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Twisted-Eguchi-Kawai model: A reduced model for large-N lattice gauge theory
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We study the large-N reduced model recently proposed by the present authors. This

model is a modified version of the Eguchi-Kawai model incorporating twisted boundary

conditions. It is shown that the Schwinger-Dyson equations of our model are the same as in

the infinite-lattice theory provided [U(1)] symmetry is not spontaneously broken. We study

the model at strong coupling, weak coupling, and intermediate coupling using analytical and

Monte Carlo techniques. At weak coupling, it is shown that for a particular choice of twist,

[U(1)]~ symmetry is not broken and we prove how one recovers usual planar perturbation

theory. Monte Carlo data for P ratios show striking agreement with Wilson-theory results.

I. INTRODUCTION

The N +ac lim—it' of lattice gauge theories~ has
been the subject of many interesting studies in recent
years. The ultimate hope is to be able to solve the
theory in this limit. However, this aim has not been
achieved at present, despite the remarkable simplifi-
cations already discovered. It is known that only
planar diagrams survive in this limit, and that the
planar perturbative series is convergent. '"
Nevertheless, summing this series explicitly has only
been achieved for the two-dimensional continuum
theory. On the lattice the N~eo limit of two-
dimensional SU(N) Yang-Mills theories has also
been solved using the techniques of Ref. 7. Anoth-
er important simplification that takes place in the
W —+ao limit is factorization. '

. This property al-
lows one to obtain closed equations for Wilson
loops' and leads to the fundamental concept of a
master field.

Recently, a new important result has been
developed. A fundamental reduction of degrees of
freedom takes place in the N~ac limit. One can
omit the space-time dependence of the gauge fields.
The key observation was made by Eguchi and
Kawai" who showed that the loop equations' of
the infinite-lattice Wilson theory coincide with those
of the Eguchi-Kawai (EK) model. The partition
function of the latter model is that of a one-site Wil-

son theory with periodic boundary conditions.
The derivation of Eguchi and Kawai was based

on an important assumption. In order for the reduc-
tion to hold vacuum expectation values of traces of
open loops must vanish. This is guaranteed provid-
ed the [U(l)] symmetry of the action is not broken
spontaneously. It was pointed out that this symme-

try is probably broken at weak coupling. ' This fact

was known even before the work of Eguchi and
Kawai. ' Since then Monte Carlo simulations have

shown that this in fact takes place. ' '
To save the idea of the reduction of degrees of

freedom Bhanot, Heller, and Neuberger' proposed
the quenched-Eguchi-Kawai (QEK) model. In this

model the eigenvalues of the link matrices are

quenched, i.e., treated as classical variables. Physi-

cal quantities are averaged over all values of the
eigenvalues with a uniform distribution. It was ar-

gued that the QEK model coincides with the usual

EK model at strong coupling where [U(l)] symme-

try is not broken. At weak coupling it is the former,
not the latter, which behaves properly. Monte Carlo
simulations have been presented which substantiate
this claim. ' '

Parisi proposed a general procedure for quench-

ing, ' which applies for all matrix models, and ar-

gued that a similar procedure can be used in the
continuum. Several authors' ' incorporated this
prescription into gauge theories. In particular,
Gross and Kitazawa ' showed that the Parisi
prescription can be suitably modified and agrees
with the QEK model. In addition, they show how

one obtains planar perturbation theory in the weak-

coupling region. When applied to the continuum

theory, the quenching prescription provides a
gauge-invariant cutoff regularization.

Different derivations and applications of the
quenched reduction of degrees of freedom have been

discovered recently, At the same time, other au-

thors have explored different solutions.
Recently, the present authors proposed a very

simple alternative: the twisted-Eguchi-Kawai
(TEK) model. The main idea is to consider the EK
model with twisted boundary conditions rather

than purely periodic conditions. It is known that at
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weak coupling the behavior of the partition function
differs significantly between the twisted case and
the purely periodic case. ' It is then possible to ex-
pect that in the TEK model one excludes [U(1)]
symmetry breaking at weak coupling. Our prelimi-
nary study of the TEK model supported this be-
lief.

In the present paper we will study the TEK model
in detail. In Sec. II the model is presented and it is
shown that the proof of Eguchi and Kawai applies
to our case as well. Consequently, the loop equa-
tions of the TEK model are equivalent to those of
the infinite-lattice Wilson theory, under the assump-
tion that [U(1)] symmetry is not spontaneously bro-
ken.

In Sec. III we show that in the strong-couphng re-
gion the TEK model behaves in the same way as the
EK model. Therefore, if the latter model is
equivalent to the infinite-lattice theory, as is general-

ly assumed, so is the former. To quantify the ap-
proach to the N~ oo limit in this region, we present
some finite-N corrections for Wilson loops.

In Sec. IV we study the zero-action solutions
which dominate the path integral at weak coupling.
A comparison of different twists is made. We con-
clude that for a particular choice of twist (sym-
metric twist) all traces of open loops are zero in the
N~ ao limit, as required for the equivalence of the
loop equations. The symmetric-twist configuration
demands N =L (L an integer). No solutions of the
type given in Refs. 27 and 28 apply to our case. For
L =2 solutions were found in Ref. 25. In the
present paper we give the solution for arbitrary L.

In Sec. V we study perturbation theory for the
symmetric-twist TEK model. We show hgw planar
perturbation theory emerges. The leading finite-N
corrections correspond to the finite-size effects on
an L lattice. We argue that a similar prescription
can be used in any matrix model.

