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Radiative corrections to the leptonic decays of pseudoscalar mesons:
Contributions of $V and Z mesons
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Using the current-algebra formalism we calculate, within the Salam-%'einberg model, the

contribution of the W and Z mesons to the radiative corrections to the leptonic decays of
pseudoscalar mesons.

I. INTRODUCTION

Ever since the development of gauge theories of
weak and electromagnetic interactions the radiative
corrections to semileptonic decays of hadrons have
received renewed attention. However, the presence
of strong-interaction effects makes these studies dif-
ficult. As was pointed out by Sirlin, a way' to con-
trol these effects is to use a current-algebra formula-
tion of radiative corrections. He has applied these
techniques to superallowed Fermi transitions and to
pion P decay. Motivated by Sirlin's results we cal-
culate the radiative corrections to the leptonic de-
cays of pseudoscalar mesons (M~&} within the con-
text of a gauge model, the Weinberg-Salam (WS}
model. In an earlier paper we calculated the radia-
tive corrections to the total decay rate of Mi2 decays,
without resorting to any model of weak and strong
interactions. We showed that all the model depen-
dence is contained, to order a, in an effective decay
constant. In this paper we now concentrate our at-
tention on such model-dependent contributions to
radiative corrections to MI2 decays. We will show
that the analogous results to Fermi decays are ob-
tained in these Gamow-Teller decays. That is, the
photonic corrections induced by the vector current
(in what is initially a process mediated by the axial-

vector current only) consist of two terms, one

asymptotic piece proportional to 1nm~/A, where

mz is the mass of the charged intermediate vector
boson and A is a hadronic mass introduced to avoid
the infrared divergence, and a finite nonasymptotic
term (in the mii —+ ao limit). Both contributions are
model dependent. The asymptotic photonic correc-
tions arising from the axial-vector current are in-

dependent of strong-interactions effects. The non-

photonic corrections, those proceeding from virtual
Z exchange, are practically identical to those arising
from the vector current.

The problem of the radiative corrections to the
axial-vector part of the hadronic weak current was
treated by some authors several years ago. They
found that, if the pion is massless, the radiative
corrections to the Gz/Gi rate is finite, but, of
course, model dependent. Recently, the dynamical
strong-interactions effects in the leptonic decays of
the pion were studied by Goldman and Wilson,
within the WS model and the static quark model for
the pion. Their results show that the coefficient of
the logarithmic lepton-mass singularity is not affect-
ed by the strong-interactions and the structure-
dependent terms are very small, in accordance with
a theorem of Marciano and Sirlin, yielding support
to the present status of the p-e universality. The
conclusion of such calculations was that the strong-
interaction effects are very small. This conclusion is
adopted in this paper.

The plan of the paper is as follows. In Sec. II we
present the relevant piece of the interaction La-
grangian density of the WS model. In Sec. III the
photonic and nonphotonic corrections, to order Gz,
are calculated in the 't Hooft —Feynman gauge. Sec-
tion IV is devoted to collect our results and discuss
their applications.

II. LAGRANGIAN DENSITY AND CURRENTS

The interaction ' Lagrangian density in the
SU(2) XU(1) model with hadrons is given by

L jnt =LIy+Llty+Lyy+

where
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L~~ ——— (V~y"a lw& +H.c. ) ——,(g +g' )' Z&[vigv~+i(2sin 8w —a )l]+eA„lgl,
2

(2)

and

Lsy ——— (W& Jg +H.c. ) —(g +g' )' Z&Jg —eA&J~&,
2

L~ e——[a—t'W+ "(Aq W„—W~ A„) a"W—"(Aq W„+ —Wq A„}]

[a~w+ "(z„w„-—w„-z„)—a~ w+.(z„w+ —w+z„)] .

(3)

The dots in Eq. (1}denote the Lagrangian densities of the Higgs mesons and their interactions with leptons and

hadrons, and the allowable counterterms which have to be added to cancel out some divergences arising from
corrections to the hadronic vertex.

