q,5,7,5) be an initial-data set satisfying the
dominant energy condition with one asymptotically
flat region. Define B/, j=1,2 as before to be solu-
tions to 2 4p*=0 which asymptotically approach
B and B°™, where 1135 =%. Define a real non-

negative function o by
o=f""=(pMp"* . 4.1)

There is some evidence for the conjecture that o is
always strictly positive.’’ We shall assume that this
is the case in what follows. The function w~' is
then a natural generalization of ¢ for nonconformal-
ly flat initial data. .

We begin with (3.4) which is satisfied for each
B“. Multiplying this equation by »"* and in-
tegrating over X yields )

E=2[ 0" gD ,Bl.ds*
:fz[wn“+wn—4vaJa
+20" ~H D BFVND 45BL)
+2(n —4)o" ~X(D°)B D L1z
(4.2)

where the first equality uses the fact that w—1
asymptotically. The last term in this equation can
have either sign. However, when 7=0, this is no
longer the case. As we showed in the last section,
7=0 implies that 8> =B'". Therefore (4.2) simpli-
fies to

E= [ [0"u+20" " D*PBIOVND 45 BL)
+4(n—4)0" "’D,0D’0)dS . (4.3)

The first two terms are positive and the last term is
a positive function times (n —4). Thus, this expres-
sion is positive definite for all n >4 and reduces to
Witten’s expression when n=4. If 740, then the
only expression which remains positive definite is
the one with n =4.3® However, the virtue of consid-
ering initial data with 7=0 is that, as we now show,
one can, in fact, rewrite (4.3) so that it is manifestly
positive for all n > 1, and thus is in close analogy to
the Newtonian expression (1.6) and the conformally
flat expression (3.31).

Consider the conformally related initial-data
set Gup=0"qe, Top=0"my. Define p=w3pA.
Then B/ satisfies (3.3) for this initial data
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QABE]'A ———0 . (4.4)

Notice that for conformally flat initial data
9ab =¢74qu and 7,4, =0, we have o=¢ ! so that g,
is flat and pB* are constant spinors. Using
€43 =w%€4p to raise and lower indices of tilded ob-
jects, we find

(D PFOVND 45BL)
=0 DB (D 43Bt)— 60 °D,0D% .
4.5)

Substituting into (4.3), we obtain our final expres-
sion

E= [[[o"u+20" GV D 4BL)
+4(n—1)o" ’D,0D°w]dZ . (4.6)

There is a striking similarity between this expression
and the one for conformally flat initial data (3.31).
The first and last terms are identical under the sub-
stitution w=¢~!. The only changes when the initial
data is not conformally flat is the middle term—a
new positive contribution to the energy.

This new term is in fact conformally invariant: If
Gub =%y, Tap=Q%r, where Q is any positive
function that approaches one asymptotically, then
&=Q7"'o so that §,,,7,, are unchanged. This im-
plies that the middle term in (4.6) just scales by an
overall power of ().

We now define

=20 DEFND 45BL) , (4.8)
puni=40"2D,0D% , (4.9)

so that (4.6) becomes>’

E= [o"p +pi+(n— Dy 1ds . (4.10)

The subscripts I and NI refer to “invariant” and
“noninvariant” under conformal transformations.
Roughly speaking, the direction of the spinors 3/
determine the conformally invariant part of the
gravitational energy p, while their norm determines
the noninvariant part puy;. One can easily show that
p1>0 with py=0 if and only if g, is conformally
flat and 7, =0. Similarly, pun;>0 with un;=0 if
and only if g, is flat and 7., =0. We have thus ob-
tained a covariant decomposition of gravitational
energy into a conformally invariant and nonconfor-
mally invariant part on a maximal slice.

What is the physical interpretation of this decom-
position? We have already seen that for conformally
flat initial data, u;=0 and py; can be viewed as the
gravitational binding energy. Since conformally flat