In Sec. VI we study the behavior of the model us-

ing Monte Carlo methods. The data show how
traces of open loops are zero throughout the whole
range of the coupling constant, in agreement with
our strong- and weak-coupling considerations. The
internal energy shows the expected weak- and
strong-coupling behavior. A first-order phase tran-
sition is seen at P/N =0.36, as expected for the
infinite-lattice Wilson theory in the X~ao limit,
Larger Wilson loops are also studied for SU(36) and
the 7 ratios show striking resemblance to those of
the Wilson theory on a 6 lattice.

Finally, in Sec. VII the concluding remarks are
presented. We comment on the two-dimensional
model and show the comparison of our data with
the results of Gross and Witten. Some prospects
for future work are stated.

f g dU —Ps(U) (2.1)

where I stands for link, I' for plaquette, and I is the
N)&N unit matrix. U(P) is the ordered product of
the SU(N) link variables U(l) along the contour of
the plaquette P The v. acuum expectation value of
the Wilson loop W(C) is given by the standard for-
mula

(2.2)

To obtain the twisted model, we first apply the
transformation

U(l)-~ U'(l) =Z(l) U(l), Z(l) Ez~ (2.3)

to the partition function (2.1). Under this transfor-
mation U(P) transforms as

U(P) ~U'(P) =Z (P) U(P),

Z(P)= g Z(l), (2.4)

where BP denotes the boundary of the plaquette P
Z(P) satisfies the following Bianchi identities for
any cube C,

(2.5)
s etc

The measure of integration is invariant under the
transformation (2.3) and Eq. (2.1) becomes

Z~ ——f gdU(l)exp —P+Tr[I —Z(P)U(P)]

(2.6)

In terms of the new variables the Wilson loops are
expressed as

g U'(l) = g Z(l) U(l)
lac lcc

PCS 1FC
(2.7)

II. LOOP EQUATIONS

Here we define the TEK model and show that the
Schwinger-Dyson equations of our model agree with
those of the infinite-lattice Wilson theory. A proof
of this fact was already given in Ref. 25, for a par-
ticular choice of twist.

The partition function of the usual Wilson theory
is given by

Z = f g dU(l) exp —P+Tr[I —U(P)]
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where S is the minimal surface with contour C. No-
tice that in Eqs. (2.6) and (2.7), Z(l) appear only in
the combination Z (P).

Furthermore, Z(P) are arbitrary provided that
they satisfy identities (2.5). For our purpose, howev-

er, we only consider the following translation-
invariant Z (P) configuration:

tion. The configuration (2.8} is possible because it
satisfies (2.5). The corresponding transformation
(2.3) is determined up to Ziv gauge transformations.

Using the particular representation (2.6)—(2.8) of
the usual Wilson theory, we reduce the model by
neglecting the space-time dependence of the link
variables

Z(P) =Z» ~ Z»=Zv& (2.8) U(l)—:U~(x)-v Uq . (2.9}

In this case Z(P} depends on the orientation (ji,,v)
of the plaquette P, but not on the space-time loca- In this way the partition function (2.6) becomes

Zs Zr« ——f gdU„exp —P g Tr(I Z„„U—„U,U„U„)
@+v=1

and the Wilson loop is given by
NP „g Z(P) Tr[U„(x}U„(x+p) U (x —&)]

PCS pv

(2.10)

(2.11)

where NP» is the number of plaquettes in the (p, v) direction on the surface S and d is the space-time dimen-
sion. Equations (2.10) and (2.11) define our reduced TEK model. Notice that this model is just the one-site
Wilson model with twisted boundary conditions specified by Z».

The action (2.10) is invariant under the (Ziv) symmetry U&~Zz U& with Z& EZiv. In the N~ 00 limit this
symmetry becomes [U(l)]". The original Eguchi-Kawai model" corresponds to taking all Z» —1. Each twist
Z» can be labeled by a set of integers n» (modulo N):

Z» ——exp(2min»/N) . (2.12)

Now following the arguments of Ref. 11, we will show that the Schwinger-Dyson equations of the Wilson
loop Q. l 1}in the TEK model coincide with those of the usual Wilson theory under the assumption that [U(1)]
symmetry is not spontaneously broken.

Consider the following expression in the Wilson theory (2.6):

g Z(P) (Tr[i(.'U„(x)U„(x+P) U (x —&)]), (2.13}
PeS

where A,
' (a = 1 to N 1) denotes a g—enerator of the Lie algebra of SU(N). By making an infinitesimal change

of variables

U~(x) —+(1+iEV)Up(x),

we obtain

g Z(P) (Tr[A,'I,'U&(x) U„(x +P) U (x —&)])
PeS

(2.14)

where

+ ff Z(P) (Tr[A,'U&(x)U (x+P) U (x —&)]5S')=0, (2.15}
PCS

5S'= g P[Z„&Tr[A; U„(x)U&(x +ji ) U„(x +p) Uq(x)] Zz& Tr[A, 'Uz(x) U—„(x+p) U&(x + jj )U„(x)]I .

After summing over a and making use of the identity
(2.16)

2 ~ij~kl= 2 8il8jk+0
a.

we arrive at the formula

(2.17)
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Z(P) (T ii U(l))+ —g ii Z(P) (T ii U(l)) ——g ii Z(P) (T ii U(l))=0,PFS, lEC PCS'
P

lcc'
P

WP PCS"
P

Eec"
P

(2.18)

where the contours C, C&, and C&' are illustrated in Fig. 1. The labels S, S&, and Sz' specify the minimum sur-
faces with contours C, Cz, and Cz', respectively. Notice that Eqs. (2.18) are the ordinary loop equations of the
Wilson theory supplemented with the Z factors according to Eq. (2.7).