The electromagnetic and weak currents are, respectively, given by

J~&=gy"Qg, Jg =/pa C p, Jg= , gyi'a—C3$ sin —8wJ~&, (4)

where the matrices Q, C, and C3, acting on the SU(4) indices, are

Q =diag( —,, —,, ——,, ——, }, C3 =diag(1, 1, —1, —1), C2 2 1 1

0 0 0 0
0 0 0 0

—sin8 cos8 0 0
cos8 sin8 0 0

and f; = col (c,u, d,s}; and a+ ———,(1+y5). The index in g; refers to the SU(3), degree of freedom. We have
chosen the scheme in which the quarks transform according to the fundamental representation of the
SU(4) &&SU(3), group, but the strong interactions are treated nonperturbatively. 8w and 8 are the Weinberg
and Cabibbo angles, respectively. The commutation relations between the hadronic currents are easily shown
to be

[JI (x),J&(x')]. ..=5' ' Jw (x)5(x —x ) i5ozd'—" [2fy~ Q C P+Jw (x)]5(x x)+—ST,
Z =Z

[JS(x)~Jz(x )], , =5'"~" cos 8wJw~(x)5(x —x )

(5a)

where

+i5o~d'~~sin 8w[2gy~ QC 1(+Jw (x)]5(x—x )+ST, (5b)

gI P —gI Pg gI gI +gPgI

is the totally antisymmetric tensor, and e ' =+1;ST represents a c-number Schwinger term. Since the
currents in Eq. (4) are invariant under local SU(3)„ the commutation relations are free of operator Schwinger
terms, and no operator anomalies in these commutators appear because the currents are (partially) conserved
and the strong interactions are asymptotically free in the SU(4)XSU(3), theory. The c-number Schwinger
terms do not contribute to the connected amplitudes.

III. VIRTUAL CORRECTIONS

In this section we calculate the virtual corrections arising from y, W, or Z exchange. The diagrams we con-
sider are those of Fig. 1.

We have chosen the decay of a negatively charged meson. The blob represents schematically strong-
interaction effects. The corresponding transition amplitudes are given by'

~g I
MO ——— LD,

p —mar
2 2

(b) ig a d k mw ~ 1
~~y~ 2 3 2 2 2 ~y~(k)&1 OpyÃ»

mw (2n ) k mw —(k —p) m~— (7a)
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M(b) ig (g +g ) d k 1 T~ k-
4(2 )' k' (k' — '[k — '— '] '" "ia

(7b)

~(c) ig (g +g T k —0
4(2~)4 (k2 m 2)[(k p)2 m 2] ~~) (

k P

ig'»n'gw LP d'k 1

, [(2p k)2g—PP+(2k p)Pg—2P (p+—k) Pgpx] T(y) «»
2(2m)' p' —mw' k' (p —k)' —mw'

(9a)

M(z) =-(1) [(2p k)2—gPP+ (2p —k)~2P —(p+ k)@P2 ]T(f)(k),
2(2m. )~ p2 mw — k —mw2 (p —k) —mw

(9b)

ig2 a 1
d4k mw (21 y I)r—)J (2i QyP)—

m (2n. ) " k m —p
" (k —2l k) 2m

ap (7( g+m()O~U„,

21M(r)= —[F(p )p„]22 "p2

(10)

where p, /, and k denote the four-momenta of the
meson, the electron or muon, and the virtual vector
bosons, respectively. g and g' are the coupling con-
stants of the model related by g' =gtan8w' , a, the
fine-structure constant, is related to g by the expres-
sion

a=(g /4m ) sin Hw ',

I

where F (p ) is the form factor to zero order in a,
and 5F'4' is the correction due to the perturbation
a =y,Z, or 8'. This correction can be expressed in
terms of the Fourier transform of the product of
three currents. " Therefore Eq. (11) includes the un-

corrected amplitude of Eq. (6). In the graph of Fig.
1(f) both ends of the y, Z, or W line are attached to

the masses of the lepton and W and Z mesons are
denoted by rn~, m~, and mz. L& is the leptonic co-
variant,

L~ —QI0~V~,

and

&W- orz z~
I I

Op =yp(1 y5) .