initial data represent data with no gravitational
waves, it seems natural to interpret u; as the energy
in gravitational radiation. For vacuum spacetimes,
this interpretation is strongly supported by the fol-
lowing fact: pu; depends only on the conformal
metric and transverse trace-free parts of 7,,. Recall
that York and co-workers* have argued that pre-
cisely these two fields represent the unconstrained
initial data for gravity. Indeed, it has been shown®!
that given any g, with non-negative scalar curva-
ture, and any 7, which vanishes sufficiently fast
asymptotically, then one can obtain initial data
(@7 ap) for the vacuum field equation where g, is
conformally related to g,, and 7, is (conformally
related to) the transverse trace-free part of 7,,. The
fact that p; depends only on the freely specifiable in-
itial data strongly supports its interpretation as
gravitational radiation energy. Unfortunately, for
nonvacuum spacetimes the interpretation of y; is
less clear for two reasons. First, u; now depends on
the longitudinal part of m,,, as well as the transverse
trace-free part. Second, there exist spacetimes that
have no radiation but have ;70 (e.g., static space-
times with nonconformally flat static slices). Thus
one has a simple physical interpretation when one of
the three terms 1), uy, or py; vanishes.

The overall factor of »" in (4.10) can be viewed as
a red-shift factor. Notice that gravitational energy
as well as matter energy is red-shifted in this expres-
sion. As one increases 1, one increases the effective
red-shift, but compensates by adding a greater mul-
tiple of the binding energy. By analogy with the
standard expression for energy in Newtonian theory
(1.6), the value of n which is closest to physical in-
tuition is perhaps n =0. In this case, there is no ex-
plicit red-shift. The negative gravitational potential
energy is simply reflected in the negative binding en-
ergy.

To summarize, given an initial-data set that satis-
fies the dominant energy condition, there exists a
one parameter family of integral expressions for the
total energy (4.2). [For certain values of the param-
eter, one must assume that there is only one asymp-
totic region, and that solutions to (3.3) do not van-
ish.] If 7} =0, then these expressions take a partic-
ularly simple form (4.10) in which the gravitational
contribution is divided into a conformally invariant
1 and nonconformally invariant uy; part. If, in ad-
dition, the matter energy density u,, vanishes, then

p1dZ can be interpreted as the energy in gravita-
tional radiation and f uNid2 can be interpreted as
the binding energy. Thus one obtains a covariant
decomposition of the total energy into radiation and
binding-energy contributions.

We now discuss the vacuum case in more detail
and obtain further support for the interpretation of
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pp and uyn;. For strong gravitational waves, the
binding energy un; is nonzero—as one might
expect—since these spacetimes have nonzero total
energy. However, the positive-energy theorem
shows that the binding energy can never exceed the
radiation energy. For weak gravitational waves, we
now show that py; vanishes and py reduces to the
standard energy density for a spin-two field. (For a
further discussion of this result and its relation to a
new canonical approach to general relativity, see
Ref. 42.)

Let q‘?,, be flat and 17'2,, be zero. A weak gravita-
tional wave is described by a perturbed initial-data
set Gap=qab+€Vap> Tap '_'%Ej’ab where v, and
Ve are two independent transverse trace-free ten-
sors. The only asymptotically constant solution to
D ,3BP=0 for the initial data (g%,7%) are the con-
stant spinors B°. Let* B8=p%2 4+ ¢y® where Y2—0
asymptotically. Then to first order, & ,582=0 im-

plies

DpyP=—D 38", 4.11)
where 925 is the derivative operator associated
with (g%,79) and & Lp is the first-order change in
this operator. But the right-hand side of (4.11) van-
ishes (essentially because one cannot construct a
nonzero vector from ¥, and ¥4). Since 2%z has
vanishing kernel, this implies that y2=0. Therefore,
for a weak gravitational wave, B is unchanged to
first order. Consequently, wz(ﬁ"“/}{, )1”% has no
first-order correction. Since @ remains constant,
un1=0 for a weak gravitational wave. To lowest or-
der in €, yup is given by

pi=2[(2"83° (D 5 B2)
+(D B g B . 4.12)
Using the fact that

i .
DB = %(DMDYABCD By + m?’ABcDﬁ% (4.13)
we obtain

1= %[Z(D MDIABC, Y DRy apen) + 7Py ascen] -

4.14)
Since

V2D5'Y acrt =€ Dom Yna 4.15)

we recognize (4.14) as the standard expression for
the energy density of a spin-two field.

We have concentrated so far on expression (4.10)
with n =0. However, other values of n may well be
of interest. For example, consider (4.10) with n=1.
Then pyy does not contribute, so for a static spheri-
cally symmetric star, the integrand vanishes identi-
caily outside the star. This expression may thus
prove useful in establishing the inequality between E
and the area of the outermost trapped surface con-
jectured by Penrose.*
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