When the link U„(x) appears more than once in the original contour C, we obtain additional terms in Eqs.
(2.15) and (2.18). For example, if the link U&(x} occurs twice in the contour C as in Fig. 2, we have an addi-
tional term

g Z(P) Tr g U(l} Tr P U(l) = — P Z(P)PGs, loci l e C2 PFS)
ff Z(P) T g U(l) T g U(1)I

P&S2 l &C& 16CR

in the right-hand side of Eq. (2.18), where Ci and

Cz are given in Fig, 3. To derive the right-hand side
of Eq. (2.19) we used the factorization property of
disconnected loops in the large-X limit. ' Follow-
ing Ref. 11, we call these terms "source terms. "

Next we discuss the Schwinger-Dyson equations
I

(2.19)
I

in the TEK model. If we repeat the derivations, we
find the same equations except for the appearance of
extra source terms which arise because all link vari-
ables in the same direction are identified. For exam-

ple, consider the following quantity:

P Z(P) (Tr[A,'U„(x)U„(x+P) Ui(y —A, )U„(y) U (x —P)]) .
PeS

(2.20)

(2.21)

In the reduced model U&(x) and U&(y) are identified even for y+x. Thus, we have additional source terms,

g Z(P) (Tr(U„U, Ui ) ~rEK(Tr(U„U ))rEK .
PCS

The sequences (p, v, . . . , A, ) and (p, . . . , p) corre-
spond to open paths C~ and C2 joining x and y:

Ci ——(x,x+p, . . . ,y —A, ,y),
Ci ——(y,y +p, . . . , x —p,x),

(2.22)

in the usual Wilson theory.
We note that U&U, . U~ and Uz .

U& are not
invariant under the transformation Uz —Pe' U
since there exists at least one direction p for which

U& and U& appear different number of times. Thus
if the [U(1)] symmetry is not spontaneously broken
we have

(Tr(U„U, U, ))„„=(Tr(U„U,))„„=O
(2.23)

I

equations specify the theory uniquely we conclude

ii Z(P) (T.ii U(n)pcs, lac

=- n .",'" ("nU, )
(2.24}

(IV(C))= iiZ„„""(Trit U
)v.v p TEK

where ( W(C) ) is now defined as in (2.2).

(2.25)

where the left and right vacuum expectation values
are calculated using (2.6) and (2.10), respectively.
One can reexpress this result in terms of the usual
partition function of Wilson's theory,

and the Schwinger-Dyson equations obeyed by (2.7)
and (2.11) coincide.

We have shown that if [U(1)]" symmetry is not
spontaneously broken the Schwinger-Dyson equa-
tions of the TEK model [Eq. (2.10)] coincide with
those derived from our particular representation
(2.6) of the Wilson theory. Assuming that these

III. STRONG-COUPLING BEHAVIOR

In the strong-coupling region the [U(1)] symme-
try is not broken in any finite order of the strong-
coupling expansion in the EK model. Then the
equivalence of the Schwinger-Dyson equations im-
plies that the EK model is identical to the infinite-
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ci cp

x x+p

Cp

FIG. 3. Contours contributing to the source terms.

x+p

x x+pa

" x+p

x x+P.

FIG. 1. Contours appearing in the Schwinger-Dyson

equations.

x x+p
FIG. 2. A contour in which U„(x) appears twice.

lattice Wilson theory provided the equations specify
the theory uniquely. In this section we will show
that if this assumption is true for the EK model, the
TEK model is also equivalent to Wilson's theory in
the strong-coupling region.

Consider first the vacuum diagrams. In the
infinite-lattice Wilson theory, the set of strong-

coupling diagrams corresponds to the set of all

closed surfaces on the lattice. In the N~ao limit

only the planar surfaces contribute. On the other

hand, in the Eguchi-Kawai model there are many
more terms which can contribute due to the periodi-

city of boundary conditions. For example, a single

plaquette is in this case a closed surface (two-

dimensional torus). In order that the EK model has

the same strong-coupling expansion as the Wilson

theory, these extra terms must vanish in the X~ op

limit. Explicit calculations will be given later which

agree with this fact. The underlying reason for the
vanishing of the extra terms in the strong-coupling
expansion of the EK model is probably the fact that
they correspond to nonplanar surfaces. This is clear
in the example mentioned previously.

Next we see what happens in the case of the TEK
model. First of a11, notice that the presence of a

twist does not affect the link integrations. There-

fore, the set of diagrams which survive in the
X~ao limit is the same as in the EK model. This
set was assumed to be given by all surviving vacuum

diagrams in Wilson's theory. Now we must prove
that the result for each of these diagrams coincides

in the EK and TEK models.
In general, the effect of a twist is to multiply the

value of the diagram in the EK model by a phase.
This phase is the product of all Z&„ factors for each

plaquette of the surface. However, for the surviving

diagrams in the N~oo limit the product of these

factors is equal to 1, and consequently the EK and

TEK models give identical results. To see why this

happens, consider first the case of a cube. In this

example our claim is a consequence of the Bianchi
identities (2.5). For a more complicated planar sur-

face the result can be extended due to the Abelian

nature of the Zz„ factors. In other words, the phase
factor of a given closed surface measures the Z~
magnetic flux coming out of this surface. If the sur-

face is closed in the infinite lattice the phase factor
must be 1 due to the absence of Z~ magnetic mono-

poles (2.5). On the other hand, nonleading diagrams
can in principle differ for the EK model and TEK
model, by a multiplicative phase factor.