Finally the meson decay constant is denoted by a.
The hadronic covariant tensor T+~,

~
is given by the

Fourier transform of the time-ordered product of
two currents:

T(f) ——fd k e' "(0
~
T[J(,)(x)Jg (0)]

~ p )

(a =y or Z) (12)
and

Jf„=VP+~P .

' /for z

(c)

~g

Wpor z or w

The meson form factor F(p ) in Eq. (11) can be
expressed, to order a, as

F(p')=F (p )++5F"(p') ((2 =y, Z, or W),

(e)

FIG. 1. Graphs contributing to virtual radiative correc-
tions to MI2 decays mediated by the W meson. The blob
represents strong-interaction effects.
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the incoming meson. The graphs of Fig. 1(d) corre-
spond to meson —8'-boson vertex corrections.

In order to get the photonic corrections of the lo-
cal V—A theory we have to consider the graphs in
which the virtual exchange particle is a photon; the
ultraviolet cutoff is replaced' by m)) and the in-
frared divergence is canceled by that of the brems-
strahlung diagrams. These last diagrams are the
same as in the V—A calculation because m~ is
much greater than M, the mass of the pseudoscalar
meson. The result is the 4 function of Eq. (10) in

Ref. 3. We now evaluate the asymptotic limit of Eq.
(7a), i.e., the limit in which M«m)). We will
show that in this limit corrections arising from the
axial-vector current in Eq. (7a) are independent of
the dynamics of strong interactions, whereas those
induced by the vector current are model dependent.
For the nonphotonic corrections, those of Eqs. (8)
and (9b), we will get a result identical to that in the
Fermi transitions.

To begin with, let us consider the contribution of
the axial-vector current to the amplitude of Eq. (7a),

(b) ig' a
y

d'k

mph'

m)), ~ (2)7)3 k [m)) —(k —p) ][(k —21 k+ie)]

X@[(kzyp+kpy). )A(y~)(k) kA—(r)(k) 2l)„—yg(y~)(k) ik —ypy5V(), )' ]a u, , (14)

where V is the dual of V~. The last term in Eq.
(14) is known as the induced one by the vector part
of the weak current. The Bjorken limit of V(r~) and
A+(r) is evaluated with the help of the commutation
relations of Eqs. (5a) and (5b). These are

V+(r)(k)= —2Q e ~)' (0~A~(0) ~p),
kp

ikp
.A+(y)(k) = — Sl'~ (,0 ~A~(0)

~
p),

k —2p. k

(15b)

where A is a hadronic mass introduced to avoid the
infrared divergences, A «m~, Q is the average
charge of the u and d quarks.

To perform the integrations in Eq. (14) we assume
some approximations valid in the asymptotic limit;
we set l=p=O, and perform a Wick rotation.
Neglecting terms of order GF, we get

. (16)

In Eq. (16) we have neglected terms proportional to
M~, which are in fact very small.

The second term between the square brackets is
induced by the vector part of the weak current; it
depends on the quark model used to describe the
hadron. In the model used 6Q=1. The first one is
independent of any model of quarks and it proceeds
from the axial-vector current. For the nonphotonic
corrections we follow the same procedure after Eq.
(14};the Bjorken limit of T~g) is evaluated using the

commutation relations and a Wick rotation is per-
formed. Adding Eqs. (8) and (7b) the result, denoted
as M(z) is, neglecting terms O(GF ),

M(z) —— Mo lnR( —, cot H)) +3Qtan H)) )
4m R —1

(17}

with R =(m~/mz)
Equation (17) is identical with Eq. (4.35} of Ref.

1. Thus, Eq. (17} is valid for leptonic and semilep-
tonic decays of a hadron, and of course, to purely
leptonic decay (p decay).