Extension of this result to the strong-coupling
behavior of Wilson loops ( W(C) ) is easy to obtain.

In this case the set of diagrams is given by all open
surfaces with contour on the particular Wilson loop.
Considering any such surface and the minimal sur-

face with contour C we form a closed surface and

the previous result can be applied. In this context,
notice that the Wilson loop in the TEK model must

be multiplied by the appropriate Z&, factors as

shown in Eq. (2.11).
To conclude this section we will present the first

coefficients in the strong-coupling expansion of the

vacuum expectation values of several Wilson loops
in the EK model. As mentioned previously, non-

leading terms can differ from those in the TEK
model as well as for different twist configurations.
Our results are shown in Table I. The magnitude of
nonleading 1/X corrections is seen to be small for
the values of N considered in Sec. VI.
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TABLE I. Leading terms in the strong-coupling ex-
pansion for vacuum expectation values of IXJ Wilson
loops ( W(I,J) ) in the EK model.

( ~(1,1)&

( W(1,2))

( W(2, 2) )

( W(3, 2))

( IV(3, 3) )

1 N +10N' —6 PE+ E{x-1) x
2

N
3N' 4—40N 116N—'+32 P

Q(Q l ) Pf (Pf $ )(Pf 4)
4N —6

1V (N2 —1)
5N —9

N(E —1)

IV. ZERO-ACTION SOLUTIONS

In the presence of twisted boundary conditions it is
not always possible to saturate the bound S;„)0.
A necessary and sufficient ' condition is given by

1

—,n„,n„„=o.N,

where o. is an integer and
~ ~VPOnpv= 2 e np~

(4.3)

(4.4)

is the dual of n„,. If relation (4.3) is not satisfied,
solutions have a rational Pontryagin number and the
action is bounded from below by a positive quantity.
In the continuum one can obtain this quantity in
terms of the Pontryagin index. On the lattice an
equivalent relation is not known to the authors, but
Monte Carlo simulations show that condition (4.3)
is still required. From now on, we will restrict our-
selves to twists satisfying (4.3).

The problem of finding zero-action configurations
with twists was first studied in Refs. 27 and 32.
One must find 4 ( =d) SU(N) matrices U„' ' satisfy-
ing

(O) 2&E (o) (0)
Up U„=exp nv~ U„Up (4.5)

Recently 't Hooft proved that, provided N is not a
multiple of a prime number squared, solutions exist,
and he gave a recipe to construct them. It is
worthwhile to recall this explicit construction.

The leading behavior of all the observables at
weak coupling (P~ ae ) is dominated by the config-
urations U„ that minimize the action

p, v

In particular any loop (open or closed) behaves as

(Tr(Up, Uq )) = Tr(Uq' U„'') .

(4.2)

Let us introduce NXN matrices P)v and Q)v as
follows:

0 1

0 1

0 '-

'. 1

(4.6)

~i(1—N)/N
VN

e Zmi (N —1)/N

They are SU(N) matrices satisfying

P~ Q~ exp(2m——i/N) Q~P. ~ . (4.7)

Now one can show that whenever N is not a multi-
ple of a prime number squared and Eq. (4.3) is veri-
fied, there exist integers s& and t& ()tt = 1 to d) such
that

Uq
' PgQ)I'—— (4.8)

satisfies (4.5).
The above requirement on the number of colors is

a consequence of the particular ansatz (4.8). In Ref.
25 the authors found new solutions to (4.5) of a dif-
ferent type, and other new solutions will be given
later (see also Ref. 32).

We now want to focus on the properties of these
configurations. First of all notice that

TrP)v ——TrQ)v ——0 . (4.9)
t

Furthermore, any matrix of the form PI'Qg is
traceless, provided s& or tz are not multiples of N.
Consequently, several open paths will automatically
have zero expectation values at weak coupling. This
property is not a consequence of 't Hooft's ansatz
(4.8). It depends only on the twist configuration. In
general we have the following result.

Theorem. Given any two unitary matrices A,B
such that AB =e' BA with 5&2n.k, then 5=2mn/N.
and Tr(AB) =TrA =TrB =0.

Therefore, let us consider general SU(N) matrices
U&

' satisfying (4.5). By multiplying these matrices
any number of times, we generate new matrices
which form the basis of a matrix algebra. Any two
elements of this kind A,B satisfy AB =e' ' ' 'BA

and are, therefore, traceless provided 6 is not a mul-
tiple of 2m. A general element of this basis has the
form

U(k) (U(0) )ko(U(0) )"t( U(0) )k2(U(o) )k3 (4 10)

where k are integers and specify the coordinates of a
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point in a four-dimensional lattice. The matrix
U(k) then corresponds to a loop joining the origin
to the point k =(k„). Any other loop with the same
end points will be given by e'""U(k).

The requirement that symmetry is not broken at
weak coupling demands TrU(k)=0 for all open
loops (k&0). This condition will be automatically
guaranteed provided that U(k) does not commute
with some other element of the basis.

Then we are lead naturally to the study of those
elements of the basis which commute with the whole
algebra. A necessary and sufficient condition for
this is that it commutes with the generators:

[U(k), U& ']=0 for all @=1 to 4 . (4.11)

Using relation (4.5} one obtains the corresponding
condition on the k&,

(4.12}k~tlp~ =g~N ~

where q are integers.
To solve this equation it is natural to distinguish

two cases depending on whether e appearing in (4.3)
is zero or not. In the former case one can obtain
solutions even for q„=0, These solutions are

kp =)lisp, (4.13)

Ok~ =P1p~g~ . (4.15)

where s are not necessarily integers but k are.
For o.&0 the solution is easily obtained, noticing

that

pvdpv=oN6pp .

We get

n» L ——for p&v. (4.16)

Relation (4.3) is satisfied with o = 1 and the only set
k& satisfying (4.15) is given by the multiples of L.
The algebra generated by the solutions can be la-
beled by the points of an L periodic lattice. All
open paths on this lattice have zero trace. As
N =L goes to infinity the lattice becomes infinite
and all open paths will have zero trace.

An important advantage in our construction is
that the finite-N corrections come out as those of a
finite L lattice. Later on, we will see that this rela-
tionship is further substantiated.

We still have to show that one can find zero-
action solutions for the symmetric-twist configura-
tion (4.16). As mentioned previously there are no
solutions of 't Hooft type (4.8). For L =2 (N =4)
solutions were reported in Ref. 25. They are given
by the Dirac matrices U„''=y„. The basis of the
Clifford algebra corresponds to the points of a 2
periodic lattice. For L & 2 one can obtain generali-
zations of these solutions. An explicit representa-
tion is as follows:

Thus, for any finite N there are always some open
paths U(k) given by (4.13) and (4.15) whose trace is
not forced to be zero at weak coupling. In fact, if
the algebra is irreducible U(k) is a multiple of the
identity and the trace is nonzero. However, as we
will now show, it is possible to choose nz„such that
in the N~ co limit all U(k) are traceless.

Consider the case that N =L (L an integer) and
choose the following "symmetric twist" configura-
tion

U()
(0)

0 I
0 J

0
0

Ui(o)
Pr exp(2mi/L)

Ps. Qc

Pr exp[2mi (L —1)/L]
(4.17)

Uq
(O)

Pr, Qr. exp(27ri/L)

PJ.Qr exp[2mi (L —1)/L]

(o)
U3

Qr, exp(2m i/L)

Qr, exp[2ni(L —1)/L]
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They are built in blocks of L &&L matrices involving I, QL, and PI . In the particular case L =2 one obtains a
representation of the Dirac matrices.

The set of matrices U„'
' of Eq. (4.17) generate an N =L dimensional algebra which is a natural generaliza-

tion of the Clifford algebra.
In the following sections we will restrict ourselves to the symmetric-twist configuration (4.16). Our first

concern will be to study perturbation theory in the TEK model.

V. PERTURBATION THEORY

Let us consider the perturbative expansion around the zero-action solution (4.17) found in the previous sec-
tion. To simplify notation let us refer to these solutions as y& and let U& be the link variables.

The first step is to change variables in the path integral in the following way,

U~= ~~&~ ~

In terms of the new variables V& the partition function of the twisted-Eguchi-Kawai model becomes

ZTEK ——I d V„exp —P g Tr(I —V„yqv, yqy„vqy„V, )

(5.1)

(5.2)

Notice that Zz, disappears from the action. Its
form can be obtained from the infini. te-lattice action
(2.1) by applying the following generalized Parisi
prescription:

V,(n +p, )~y„v„(n)y„. (5.3)

In a similar fashion, under the change of variables
(5.1), Wilson loops can be reexpressed as follows:

Z(P) P U(I)=-8'(C),
P es(c) Iec

(5.4)

where IV(C) is obtained from the usual infinite-
lattice loop by applying relation (5.3).

Before expanding V@ around the unit matrix, one
must fix the zero modes of the action. This can be
done in the standard Faddeev-Popov fashion. For
definiteness we choose the natural generalization of
the Feynman gauge on the lattice after applying the
prescription of Eq. (5.3):

G, = g(y„'v„y„—v„),
(5.5)

S r=2Tr(GFGF) .

I

appl!cation of rule (5.3) to the usual action. In par-

ticular, the bilinear term in the exponent is given by

—2P g Tr(yqQ, yq Q„)— (5.7)
p, v

Usually one expands Q& ——g, Q„')!,' where A,
' are

the generators of the I.ie algebra,

Tr(e~b) = ,'S", - (5.8)

and Q& are some real coefficients. However, it is

more convenient to use the following basis of the I.ie
algebra,

ko kl k2 k3
~(q)=ra r! y2 r3

where
1-

kv npvQp

(5.9)

(5.10)

and q& are integers 1 &q& (L (excluding q& L for-—
all p). These are

L —1=% —1 (5.11)

traceless unitary and linearly independent matrices
and satisfy the following property:

The corresponding ghost interaction is given by

~sh=Tr rig[r„[~ V„rl, l]
P

(5.6)

e

y„A (q)yq exp ——qq A (q) .P (5.12)

Now we can express Q& in terms of these matrices

Finally we can expand V„=exp(iQ„) and express
the Haar measure as an integral over Q&. The Jaco-
bian can be written as exp( —5 „,„„,). As usual,

neglecting some nonperturbative effects one can ex-
tend the integration region to arbitrary traceless
Hermitian matrices.