For the rest of the contributions, Eqs. (9a) and
(11), we proceed as in Ref. 1. The contributions of
Eq. (11}are handled using Ward identities to reduce
the three-current correlation functions into residual
three-current correlation functions, and two-current
correlation functions, in Sirlins terminology. The
last functions are combined with those contributions
arising from the corrections of Fig. (ld}.The residu-
al three-current correlation functions are combined
with the (ad hoc) order-a counterterms and tadpole
diagrams and give contributions to O(GF ) (Ref.
13). The correction of Fig. (ld), Eq. (9a), is evaluat-
ed following the procedure after Eq. (14). Adding
the contributions of the two-current correlation
functions and that of Eq. (9a), we get the corrections
for the meson —IV-boson vertex,

MM )) —— M()cot H g 2+ lnR . (18)
A 1+R

8m' 1 —R

In Eq. (18) we have absorbed a divergent strong-
interaction-independent term in a redefinition of the
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TABLE I. Numerical values for the different terms of Eq. (19). The values of 4 have
been taken from Ref. 3.

STD 2

E,2

De2
Sp2

E„2
Dq2

—4(Ak =1 MeV)

—0.0998
—0.1607
—0.2408
—0.0018
—0.0214
—0.0656

Q 31
m8'

2m. M

0.0212
0.0161
0.0122
0.0212
0.0161
0.0122

6Q 1n
2m A

0.0048
0.0048
0.0048
0.0048
0.0048
0.0048

3 1n 11+2g)
2m mz

0.0009
0.0009
0.0009
0.0009
0.0009
0.0009

weak coupling constant, and we have neglected
terms of O(GF }. The hadronic corrections of the
8'propagator and those involving Higgs scalars are
of O(GF ) also. '

IV. RESULTS AND CONCLUSIONS

Collecting the results of Sec. III, the total transi-
tion rate for M12 decays is

2 22.
~2 2 2r= EBW mS 3

2 4w
(M —m ) 1+ 24+3 1n +6g ln ——(1+2Q)lnR+

277 M A
(19)

where

3'
8m.

(20}

In Eq. (19) the first term in the square brackets de-
pends on quantum electrodynamics only. The
model-dependent contributions are common to the
vector and axial-vector parts of the weak hadronic
current. The first and second terms in the brackets
are the photonic contributions coming from the
axial-vector current. The third term is the asymp-
totic photonic correction induced by the vector
current. The fourth term corresponds to the non-
photonic corrections. A comparison with the calcu-
lation of the Fermi transition' shows that the third
and fourth terms in the square brackets in Eq. (19)
appear in both Fermi and Gamow-Teller transitions,
within the approximations made here. In Table I we
give the numerical values of each contribution in Eq
(19) for different M12 decays, with mar ——63 GeV,
A= 1 GeV, and sinerr ——0.59, taken from Ref. 1, in
order to make the same analysis as in that reference.

It can be seen that the term ln(mz/M) has a coef-
ficient independent of strong interactions, in accor-
dance with a theorem, for semileptonic processes re-
cently proved by Sirlin. ' From Table I we can also
observe that the dominant non-4 term is precisely
this one. Then, for practical applications, the model

dependence of radiative corrections to the axial-
vector current part of the matrix element is con-
trolled by Sirlin's theorem. We also observe that the
non-4 terms are independent of the lepton mass
and, therefore, they are not universality-violating
contributions. (Recall that we are neglecting terms
proportional to m in the evaluation of the in-
tegrals. ) In other words, such terms, which are of
order aG+m /ma, are absorbed in a redefinition of
the decay constant.

Our main conclusion is then that the model-
dependent part of radiative corrections to M12 de-
cays is given mainly for the detailed gauge model of
weak interactions and agrees with good precision
with the model-dependent radiative corrections to
superallo wed Fermi transitions. The effects of
strong interactions are there but they are expected to
be small as indicated by the work of Goldman and
Wilson.
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