This lengthy procedure is the standard one and
the final resulting action in our case is obtained by

I.
Q„= g Qp(q)A (q),x',

where Q&(q) are complex coefficients obeying

(5.13)

Q„'(q) =Q„(L q) exp — g n—„qk„k,
, p)v

(5.14)
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and Q„(0)=Q&(L) =0 since Q& is traceless.
It is evident from this construction that q& plays

the role of lattice momenta and Q&(q) are the
Fourier coefficients of a lattice field. Furthermore,
momenta are conserved at the vertices according to
the rule

Tr[A(q, ) . A(q„)]

except from the phases sitting at the vertices. In
terms of the new variables these phases become

(5.21)

where

=N5 gq; exp g (k; ~kj), (5.15)
i&j

p) v

(5.22)

where

(k
~
q) = Q kpqynyp, (5.16)

and the 5 function is defined modulo I..
Let us look first at the kinetic term

213
L 2~q„g 2g 1 —cos " QQ„(q)Q'„(q) .

q

(5.17)

From this expression one concludes that the propa-
gator is equal to the propagator of an I. periodic
lattice. An analogous result holds for the propaga-
tor of the ghost field. As a consequence of this fact,
when N~ oo the leading behavior of Wilson loops is
the same as for an infinite-lattice theory, and finite-
N effects correspond to finite-size effects of an L
lattice.

The vertices of our theory have the same momen-
tum dependence as the SU(N) Yang-Mills theory on
an L lattice. The difference between the theories is
given by the group factors on the vertices. In our
case they are momentum-dependent phases as seen
in Eq. (5.15). For example, Tr(A;A, A,') is replaced
by

The conclusion is that as L~oo (N~co) the
phases oscillate very rapidly and the Feynman in-
tegrals are averaged to zero. This would not be the
case, only if these phases cancel between themselves
in a given Feynman diagram. As we will see this is
just the case for planar diagrams.

Let us consider an arbitrary connected vacuum di-
agram with l loops. This diagram is necessarily
one-particle irreducible because of the constraint
Q(0)=0. The Feynman rules are those of lattice
fields Q&, i), and co with the phases (5.15) sitting at
the vertices. If we use Q (L —q) instead of Q~(q) in

Eq. (5.17) the propagators will have phases as well:

exp (k (k) (5.23)

To determine the overall phase factor corresponding
to the diagram one can apply the following pro-
cedure.

(a) Cut 1 internal lines of the diagram to produce a
connected tree diagram with 21 external lines [see
Figs. 4(a) and 5(a)].

(b) Consider all vertices to be mediated by loops
of an auxiliary field. The orientation of the loops is
dictated by the ordering of

Tr[A (qi )A (q2)A (q3)] (5.18)
Tr[A(qi) . A(q„)] (5.24)

2~ dPq
2m'

(5.19)

The ordering of the matrices within one trace is
essential, up to cyclic permutations. Later on we
will see how the phases in (5.15) play a crucial role
in selecting planar diagrams for large N.

In the N —+00 limit one can rescale the momen-
tum variables in the form $„=2mq„/L and the
momentum sum becomes

in the vertices.
(c) One can associate momenta X to all lines of the

auxiliary field in a fashion consistent with momen-
tum conservation. The phase factor corresponding
to any original vertex can be obtained by associating
a phase factor to every new vertex of the
field —fictitious-particle type. The prescription is as
follows:

&t the same time it is convenient to redefine exp
'

(X;„~X.„,—X;„) (5.25)

Q (P)~(N/P)' Q (P) . (5.20)

In this way all vertices have the usual coupling con-
stant dependence and N disappears from everywhere

where 7;„,„, are the momenta of the incoming and
outgoing fictitious particle. The momenta of the
fictitious-particle lines are determined up to an
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q
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I
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X3'

I
X2

4x'
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X3
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I I
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X3= XR-q3I
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x'= xI I

(d)

Xg

] Xi

X3

X) = XI+ qt
—

qa

(d)

(e)

Xp

~ Xl

X3

X2 qt

Xl $ }Xi

X3

FIG. 5. Example of the procedure (a) to (d) to calculate
the phase factor of a nonplanar diagram. The ordering in
this case is

L

Xg
XI 4 % xt

X3
\ )

FIG. 4. Example of the procedure (a) to (e) to calculate
the phase factor of a planar diagram. The arrows around
the vertices specify the ordering of the traces:

Tr[A (q, )A (q, )A (q, )]Tr[A ( —q, )A ( —q3)A ( —q~)] .

The phase factor of this diagram is 1.

Tr[A (q& )A (qz)A (q3)]Tr[A ( —q~)A ( —q2)A ( —q3)] .
a,.

Substituting A (q;)-A, ' one can easily see how this dia-
gram is nonplanar,

Tr(A, 'A, A, )Tr(A, 'A, )I, )
a&a2a3

(instead of X ). The phase factor of this diagram is given
by

4

exp g k;~kj+y~tP J &P

overall shift. This shift has no effect on the phase
because the total momentum coming out of each
vertex is zero [Figs. 4(b) and S(b)].

(d) Using the freedom of shifting the overall mo-
menta in each vertex it is possible to consider all
internal lines as the independent propagation of two
fictitious particles from one vertex to the other.
This is shown in Figs. 4(c) and 5(c). Now, it is easy
to see that the phase factors corresponding to inter-
nal propagators and vertices cancel completely.

From one vertex one gets

&x;, ix,„„—x;„& . (5.26)

&x.„,ix;„—x.„,& .

Adding them together one obtains

—&x;„—x,„,~x;„—x,„,&

(5.27)

(5.28)

On the other vertex the roles of in and out are ex-
changed and one gets
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which is eliminated by the propagator phase.
(e) Since the phase factors of the internal propaga-

tors and vertices cancel each other, one can deform
the diagram into a sing1e vertex with 2l external
lines. Half of the lines have momentum opposite to
the other half [see Figs. 4(d) and 5(d)]. The final
vertex is ordered (up to cyclic permutations) and the
relative position of the momenta determines the fi-
nal result. Planar diagrams are such that every
external line with momentum q is adjacent to the
line with momentum —q. In this case one can con-
sider the external lines as composed of two indepen-
dent propagators of the fictitious particle and reduce
systematically all pairs of external lines with
momentum q and —q as in (d). [See Fig. 4(e).] The
total phase of these diagrams cancel. Notice that
this characterization of planar diagrams lies in the
origin of Parisi's quenching prescription. 's It just
reflects the fact that for a planar diagram the num-
ber of index loops equals the number of momentum
loops plus one.

Finally, it is useful to give the remaining phase
factor for any nonplanar diagram. One gets

Kl
exp g eg~ g k;~kj ll

l~J P, v

(5.29)

VI. NUMERICAL ANALYSIS

In this section we study the TEK model numeri-
cally by performing Monte Carlo simulations. The
calculational procedure employed here is described
in Ref. 15.

We first check whether the vacuum expectation

where e; = —e; is zero if between q; and —q; there
is either no qJ line or both lines. If the ordering is

qr qj q;, q/, e,z
———1 a—nd for qj, q;, qj, —q; one-

obtains e;J = —1.
As pointed out previously all nonplanar diagrams

carry phases which oscillate very fast as L~ po and
the corresponding Feynman diagram yields a zero
result. For a set of isolated points on the momen-
tum integration region the phases might cancel, but
this is always a region of zero measure and does not
alter our conclusion.

An interesting remark allows us to reinterpret the
fact that the vacuum energy is proportional to N .
In our construction it is a statement of the well-
known fact that the vacuum energy is proportional
to the volume of space-time L =N .

To conclude, we mention that our result can be
generalized to any matrix model in the adjoint repre-
sentation. For this purpose one starts applying our
prescription (5.3) to the action. The rest of the
proof applies equally well to this case.

values of open Wilson loop vanish. In the SU(16)
gauge group (L =4) we evaluated

Wk (C)= Tl'(Up U] U2 U3 )
ko k) k2 k3

(6.1)

PNd (d —1)(1— co2sa/ L)

which diverges as N~ pp with f3/N fixed.
Figure 8 shows the internal energy

(6.2)

E= Z UUUU (6.3)

of the TEK model as a function of P/N. We used
the SU(16) group. Each point is an average over
50- 100 iterations. In the strong- and weak-

coupling regions, the data agree very well with the
curves of the leading terms in the strong- and weak-

coupling expansions of the standard Wilson theory.

0.10—
SU(I6)

0.05—

I I I I

~ REAL PARTS
x iMAGINARY PARTS

O

—Iz

O.OI(

~ X

x
ggx'

xxx xx5
4

~ ~ ~ x a
x

x

-0.05—

—O. I 0 I I I I

00 02 04 06 08
P/N

I

I.O I.2

FIG. 6. The Monte Carlo data of (I/N)(TrUp) for
gauge group SU(16). Each point is an average of 25 itera-
tions.

for all k& satisfying L &kp &k~ &k2&k3 &0 except
k& ——0 (p =0, . . ., 3). Throughout the whole r'ange of
coupling constants the real and imaginary' parts of
Wk (C) fluctuate only in the interval +0.1. We do

not see any indication of the [U(1)] symmetry
breaking. For example in Fig. 6 we show
(I/N)(TrUp) as a function of P/N. Each point is
an average over 25 iterations. Other open Wilson
loops behave in the same way.

In Fig. 7 we plot (1/N)TrUp at P/N =0.4 for
several gauge groups SU(L ), L =4, 5, 6, and 7,
starting from the initial configuration Eq. (4.17).
As L increases fluctuations of (1/N)TrUp become
small. Notice that in our twist configuration (4.16),
Z„„approaches to 1 in the large-N limit. Figure 7
shows, however, that in this limit the minimum-
action configuration U&

' becomes stable. Although
Zz„approaches to 1, the excitation state U& ——1 can-
not contribute to the partition function. Substitut-
ing U&

——1 in Eq. (2.10), we have the excitation ener-

gy of this configuration as
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FIG. 9. Two Monte Carlo runs at P/N =0.36 with
disordered and twisted initial conditions.
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FIG. 7. The data of (1/N)TrUO at P/N=0. 4 for
several gauge groups SU(L ), L =4, 5, 6, and 7.

The model has the same phase structure as the
large-N limit of the Wilson theory. It undergoes a
first-order phase transition. Latent heats are ob-
served near P/N =0.35-0.36. We also study the
model for the SU(25) group. We observed a latent
heat near P/N =0.36. Figure 9 shows the result of
two long runs at this point with disordered and
twisted initial conditions. Notice that the values of
critical coupling does not depend crucially on the
gauge groups SU(16) and SU(25). It seems that our
model approaches to the N +ac limit very —fast.

Finally we evaluate the J ratio

(6.4)
W(I,J)W(I —l,J—1)
W(I,J—1)W(I —1,J) '

VII. CONCLUDING REMARKS

In the previous sections the TEK model has been
studied in several regions of the coupling constant
and using different techniques. In addition to the
equivalence of the loop equations, the study of its

where g (I,J) is a rectangular Wilson loop of di-
mension I and J. W(I,J) is calculated using the for-
mula (2.25). We use the SU(36) group which corre-
sponds to the usual Wilson theory of the 6 lattice.
Figure 10 shows 8'(I,J}up to I=J=3. It is diffi-
cult to measure larger Wilson loops in the strong-
coupling region because they become very small. In
Fig. 11 we plot the X ratio (6.4}. X(l, l} are read
from Fig. 8. The dashed lines in the weak-coupling
region represent the corresponding g ratio of the
usual U(3) Wilson theory on the 6 lattice. Our
data fit well to these curves.

In the critical region fluctuations of W(I,J) are
very big. It is difficult to determine the scale of the
A parameter from our present data. More detailed
study of this region is currently under investigation.

I.O
I

Su(I6)

E 05—

I N= I- ——

-Iz

I.O
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p X
P xd

d +
d+ O

I
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pW(I, 2)
xW( I,3)

W(2,2)
+ W(2,3)
ow(3,3)

0.0-
0.0 0.2 0.4

I

0.6
I

0.8 1.0 l.2

P/N

FIG. 8. The internal energy of the TEK model as a
function of P/N. The curves are the leading terms of the
strong- and weak-coupling expansion for Wilson's theory.
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FIG. 10. Wilson loops as a function of p/N for the
SU(36) gauge group. Each point is an average over
20—40 iterations.
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strong-coupling and weak-coupling expansion shows
the validity of this model as a reduced version of the
infinite-lattice Wilson theory. Further support
comes from the Monte Carlo data which show no
sign of [U(1)] symmetry breaking at intermediate
coupling. The internal energy and P ratios have the
expected features of their infinite-lattice counter-
parts.

Our analysis has also shown the leading finite-N
corrections. At strong coupling they are basically of
the same size as for the EK model. In the weak-
coupling region they correspond to the finite-size ef-
fects on an (~N ) lattice. In this respect, the TEK
model seems to approach the N~oo limit faster
than the QEK model. The finite-N corrections of
the latter correspond to the finite-size effects on an
(N'/ )" lattice as shown by Alfaro and Sakita.

The TEK model is also simpler compared to oth-
er reduced models at large N. From a numerical
point of view it only requires the same computer
time as the EK model for the same value of N.
From an analytical point of view it seems better
suited for nonperturbative studies.

Another possible check comes from the two-
dimensional case. As mentioned previously the ex-
act solution is known for the large-N infinite-lattice
%ilson theory. It is worthwhile to point out that in
this case the usual Eguchi-Kawai model is probably
valid as well, '4 since [U(l)]~ symmetry breaking
occurs only for d&2. Goldschmidt has claimed
that the Eguchi-Kawai model reproduces the result

I I0.2 -EK model
—Re&Tr Up&I

N
X X0 . 4 a Yv e vl(

X ~ o &xx
'V

X

-0.2—
I I

p 2 EK model
I

N
Im&T Up&

X

00'~ 0 ~ x x
~ ~

x
X

-0.2—
I

p.2 —TEK mode)
—Re &Tr Up&I

N

0.0'-:

-0.2—
0.2 —TEK model

—Im &Tr Up&I

N

QQis v ~ . w Y Y ~ ~ & ~ ~ '~ JC
W

-0.2—

0.0 0.5 I,O 1.5 2.0 2.5

FIG. 12. The Monte Carlo data of (1/N)(TrU0) for
two-dimensional EK and TEK models in the rapid
thermal cycles. The crosses and dots represent heating
and cooling, respectively. Each point is an average of 50
iterations.
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x(I, I)
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x(2,5)
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of Gross and Mitten in the N~ op limit. It is sim-

ple to see that the same proof applies to the TEK
model.

To give some numerical evidence in this direction
we performed Monte Carlo simulations of the two-
dimensional EK and TEK models. In Fig. 12 we

show (I/N)(TrUo) as functions of P/N. Our twist
configuration is chosen to be no~ ——4 and the gauge

I.O

E 0.5

0.0
I I I I

O. 2 0.4 0.6 0.8
P/N

I

I.O l.2
0.0-

0.0 0.5 I.O 1.5 2.0 2.5

FIG. 11. The g ratios of the TEK model. +(1,1) is
read from Fig. 8. The dashed lines represent the corre-
sponding g ratio of the usual U(3) Wilson theory on the 6
lattice.

P/N

FIG. 13. The internal energy of the two-dimensional

EK model as a function of 13/N. The solid line is a
theoretical prediction (7.1).
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FIG. 14. The internal energy of the two-dimensional
TEK model.

group is SU(20). Although in both EK and TEK
models (TrU& ) is zero, fluctuations are large in the
EK model.

Figures 13 and 14 show the results of the internal
energy compared to the prediction

E(p) = , —(——,
N

'
N

1 1VE(P)=1———,—
4 p 'N

(7.1)

The data agree nicely with the theoretical expecta-
tions in the TEK model. In the EK model the data
are slightly above the line (7.1). Probably this is due
to the big fluctuation of Tr U„.

It is also useful to compare the result of larger
Wilson loops. For an I)&J Wilson loop the predic-
tion is given by

In the TEK model, comparison of this prediction
with the data is given in Table II. We use the
SU(30) gauge group and nol ——6. For EK model we
obtain qualitatively the same result. However, fluc-
tuations are so big that it is difficult to extract a
meaningful g ratio of larger Wilson loops.

To conclude this section let us state some of the
problems which deserve some study in the future. It
is tempting to believe that the simplicity of the TEK
model will allow analytical solutions for large N. At
least, it is possible that rigorous results can be estab-
lished on the behavior of large Wilson loops and the
issue of confinement. From a numerical standpoint
it would be good to obtain continuum quantities
from the TEK model; in particular, the value of the
string tension and the meson spectrum. These re-
sults will show how far the SU(3) values are from
the X—+oo ones. These points are currently under
investigation by the authors.
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